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Abstract

Over the past few decades, advances in computing power have been dramatic, yet they have not kept pace
with the exponential growth of data. Traditional algorithm design has long regarded linear-time algorithms
as the benchmark of efficiency. However, as data sizes continue to grow, even linear-time algorithms can
become inadequate. This motivates the study of sublinear-time algorithms, which seek to extract meaningful
information while inspecting only a small portion of the input.

This thesis investigates the power and limitations of sublinear-time algorithms in the context of the max-
imum matching problem, a cornerstone of combinatorial optimization. Maximum matching has historically
played a central role in algorithm design, providing tools and insights that extend far beyond the problem
itself. Here, we establish new algorithmic techniques and prove fundamental lower bounds for matching in
the sublinear model, thereby resolving several long-standing questions.

In addition, we examine how sublinear matching algorithms along with the techniques developed for
them, can be incorporated in other computational models and problems in theoretical computer science.
Examples include classical optimization problems such as the Traveling Salesman Problem (TSP), Steiner
Tree, Steiner Forest, and Earth Mover’s Distance, as well as the maximum matching problem in the dynamic
model, where inputs evolve over time. Together, these results advance our understanding of what can be

achieved in sublinear time and what the fundamental limits are.
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Chapter 3 studies the problem from an algorithmic perspective, presenting several sublinear time algo-
rithms and exploring the trade-offs between approximation ratio and running time. Chapter 4 focuses on
the limitations of these algorithms, establishing lower bounds that characterize the inherent trade-offs in the
sublinear model. Finally, Chapter 5 explores applications of sublinear time matching algorithms to other

fundamental graph problems and discusses the resulting implications and extensions.
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Chapter 1

Introduction

The continuous advancement of technology has led to a dramatic increase in the complexity and scale of
real-world datasets, making them increasingly difficult for traditional algorithms to handle efficiently. A
major challenge stems from the massive volume of data, which demands the design of algorithms that are
far more efficient than before. Although computing power has improved at an impressive rate, it has been
far outpaced by the exponential expansion of data. Consequently, many modern algorithmic problems now
involve inputs so large that even reading them in full once is inadequate.

Massive graphs arise naturally in many domains, spanning social networks, knowledge bases, and online
platforms. For example, Instagram, with over 3 billion monthly active users, forms a dynamic graph of
friendships, followers, and interactions [177]. The English Wikipedia contains more than 7 million articles
interconnected through hyperlinks, creating a complex knowledge graph that represents vast human knowl-
edge [174]. Similarly, Facebook’s social graph comprises over one trillion edges, capturing the enormous
web of relationships among its users [71]. These examples illustrate the immense scale of real-world graphs,
highlighting why it is often infeasible to process them entirely and motivating the development of algorithmic
models that can operate efficiently with limited access to the data.

To cope with this reality, researchers have developed new models of computation that explicitly account
for the massive size of data. In this thesis, we study several fundamental graph problems within these
emerging models, with a particular emphasis on the sublinear time model—a setting in which algorithms
are allowed to read only a small portion of the input and must still produce accurate approximations or
estimates. In the sublinear time model, the input is accessed through oracle queries rather than being
read in its entirety. The goal is to design algorithms whose running time is sublinear in the input size.
Such algorithms can only sample or query limited information about the input—for example, by querying
the adjacency list or adjacency matrix of the graph—and must use this partial information to infer global
properties of the graph, such as connectivity, matchings, or distances.

The focus of this thesis is on the mazimum matching problem. Matching is a fundamental problem in
computer science with a wide range of applications, including ride-sharing, resource allocation, labor markets,
kidney exchange, and online advertising. It has been a central topic in theoretical computer science for over
half a century, studied extensively through the lens of algorithm design by pioneering theoreticians. This
long-standing focus has led to the development of innovative algorithms and frameworks that address both

practical challenges and deep theoretical questions. Many foundational ideas in theoretical computer science



1.1. COMPUTATIONAL MODELS 2

have been shaped by research on maximum matching. Notably, the concept of polynomial-time solvability was
first rigorously introduced by Jack Edmonds [82] in the context of maximum matching, laying the groundwork
for much of modern algorithm design. Although the primary focus is on the maximum matching problem, this
thesis also investigates other graph problems, such as Steiner Forest, Steiner Tree, the Traveling Salesman
Problem, and the FEarth Mowver’s Distance, within the sublinear model. These problems are explored as
applications of maximum matching in this model by leveraging the algorithms and techniques developed for
maximum matching.

We begin by providing an overview of the computational models considered in this thesis. Although the
primary focus is on the sublinear time model, we also explore related frameworks, including the streaming,
dynamic, local computation algorithm (LCA), and LOCAL models.

1.1 Computational Models

Sublinear Time Algorithms: Traditionally, linear-time algorithms have been regarded as the benchmark
for efficiency in algorithm design. However, as datasets continue to grow in size, even algorithms with linear
running time become impractical. This challenge has motivated the study of sublinear-time algorithms,
which aim to produce approximate solutions while examining only a small portion of the input. Since such
algorithms cannot process the entire input, it is essential to precisely define how the algorithm is allowed to
access the data. In the context of graph problems, for instance, the input may be represented either through

adjacency lists or adjacency matrices, and the algorithm’s query capabilities are defined accordingly.

Streaming Algorithms: In the streaming model, the input—such as the edges of a graph G—arrives
sequentially in a stream, often in an arbitrary order. The algorithm has limited memory and cannot store
the entire input, so it must decide on the fly which information to retain in order to compute the desired
property of the graph once the stream ends. A common scenario in large-scale computation is that the
input is much larger than the main (random-access) memory but fits in external storage. In such cases, a
space-efficient streaming algorithm allows processing the data line by line directly from the external memory,
avoiding the need to load the entire input at once.

A particularly well-studied variant is the semi-streaming model, where the available space is restricted to
O(n - polylogn) for a graph with n vertices. In this regime, the algorithm typically performs a single pass
over the stream, meaning it processes each element only once in the order it arrives. More general versions
allow multiple passes, known as the multi-pass streaming model, where the algorithm is permitted to scan
the stream a few times to improve accuracy or approximation guarantees. In the random-order model, the
elements of the stream arrive in a uniformly random order, which often enables stronger algorithmic results
compared to the adversarial (arbitrary) order setting.

Key parameters that characterize the efficiency of streaming algorithms include the number of passes
over the stream, the space complexity (i.e., how much memory the algorithm uses), and the achieved ap-

proximation ratio relative to the optimal solution.

Dynamic Algorithms: In many large-scale applications, graphs evolve continuously as edges are inserted
or deleted over time. Recomputing the desired property from scratch after every change using the best-known

static algorithm is often prohibitively expensive. Dynamic algorithms overcome this limitation by efficiently
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maintaining an exact or approximate value of the property as the graph changes, rather than starting from
scratch after each update.

In the fully dynamic model, we consider a graph on a fixed set of vertices that is subject to both edge
insertions and deletions. After each update, the algorithm must maintain or estimate a graph property,
such as connectivity, matching size, or the weight of a minimum spanning tree. The goal is to achieve
high approximation ratio while minimizing the update time, i.e., the computational cost of processing each
modification.

We say the adversary—who determines the sequence of updates—is oblivious if she fixes the update
sequence in advance, independent of the algorithm’s outputs. In contrast, an adaptive adversary may choose
future updates based on the algorithm’s responses, making the design and analysis of efficient dynamic

algorithms considerably more challenging.

Local Algorithms: In the distributed LOCAL model, each vertex of the graph hosts a processor, and
two processors can exchange an unbounded amount of information in each round if their corresponding
vertices are neighbors in the graph. The objective of a LOCAL algorithm is to compute a property of the
underlying communication network—such as a matching—within a small number of rounds. The output is
typically distributed; for instance, each vertex may indicate the neighbor to which it is matched, if any. The
following well-known property of LOCAL algorithms holds: the existence of an r-round LOCAL algorithm

for a problem implies that the output of each vertex depends solely on its r-hop neighborhood.

Local Computation Algorithm (LCA): In the local computation algorithm (LCA) model, an algorithm
is required to answer queries about the output of a solution without computing the entire solution explicitly.
Each query asks for the value of the solution at a specific vertex or edge (for example, whether a vertex is
matched in a matching), and the algorithm must respond consistently with some global solution. The goal
of an LCA is to answer each query using a small number of local probes into the input graph, ideally much

smaller than the total size of the graph.

1.2 Owur Contribution

In this thesis, we study several fundamental graph problems within the models discussed above, with a
particular focus on the sublinear model and the maximum matching problem. We develop both algorithms
and lower bounds for different problems, each improving upon the state of the art in its respective setting.
In the following sections, we present these results in detail. For formal definition of each problem, we refer

the reader to Section 2.4.

1.2.1 Sublinear Time Algorithms for Maximum Matching

The maximum matching problem in the sublinear setting has been extensively studied in the literature from

an algorithmic perspective. However, all previous results suffer from one of the following shortcomings:

e They assume a bound on the maximum degree of the graph, i.e., vertices have constant degree [159,
154, 176, 165, 9, 144, 97]. Under this assumption, the focus is typically on designing algorithms with

poly(A) running time which is not necessarily n>~*(") for dense graphs.
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e Their approximation ratio is at most 1/2 [34, 132, 68].

Before the recent series of works on sublinear matching, the state-of-the-art algorithm for dense graphs
was proposed by Behnezhad [34]. Their approach, which runs in O(n) time, is based on implementing the
random greedy maximal matching algorithm and estimating the size of the resulting matching when the
permutation of edges is drawn uniformly at random. Since the algorithm estimates the size of a maximal

matching, it achieves a 1/2-approximation. We aim to address the following question:
Question 1. Is it possible to (3 + Q(1))-approzimate mazimum matching size in n2=20) time?

We answer this question affirmatively, presenting several algorithms that achieve different trade-offs,

which we discuss later in Chapter 3. The following result is formally proved in Section 3.1

Result 1. For any constant € > 0, there is a constant § > 2-°0/%) along with an algorithm that w.h.p.

estimates the size of maximum matching up to a:
(1) multiplicative factor of (3 + &) in the adjacency list model in O(n + A*%) time,
(2) multiplicative-additive factor of (3 + 8,0(n)) in the adjacency list model in O(d - A?) time,

(3) multiplicative-additive factor of (3 + 8,0(n)) in the adjacency matriz model in O(n'*¢) time.

On Beating Greedy Matching in Various Settings: The greedy 1/2-approximation is a prevalent
barrier for maximum matching across various settings. As a result, numerous works in the literature study
the possibility of beating it — both on the upper bound side as well as the lower bound side. The answer is
not always the same. For instance, for the online model under edge arrivals, [93] showed that 1/2 is provably
the best achievable approximation, which can be trivially matched by the greedy algorithm. There are also
settings where the answer remains unknown, despite a significant research effort. For instance, in the single-
pass streaming setting, beating the greedy 1/2-approximation in 6(n) (or even subquadratic) space has been
open for nearly two decades [88], and is often considered as one of the most fundamental open problems of the
area. Finally, there are settings for which the greedy 1/2-approximation has been broken. Various models
of the online setting [87, 93], the random-order streaming setting [140], and the stochastic matching setting
[20] are examples of this. In many of these settings, the approximation has been improved well beyond 1/2
after the greedy bound was first broken. For instance, in the random-order streaming the current best known
bound is slightly above 2/3 [15], and in the stochastic matching setting a (1 — &)-approximation has been
achieved [36]. We hope that our work also inspires future work on going tangibly above 1/2-approximation
in the sublinear time model.

Discovering short augmenting paths has been a central technique in many of the works discussed above
in beating the greedy algorithm. What varies significantly is whether it is possible to find these augmenting
paths effeciently in the particular model at hand. In particular, a common approach is to first construct a
maximal matching in full, and then augment it via the vertices left unmatched. This “adaptivity” complicates
things in our model, making it hard to estimate the size of the solution in subquadratic time. One of our
main contributions in this work is to give a less “adaptive” algorithm that interleaves the construction
of a maximal matching and the augmentation phase. We believe this technique, which is overviewed in

Section 3.1.1, might be of independent interest.
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Next, we show that one can surpass the 0.5-approximation factor using a simpler algorithm that runs in

strongly sublinear time. The formal proof of this result appears in Section 3.2.

Result 2. There ezists an algorithm that estimates the size of mazimum matching in 5(n\/ﬁ) time with
o o multiplicative approximation factor of 0.5109 given access to the adjacency list model, and

o a multiplicative-additive approximation factor of (0.5109, 0(n)) given access to the adjacency matriz

model.

It is worth emphasizing that our algorithm is significantly simpler—both conceptually and analyti-
cally—than the previous result.

Next, we show that it is possible to achieve an approximation ratio substantially greater than 1/2, in
contrast to previous results that improved upon the 1/2-approximation only marginally. The following two

results are formally stated in Section 3.3.2.

Result 3. For any fixed ¢ > 0, there are algorithms for approximating the mazimum matching size of

any (general) n-vertex graph that take n?2=2M) time and obtain
o a multiplicative (2/3 — €)-approzimation in the adjacency list model, and

o a multiplicative-additive (2/3 — €, o(n))-approzimation in the adjacency matriz model.

Result 4. There are algorithms for approximating the maximum matching size of any bipartite n-vertex

2-Q(1)

graph that take n time and obtain

o a multiplicative (2/3 + Q(1))-approzimation in the adjacency list model, and

o o multiplicative-additive (2/3 + (1), o(n))-approzimation in the adjacency matric model.

Subsequent Work: Independently and concurrently with these results, Bhattacharya, Kiss, and Saranu-
rak [59] proposed a sublinear-time algorithm that achieves a (2/3 — ¢)-approximation in n2~P°Y(®) time, for
any arbitrarily small constant € > 0. In a follow-up work, Bhattacharya, Kiss, and Saranurak [57] designed
an algorithm that achieves a (1 — &)-approximation in n2~/() time, where f(¢) is a small positive function

of € and € > 0 is a small constant.

1.2.2 Lower Bounds for Sublinear Time Maximum Matching

With all the recent advances on the algorithmic side of the sublinear matching problem, a natural question
arises: what are the fundamental limitations of these algorithms? One can explore various questions regarding

the trade-off between approximation ratio and running time. The focus to answer the following question:
Question 2. Is it possible to achieve a (1 — €)-approzimation in n*-9% time?

More specifically, is it possible to approximate the maximum matching size to within a small constant
€ > 0 while the running time does not get close to quadratic time. Along the way, we derive several lower

bounds for different trade-offs and in various regimes, including the bounded-degree graph setting.



1.2. OUR CONTRIBUTION 6

The lower bound side of sublinear matching is much less understood compared to the algorithmic side.
The only known lower bound before our series of work is that Q(n) time is needed for obtaining any constant
approximation of maximum matching, which was proved two decades ago by Parnas and Ron [159]. While
this lower bound was (nearly) matched by [34] for 1/2-approximations, it is not known whether it is optimal
or can be improved for better approximations. In particular, the current state of affairs leave it possible to
obtain even a (1 — ¢)-approximation, for any fixed € > 0, in just O(n) time. Not only such a result would
be amazing on its own, but as we will later discuss, it will have deep consequences in the study of dynamic
graphs. It is also worth noting that in their beautiful work, Yoshida, Yamamoto, and Ito [176] showed
existence of an O(n) + AC(/€%) time algorithm that obtains a (1 — g)-approximation!. While this is not a

sublinear time algorithm for the full range of A, it runs in O(n) time for A = nOE),

This shows that any
potential w(n) time lower bound must be proved on graphs of large degree.

We note that the essence of the (n) lower bound of Parnas and Ron [159] is that o(n) queries are not
enough to even see all neighbors of a single vertex. Using this, [159] constructs an input distribution where
no o(n) time algorithm can see any edge of any (approximately) optimal matching. Indeed one key challenge
that any super linear lower bound needs to overcome is to show that even though there are, say, O(n')
time algorithms that “see” as many as n2(!) edges of an optimal matching, they are still unable to obtain a
a good approximation.

In Section 4.2, we present the first superlinear (in n) lower bound for the sublinear-time matching problem.

Result 5. For any fivzed o > 0, any (possibly randomized) algorithm obtaining a (2/3 + «)-approximation

1.2—o

of the size of maximum needs to make at least n ) adjacency list queries to the graph. This holds

even if the graph is bipartite and has a matching of size ©(n).

Bounded Degree Graphs: The (approximate) maximum matching problem has been studied extensively
both in the literature of LCAs [165, 9, 144, 132, 97, 58] and the closely related model of sublinear time
algorithms [159, 154, 176, 34, 68, 43, 43] for bounded degree graphs where the maximum degree A is
constant. There has been a sequence of improvements on LCAs [162, 144, 101, 97, 144, 132, 58]. The best-
known algorithm for a (1,en)-approximate maximum matching is due to Levi, Rubinfeld, and Yodpinyanee
[144] which adapts the elegant sublinear time algorithm of Yoshida, Yamamoto, and Ito [176] to the LCA
model, achieving a running time of (A/E)O(l/sz) polylog(n) per query. Note that the LCA of [144, 176]
runs in time poly(A,logn) whenever € is constant. Thus it runs efficiently even in the case of “graphs of
non-constant degree” [144]. If instead of a (1,en)-approximation we desire a (1/2,0) approximation, then
this can be done in O(A poly logn) time [34].2

The only LCA lower bound in the literature for maximum matching, due to Parnas and Ron [159] from
2007, proves that any LCA computing a constant approximation of maximum matching needs to spend
Q(A) time. The essence of the lower bound of [159] is a construction, where each vertex has degree ©(A)
and has only one “important” edge that has to be in any constant approximate matching. Thus, any LCA
that reports a constant approximate matching must scan a constant fraction of neighbors of the vertex being

queried to find this important edge, implying the claimed Q(A) lower bound. Note that this approach cannot

IMore precisely, [176] give a multiplicative-additive (1 — €, 0(n)) approximation in A9<(1) time. The claimed bound follows
by slightly tweaking their algorithm using techniques developed in [34] for multiplicative approximations.
2We note that the LCA model is not directly studied in [34], but the abovementioned bound follows as a corollary of [34].
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possibly result in an w(A) lower bound. Our goal is to strengthen this lower bound and narrow the gap
between the algorithmic upper bound and the lower bound.

In Section 4.3, we establish a lower bound in the bounded-degree regime, resolving a long-standing open
question that had remained open for more than a decade (see, in particular, Problem 39 on sublinear.info®

). We provide a negative resolution to this question by showing that a running time of A2(/e) g necessary.

Result 6. Let € < 0.01. For any choice of log4n < A < nf, there is an n-vertex bipartite graph G
of maximum degree A such that any randomized algorithm that with probability at least 0.51 provides
a (1,en)-approzimation for the size of the maximum matching in G must make A20/9) gdjacency list

queries.

Our construction also has implications in the LCA model. We prove a new lower bound on the complexity

of LCAs for (1, en)-approximate matchings. We show that:

Result 7. Let ¢ < 0.01. For any choice of log*n < A < nf, there is an n-vertex bipartite graph G of
mazimum degree A such that any LCA that with probability at least 0.51 computes a (1,en)-approximate

mazimum matching of G must make at least A/ queries to G.

The construction presented in the result mentioned above for sparse graphs can be adapted to yield a
lower bound for dense graphs. While we do not formally prove this result, with a slight modification, the
construction can be turned into an input distribution showing that any algorithm estimating the size of the
maximum matching with additive error en must use at least Q(ny/n) time. However, there is a fundamental
barrier to extending this lower bound beyond n+/n which we discussed in more detailed in Section 4.4.1.
This leaves open the possibility of an algorithm running in time as small as ny/n - poly(1/¢) and achieving
a (1,en)-approximation. Whether such extremely fast algorithms exist remains an open question.

In Section 4.4, we close this huge gap by showing that the algorithm of Bhattacharya, Kiss, and Saranurak
[67] is close to optimal. That is, we present a new lower bound that shows near-quadratic in n time is

necessary in order to achieve a (1,en)-approximation of the maximum matching size.

Result 8. For any 0 > 0 there is an € = £(6) > 0 such that any (randomized) algorithm that (with
probability at least 2/3) estimates the size of mazimum matching of an n-vertex graph up to an additive

error of en has to make Q(n?~%) adjacency list queries to the graph.

Finally, in Section 4.5, we show how to prove a lower bound for adjacency matrix access model. For dense
graphs, a natural way to access the graph is via adjacency matrix queries—commonly referred to as the dense
graph model. In this model, an algorithm can (adaptively) query whether there exists an edge between any
pair of vertices of its choice. The goal is to solve a graph problem with as few queries as possible. For such

an access model, our focus is particularly on a fundamental question:

Question 3. How many adjacency matrix queries are required to estimate the size of a maximum matching

in an n-vertex graph G?

Shttps://sublinear.info/index.php?title=Open_Problems:39
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Since none of the lower bounds from the previous results apply to the adjacency matrix model, it is
important to close the large gap between the known lower and upper bounds in this setting. More specifically,
the only known lower bound for this model is the folklore bound of Q(n) for any multiplicative-additive
approximation. This follows from considering an input graph that is either a random perfect matching or
an empty graph. Distinguishing between these two cases requires identifying one of the ©(n) adjacent pairs
among the ©(n?) possible pairs, which clearly demands €2(n) queries even with randomization. This situation
leaves a substantial gap between the lower and upper bounds for additive en errors: while the lower bound
is only linear (i.e., Q(n)), the best known upper bound is barely subquadratic (i.e., n>~%<(1)) [57]. Our work
focuses on this gap and closes it completely. Specifically, we show that the algorithm of [57] is (essentially)

optimal.

Result 9. For every 6 > 0 there exists € > 0 (i.e., € is only a function of 6) such that any algorithm
(possibly randomized) that estimates (with probability at least 2/3) the size of maximum matching up to

an additive error of en must make at least Q(n>~?) queries to the adjacency matriz of the graph.

Connection to the adjacency list model: Let us now discuss the adjacency list query access model
for which we have a much better understanding of lower bounds for estimating the size of the maximum
matching. In this model, instead of specifying two vertices, each query of the algorithm specifies a vertex v
and a number i; the response is then the ID of the i-th neighbor of v (or L if v has less than ¢ neighbors). In
the previous results, we established strong lower bounds for estimating the maximum matching size in the
adjacency list model.

Unfortunately this progress in the adjacency list model does not lead to any non-trivial (i.e., super-linear
in n) lower bounds in the adjacency matrix model. Specifically, proving adjacency matriz lower bounds

appears to be much more difficult than for adjacency list for two reasons:

(i) The ability to query vertex-induced subgraphs: An algorithm in the adjacency matrix model can
select a small subset U C V and learn the entire induced subgraph G[U] with just O(|U|?) queries. Not
only does this ability prevent a straightforward extension of adjacency list lower bounds to adjacency
matrix ones, but in fact has led to formal separations between the two models for some problems. For
example, a (A +1) vertex coloring in dense graphs with A = ©(n) can be found with O(n2/A) = O(n)
adjacency matrix queries but requires Q(nA) = Q(n?) adjacency list queries [17]. There are also many
property testing problems that can be solved with constant adjacency matrix queries by selecting a

constant size U at random and querying all the pairs in U, see e.g. [8, 108].

(ii) Discovering non-edges: Another key difference between the two models is that each query in the
adjacency list model discovers an edge, whereas adjacency matrix queries reveal both edges and non-
edges in the graph. Therefore, any analysis would have to show that non-edges do not reveal too much
information about the hard instance. Indeed, as we will discuss extensively in Section 4.5.1, this is the

main obstacle that we overcome in proving this result.

Other implications of our result: There are many natural scenarios for computing matchings where
the access to the underlying graph is through adjacency matrix queries. Here we briefly mention some of

these scenarios and the implications of our result:
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e Estimating the earth mover’s distance: The earth mover’s distance (EMD) is the most natural
measure of similarity between two distributions defined over the elements of a distance space (often a
metric). Beretta and Rubinstein [45] showed that if the distributions are defined over n elements, then
there is an algorithm obtains an additive e-approximation of EMD with n2~%<(1) queries to the distance

metric, i.e., with truly subquadratic queries.

The algorithm of [45] does not make use of the common metric assumption and works for arbitrary distance.
Whether this barely subquadratic time algorithm can be improved to say O.(n!:?) remained open even in
the case of metric spaces (see also the related paper of Andoni and Zhang [10]). Our lower bound strongly
rules out this possibility, even in the case of (1,2)-metrics. In order to obtain this result, it is important
that our lower bound works in the adjacency matrix model (as opposed to adjacency lists) as it naturally

captures pairwise distance queries.

e Dynamic algorithms: In a recent line of work [32, 60, 57, 37, 18, 26] sublinear time algorithms for
maximum matching have been utilized to obtain significant improvements for the maximum matching
problem in the dynamic setting. The role that sublinear time algorithms play in the works of [32, 60,
57] is very different from that of [37, 18]. But, curiously, all of these results rely on adjacency matrix
queries as opposed to adjacency matrix queries. Our lower bound is therefore of interest to the dynamic
community. Concretely, our result implies that an update-time of barely sublinear in n (i.e., the bound

achieved by [57]) is best one can hope for with a black-box application sublinear time algorithms.

1.2.3 Maximum Matching in Dynamic and Streaming Model

We study the maximum matching problem in the fully dynamic setting. Given a graph G which undergoes
both edge insertion and edge deletion updates, the goal is to maintain a large matching while spending a
small time per update. Denoting the number of vertices by n, the holy grail in dynamic graphs is to achieve
algorithms with poly(logn) update-time, as this would be polynomial in the size of each update (which can
be represented with ©(logn) bits). Unfortunately, known conditional hardness results rule out any O(n!=¢)
update-time algorithm for maintaining an ezact maximum matching [1, 77, 122]. As such, much of the focus
in the literature has been on approzimate maximum matchings [11, 38, 39, 51, 50, 48, 56, 55, 54, 53, 64,
109, 117, 153, 157, 43, 32, 60].

For over a decade, we have had algorithms maintaining a greedy maximal matching, and thus a 1/2-
approximation of maximum matching, in poly(logn) time per update [29, 170, 31]. At the expense of using
a larger polynomial in n update time, it is known that the approximation can be improved using various
matching sparsifiers developed in the literature [117, 50, 38]. However, the problem of maintaining a better-
than-1/2-approximation in poly(logn) time had remained open until last year where for a small gy > 0,
the concurrent works of Behnezhad [32] (g9 ~ 0.001) and Bhattacharya, Kiss, Saranurak, and Wajc [60]
(g ~ 0.006) achieved a (1/2 + £¢)-approximation provided that the goal is to maintain just the size (and

not the edge-set) of the matching. This state of affairs leaves two major open problems:
e Can we also maintain the edges of a 1/2 + Q(1) approzimate matching in poly(logn) time?
o What is the best approzimation of mazimum matching size achievable in poly(logn) time?

Our focus in this work is on the latter question.
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A gap between bipartite and general graphs: The algorithms of [32, 60] have two phases. In the first
phase, they maintain a maximal matching explicitly using the fast algorithms of [29, 170, 31]. In the second
phase, they augment this maximal matching by employing the sublinear time matching size estimator of
[34]. Although this leads to only slightly better than 1/2-approximation in general graphs, it is shown in [32,
60] that it leads to a much better (almost) (2 — /2 ~ 0.585)-approximation if the input graph is bipartite.

Such two-phase algorithms have also long been studied in the context of two-pass streaming algorithms
[140, 130, 86, 139, 141] for which a similar gap between general and bipartite graphs has persisted. In
particular, the state-of-the-art two-pass semi-streaming algorithm for bipartite graphs, by Konrad [139]
from 2018, achieves the same (almost) (2 — /2 ~ 0.585)-approximation. However, despite attempts [89, 130]
the best approximation for general graphs is 0.538 [89].

We close the aforementioned gap between bipartite and general graphs in both models. For dynamic
graphs, we prove that the approximation can be improved to (almost) 2 — /2 ~ 0.585, matching what was
known for bipartite graphs and significantly improving the previous 0.506 and 0.501-approximations of [60,
32] for general graphs.

Result 10. For any fizred € > 0, there is an algorithm that maintains a (2—\/5—5) ~ 0.585-approzimation
of the size of the mazimum matching in poly(logn) worst-case update time even against adaptive adver-

saries.

In the two-pass semi-streaming model, we show that the same (almost) (2 — /2 ~ 0.585) approxima-
tion can be achieved for general graphs as well, matching what was known for bipartite graphs [139] and
significantly improving prior 0.531 and 0.538 approximations of [130, 89] for general graphs. We emphasize
that our streaming algorithm does not just estimate the size of the maximum matching, but rather returns
the edges of the matching as well. Additionally, unlike our dynamic algorithm, our streaming algorithm is

deterministic.

Result 11. For any fized € > 0, there is a deterministic two-pass streaming algorithm that finds (the
edges of) a (2 — /2 — €) ~ 0.585-approzimate mazimum matching using O(nlogn) space.

Going beyond (2—+/2)-approximations: The (2—+/2)-approximation turns out to be a barrier in several
settings, even for bipartite graphs. For instance, a work of Huang, Peng, Tang, Tao, Wu, and Zhang [124]
establishes that no online matching algorithm under edge-arrivals (even allowing preemptions) can surpass
(2 — v/2)-approximations. While this is a different model than the ones considered in this work, it is in fact
closely related to the streaming setting. See, in particular, the paper of Kapralov [131, Section 1] who points
out that his techniques “can probably be extended” to the construction of Huang, Peng, Tang, Tao, Wu, and
Zhang [124], ruling out single-pass semi-streaming algorithms achieving better than (2—+/2)-approximations.
We also refer interested readers to the paper of Konrad and Naidu [141] which is more specifically focused on
two-pass streaming algorithms and includes a discussion on beating (2 — v/2)-approximations. In particular,
they show this bound is tight for a certain class of algorithms and argue that “new techniques are needed
in order to improve on the (2 — v/2) approximation factor”. Given this current landscape, we believe it is
an important open question for future research to either go beyond (2 — v/2)-approximations in the fully

dynamic model or the two-pass streaming model, or alternatively, prove its impossibility.
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1.2.4 Traveling Salesman Problem and Path Cover in Sublinear Time Model

The traveling salesman problem (TSP) is a central problem in combinatorial optimization. Given a set V'
of n vertices and their pairwise distances, it asks for a Hamiltonian cycle of the minimum cost. We study
sublinear time algorithms for T'SP. The algorithm is given query access to the distance pairs, and the goal
is to estimate the solution cost in time sublinear in the input size (which is ©(n?)).

TSP is NP-hard to approximate within a polynomial factor for an arbitrary distance function. As such,
much of the work in the literature has been on more specific distance functions. Some notable examples
include graphic TSP [103, 151, 152, 168, 68] where the distances are the shortest paths over an arbitrary
unweighted undirected graph, (1,2)-TSP [2, 68, 46, 134, 150] where the distances are 1 or 2, and more
generally metric TSP [133, 75, 73, 169] where the distances satsify triangle inequality.

In 2003, Czumaj and Sohler [76, 75] showed that for any fixed ¢ > 0, a (1 + ¢)-approximation of the
cost of metric minimum spanning tree (MST) and thus a (2 + ¢)-approximation of the cost of metric TSP
can be found in 6(11) time. Twenty years later, it still remains a major open problem to either break two-

2-2(1) time or prove a lower bound.* However, better bounds are known for both graphic

approximation in n
TSP and (1,2)-TSP. We present improved algorithms for these two well-studied variants of TSP. Our main
tool to achieve this is an improved algorithm for the closely related mazimum path cover problem which

might be of independent interest.

Maximum Path Cover: The maximum path cover in a graph is a collection of vertex disjoint paths with
the maximum number of edges in it. The (almost) 1/2-approximate maximum matching size estimator of
Behnezhad [34] immediately implies an (almost) 1/4-approximation for the maximum path cover problem
in O(n) time.> This can be improved to an (almost) (3/8 = .375)-approximation using the matching-pair
idea of Chen, Kannan, and Khanna [68] in 5(n\/ﬁ)—time.6 Our first main contribution is an improvement

over both of these results:

Result 12. For any € > 0, there is a randomized algorithm that w.h.p. (1/2 — €)-approximates the size

of mazimum path cover in O(n - poly(1/¢)) time.

Besides quantitavely improving prior work both in the running time and the approximation ratio, this re-
sults reaches a qualitatively important milestone as well. First, the running time is information-theoretically
optimal up to poly logn factors (the lower bound holds for any constant approximation — see Section 5.2.9).
Second, its approximation ratio hits a rather important barrier. We give a non-trivial reduction that shows
a (1/2 + Q(1))-approximation in O(n) time for maximum path cover would imply the same bound for max-
imum matching in bipartite graphs. Such a result has remained elusive for matching, which is one of the
most extensively studied problems in the literature of sublinear time algorithms. See Section 5.2.9.

It is also worth noting that in bounding the running time of our algorithm, we use connections to parallel

algorithms. Such a connection was previously only used for matchings [34].

4See e.g. Open Problem 71 on sublinear.info [115].

5The application of sublinear time maximum matching algorithms for approximating maximum path cover was first proposed
by Gupta and Onak. See [115].

6We note that even though a subsequent result of Behnezhad [34] improved the running time for maximal matchings and
graphic TSP from O(ny/n) in [68] to O(n), it is not immediately clear whether the same holds for path cover and (1,2)-TSP
as they rely on a different notion of a matching pair.
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Running Time Approximation Ratio Metric Reference
O(n) 1.75+¢ (1,2) Folklore
O(ny/n) 1.625 + ¢ (1,2) Chen, Kannan, and Khanna [68]
O(n) 1.5+¢ (1,2) This work
O(n) 1.929 Graphic Chen, Kannan, and Khanna [68]
O(n) 1.834 Graphic This work
n2—00) 1.667 Graphic This work
Q(n?) 1+¢ (1,2) & Graphic | Chen, Kannan, and Khanna [68]
P+
(Conditional) 15—¢ (1,2) & Graphic This work

Table 1.1: Comparison of running time and approximation ratio of our TSP algorithms and lower bounds
with prior work.

(1,2)-TSP: The (1,2)-TSP problem has been studied extensively in the classical setting. In his landmark
paper, Karp [134] showed that (1,2)-TSP is NP-hard. Papadimitriou and Yannakakis [158] then proved its
APX-hardness. Since then there has been a significant amount of work on (1,2)-TSP in the classical setting.
The current best known inapproximability bound for (1,2)-TSP is 535/534 [135]. After a series of works,
the best known polynomial time approximation is 8/7 [46] which can be implemented in O(n?) time [2]. For
sublinear time algorithms, an O(n)-time (almost) 1.75-approximation is folklore [115]. Chen, Kannan, and
Khanna [68] improved the approximation to (almost) 1.625 in O(n+/n) time.

It is not hard to see that up to a small additive error of 1, (1,2)-TSP is equivalent to finding a maximum
path cover on the weight-1 edges and then connecting their endpoints via weight-2 edges. A simple calculation
shows that any a-approximation for the maximum path cover problem leads to a (2 — a)-approximation for

(1,2)-TSP. Our path cover algorithm immediately implies the following result as a corollary:

Result 13. For any € > 0, there is a randomized algorithm that w.h.p. (1.5 + €)-approximates the cost
of (1,2)-TSP in O(n - poly(1/¢)) time.

Similarly, the running time of our algorithm is information-theoretically optimal up to poly logn factors,
and its approximation ratio hits a natural barrier due to a connection to sublinear time matching that we

establish in this work.

Graphic TSP: The graphic TSP problem is equivalent to finding a tour of the minimium size that visits
all the vertices. This is an important instance of TSP that has received a lot of attention over the years. For
polynomial time algorithms, a 1.5-approximation of Christofides [73] (which also works more generally for

metric TSP) had remained the best known until a series of works over the last decade improved it to (1.5—¢p)
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[103], 1.461 [151], 1.444 [152], and finally to 1.4 [168]. For sublinear time algorithms, Chen, Kannan, and
Khanna [68] showed that an (almost) (27/14 ~ 1.928)-approximation of graphic TSP can be obtained in
O(ny/n) time. The running time was subsequently improved to O(n) by Behnezhad [34].

We first show that plugging the path cover algorithm into the framework of [68] immediately improves
their approximation from 1.928 to (almost) 1.9 while keeping the running time 6(n) We then give a more

fine tuned algorithm that obtains a much improved approximation ratio of (11/6 ~ 1.833).

Result 14. For any e > 0, there is a randomized algorithm that w.h.p. (1 —1-8)(% ~ 1.833)-approzimates
the cost of graphic TSP in O(n - poly(1/e)) time.

Over the past few years, significant advancements have been made in the development of sublinear
matching algorithms as discussed in this thesis. The result of [57] have led to the creation of a (1,en)-

Q(n) | Leveraging these sublinear

approximation algorithm for maximum matching, with running time of n2~
algorithms, we have devised a slightly subquadratic algorithm that provides a more accurate estimation of

the size of graphic TSP.

Result 15. For any € > 0, there is a randomized algorithm that w.h.p. (1+ ¢)(3 ~ 1.666)-approzimates
the cost of graphic TSP in n?>~%(M) time.

We contrast our results with prior sublinear TSP algorithms in Table 1.1.

Further related work: Finally, we note that in a recent paper, Chen, Khanna, and Tan [70] show that
assuming that the metric has a spanning tree supported on weight 1 edges, one can obtain a (2 — &g)-
approximation with 6(71\/5) queries for some small unspecified constant eg > 0. While this is a more
general metric than graphic TSP and (1,2)-TSP that we study in this thesis, we note that the two papers
are orthogonal and their results are incomparable. In particular, the techniques developed in this thesis are
specifically designed to improve the approximation to much below 2, whereas [70] focuses on generalizing

the distance function while beating 2.

1.2.5 Sublinear Algorithm for Steiner Tree and Set Cover

In the Steiner tree problem, we are given an undirected graph G = (V, E'), where each edge e has an associated
cost w(e), and a specified set of terminal vertices T' C V. Then, the objective is to find a minimum-cost
subgraph H of G that connects all terminals in 7. The Steiner tree problem is one of the most fundamental
problems in combinatorial optimization and has been extensively studied by the TCS community since it was
included among Karp’s 21 NP-Complete problems [134]. The state-of-the-art approximation factor for the
Steiner tree problem is In4+¢ < 1.39 [63], and it is known that approximating it to a factor better than 96/95
is NP-hard [72]. This Steiner tree problem has been studied in various domains, including approximation
algorithms [163, 63], online algorithms [125, 23, 149, 114], stochastic algorithms [116, 112, 95], and massive
data analysis models [65, 75, 69].

In the sublinear model, we are given access to the distance matrix of the graph. Let ST(V, T, w) denote
the weight of a minimum-weight Steiner tree on instance (V,T,w). Then, the goal is to design an algorithm

that estimates ST(V, T, w) using the fewest possible queries to the distance matrix.
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Crzumaj and Sohler [75] presented the first sublinear query algorithm for the metric Steiner tree problem,
showing a (2+e¢)-approximation using O(k/e?(1)) queries through their improved algorithm for the minimum
spanning tree (MST) problem. Specifically, this follows their sublinear (1 + &)-approximation for MST
together with the well-known result by Gilbert and Pollak [104] showing that an a-approximation for MST
over the metric induced on the terminals 7" is a (2a/)-approximation for the metric Steiner tree instance with
T as the terminal set.

Recently, Chen, Khanna, and Tan [69] studied the design of sublinear algorithms with strictly better-
than-2 approximation for the metric Steiner tree problem. On the lower bound side, they showed that for
any € > 0, estimating the Steiner tree cost to within a (5/3 — ¢)-factor requires Q(n?) queries, even when
the number of terminals |T'| is constant. Moreover, they showed that for any € > 0, estimating the Steiner
tree cost to within a (2 — ¢)-factor requires Q(n + |T'|%/5) queries. Additionally, they proved that for any
0 < € < 1/3, any algorithm that outputs a (2—e¢)-approximate Steiner tree (not just its cost) requires Q(n|T|)
queries. On the upper bound side, they showed that it is possible to achieve a better-than-2 estimate of
the Steiner tree cost in sublinear time: there exists an algorithm that, with high probability, computes a

(2 — n)-approximation of the Steiner tree cost using O(n'3/7)

queries, where i > 0 is a universal constant.
At the core of their sublinear algorithm for metric Steiner tree with improved approximation guarantee,
they relate the problem of achieving a better-than-2 estimation for the Steiner tree to a variant of set cover
problem with a different objective.

More specifically, given a universe of elements U/ and a collection F of subsets of ¢, in the Threshold Set
Cover problem the goal is to estimate ThSC(U, F) == [U| — SC(U, F), where SC(U, F) denotes the size of an
optimal set cover solution for (U, F), i.e., the minimal number of sets in F whose union equals .

Specifically, given access to the adjacency matrix of the graph representation of (U, F), where there
is an edge between e € U and S € F if and only if e € S, Chen, Khanna, and Tan [69] designed an
algorithm that, for any constant 0 < ¢ < 1, with high probability, outputs a multiplicative-additive (1/4, e|U])-
approximation for estimation of ThSC(U, F) using O (|F[>/2 + | F[>/* - |U|) queries to the adjacency matrix
(or, membership queries). An estimate SOL for Threshold Set Cover on (U, F) is a multiplicative-additive
(71,72 )-approximation, if v1 - ThRSC(U, F) — v2 < SOL < ThSC(U, F).

More broadly, there has been a large body of work on solving set cover problems in the massive data
models of computation over the past decade [166, 79, 119, 83, 21, 126, 14, 30, 127, 111]. In particular the
work of [127, 111] consider the set cover problem in the sublinear query model. However their algorithms
assumes that it has an access to the adjacency list model as opposed to the adjacency matrix model, and
thus cannot be directly employed here.

Our key contribution is an algorithm for Threshold Set Cover, offering improved approximation guaran-

tees and query complexity, as detailed below:

Result 16. There exists an algorithm that, given a set system (U, F) with oracle access to its adjacency
matriz (also known as membership queries), outputs a multiplicative-additive (1/2,¢ - |U|)-approzimation
to Threshold Set Cover, in O(|F|?/3) time, with high probability.

Note that both the query complexity and the running time of the algorithm are bounded by O(|F [5/3),
improving upon the algorithm by Chen, Khanna, and Tan [69] for large values of [I{|, which uses O, (|F|3/2+

| F|3/* - [U|) membership queries and provides a multiplicative-additive (1/4,e[U|)-approximation for the
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problem. Notably, when |U| = w(|F|?/3), the algorithm becomes sublinear in || - |F|, making it especially
relevant for applications in the metric Steiner tree problem. More specifically, our new algorithm for Thresh-
old Set Cover results in the following improved sublinear query algorithm for the metric Steiner tree problem,

which we show in Section 5.3.4.

Result 17. There exists an algorithm that, given an instance of metric Steiner tree denoted by (V, T, w)
with oracle access to the distance matriz of (V,w), outputs a (2—n)-estimate of ST(V, T, w) using O(n®/3)

queries to distance matriz, where n > 0 is a universal constant, with high probability.

Notably, the query complexity of our algorithm improves upon the 5(7113/ ™) query complexity of the
algorithm of Chen, Khanna, and Tan [69].

1.2.6 Sublinear Algorithm for Steiner Forest and Maximal Independent Set

Steiner Forest is a classic network design problem where, given a weighted undirected graph G = (V, E, w)
where the weights are specified by w : £ — Rx>q, along with a set of £ source-sink terminal pairs T =
{(s1,t1)s---, (S, tg)}, the goal is to find a subgraph G’ of minimum total weight such that each pair (s;, ;)
is connected in G’. This problem generalizes the Steiner Tree problem (in fact it is also known as generalized
Steiner tree problem), and hence is APX-hard. In particular, approximating it to a factor better than 96/95
is NP-hard [72].

The first approximation algorithm for the problem was a primal-dual based approach given by Agrawal,
Klein, and Ravi [3] that achieved a 2-approximation. Later, Goemans and Williamson [105] provided a
simplified simulation of their primal-dual algorithm, which gives a (2 — 2/n)-approximate solution, where
n is the number of vertices. Improving the approximation guarantee of 2 has remained an open problem
until very recently, when [4] broke this barrier by designing a 2 — 2~ -approximation. Furthermore, Gupta
and Kumar [113] provided a simple greedy-based algorithm achieving a constant larger than 2. Designing
algorithms with specific features and addressing the problem within various models such as online, parallel,
and streaming remains an active area to day (see e.g. [110, 74, 128, 67, 28, 102]).

There is a large body of work on designing sublinear time algorithms for graph problems such as mini-
mum spanning tree (MST) [65], maximal independent set (MIS) [176], matching [176, 132, 34, 42, 43, 57],
spanners [143, 160, 12], metric MST [75], metric Steiner Tree [69, 148], and metric TSP [68, 70, 44], among
others. Given that a sublinear time algorithm cannot afford to read the entire graph, it is instead provided
an oracle to the input graph. There are two main oracle models for graph problems considered in the liter-
ature. In the adjacency list oracle, the algorithm can query (v,i), where v € V and ¢ < n, and the oracle
reports the i-th neighbor of the vertex v in its adjacency list (along with the weight of the edge in case of
weighted graphs), or NULL if 4 is larger than the number of v’s neighbors. In the adjacency matrix oracle,
the algorithm can query (u,v), where u,v € V, and the oracle reports whether there exists an edge between
u and v (along with its weight in the case of weighted graphs). Let SF(V, T, w) denote the minimum weight
of a Steiner Forest on instance (V, T, w). Then, the goal is to design an algorithm that estimates SF(V, T, w)
using o(n?) queries to the distance matrix via the oracle.

The focus of this work is on designing a sublinear time algorithm for the metric Steiner Forest problem
under the adjacency matrix model. We remark that for “non-metric” instances, even approximating the

MST cost within any factor requires 2(n?) time. Consider two vertex sets S and T', each of size n/2, where
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all pairwise distances between vertices within S or within T" are zero, and all distances between S and T are
one, except for a single random pair (s*,t*) across S and T, whose distance is zero with probability 1/2.
Any algorithm that approximates the MST cost with high probability must distinguish between a total cost
of zero and one. This requires identifying the pair (s*,#*), which in turn requires Q(n?) queries.

We give the first sublinear time algorithm for approximating SF(V, T, w).

Result 18. There exists an algorithm for estimating the cost of Steiner Forest within a multiplicative
factor of O(logk) using O(Tyns - logk) = O(n3/2) queries to the distance matriz oracle. Here, Tys
denotes the best runtime of a sublinear algorithm for finding a multiplicative O(1)-approzimation for the

size of any MIS under the adjacency matriz model.

We assume that the number & of terminal pairs is O(n). Note that for any given Steiner Forest instance,
there exists a list of at most n — 1 terminal pairs (s;,¢;) that fully characterize it. Without this assumption,
an O(k) term will be added to the runtime to account for reading the pairs and computing this succinct
representation. Moreover, this dependence on k in the runtime is required. To see this, consider the case
where there is a single vertex v that is far away from the rest of the graph, and there only exists a single

pair involving v. Unless this pair is detected, the reported solution will be off by an arbitrarily large factor.

Maximal Independent Set (MIS). As a key component of our approach, we develop a sublinear algo-
rithm for the maximal independent set (MIS) problem in the adjacency matrix model.

An independent set is a set of vertices such that no two of its elements are connected by an edge. While
the mazimum independent set problem is NP-hard to even approximate within a factor n*=¢ [121, 178], for
our purposes we only require an independent set that is mazimal.

MIS is a basic problem in its own right. It is also broadly used as a building block and studied in
computational models with limited time, memory or communication, such as distributed and parallel [145,
7, 61, 96, 90, 100], Massively Parallel Computing [142, 62, 155, 98, 101, 99], Local Computation Algorithms
[154, 176, 165, 9, 162, 144, 97], dynamic [31, 22, 66], as well as in algorithms for other fundamental problems,
such as matching (a maximal matching is an MIS of the corresponding line graph) and vertex cover [176,
156, 34], or correlation clustering [5, 35, 78].

Since an MIS cannot be explicitly found in sublinear time”, the task becomes that of estimating the MIS
size, or developing oracles that efficiently check whether a vertex is in some fixed MIS. The study of such
algorithms was initiated by Nguyen and Onak [154] in the context of bounded-degree graphs. They considered
the random greedy maximal independent set (RGMIS) process, which iterates over vertices according
to a random permutation 7 and adds a vertex to the set RGMIS(7) if none of its predecessors were already
added. A natural oracle to check whether a given vertex v is in RGMIS(r) is to ask, for all its neighbors u
with lower rank in 7, whether u is in RGMIS(7), and return yes only if none of them are.

Nguyen and Onak [154] showed that for a random permutation 7, the expected query complexity of this
oracle is 20(2) where A is the maximum degree. (They then used this to obtain a (2, en)-approximation®

for maximum matching in time 20(») /e2.) They conjectured that if the neighbors u are queried in the order

7Consider, for example, an instance with only one edge connecting two random vertices. To find any MIS, one must locate
that edge, which requires Q(n?) time in the adjacency matrix model.

8We use this notation to say that the algorithm has a multiplicative approximation ratio of 2, with an additional additive
error of up to en.
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of increasing rank in 7 (see Algorithm 34), the query complexity bound can be improved.

In a seminal result, Yoshida, Yamamoto and Ito [176] showed that if the query vertex v is also random,
this improved oracle indeed has an expected query complexity of only O(A) (see Theorem 5.4.13 for the
precise statement). By identifying the low-rank neighbors of a vertex in time O(A) in the adjacency list
model or in time O(n) in the adjacency matrix model, this implies an algorithm for the vertex oracle that
runs in time O(A?) in the adjacency list model or in time O(An) in the adjacency matrix model. We
note that these are not sublinear-time if A = Q(n), and they only return the answer for a single vertex
query. To the best of our knowledge, no faster algorithms for MIS itself have been developed. However, the
result of Yoshida, Yamamoto and Ito [176] has been highly influential for other basic problems, particularly
maximum matching. By studying line graphs, they obtained a (2, en)-approximation algorithm that runs in
time poly(A)/e2. This was further improved by Onak, Ron, Rosen and Rubinfeld [156] and Behnezhad [34].

We give a sublinear time algorithm to estimate the RGMIS size in the adjacency matrix model. We note
that we obtain a purely multiplicative approximation, without an additive error; this is indeed required for

our approximation guarantee for the Steiner Forest problem.

Result 19. For any e € (0,1) there is an algorithm (Algorithm 37) that, given a graph (V, E) with oracle
access to its adjacency matriz, with high probability reports a multiplicative (1 + €)-approzimation to the

value |RGMIS(x)| for some permutation w of V and runs in O(n3/2/e2) time.



Chapter 2

Preliminaries

2.1 Notations

Throughout this thesis, we use G = (V(G), E(G)) to denote the input graph, where V(G) and E(G) represent
its vertex and edge sets, respectively. We let n = |V(G)| and m = |E(G)| denote the number of vertices and
edges. We use deg(v) to denote the degree of a vertex v, i.e., the number of edges with one endpoint equal
to v. We use A(G) to denote the maximum degree over all vertices in the graph, and d(G) to denote its
average degree. When the graph under consideration is clear from the context, we may omit the argument
and simply write V, E, deg(v), A, and d. Given a subset of vertices A C V, G[A] is defined to be the
induced subgraph consisting of all edges with both endpoints in A. Further, given disjoint subsets A, B C V
of vertices, G[A, B] is defined to be the bipartite subgraph of G consisting of all edges between A and B.
For E' C E, we let G[E'] be the subgraph of G that is induced by edges E'.

We use A@ B := (AUB)\ (AN B) to denote the symmetric difference of two sets A and B. Also for any
positive integer k, we use [k] to denote the set {1,...,k}. Asis common in the literature, we use the term
“with high probability” to refer to a probability of at least 1 — n™%, for a sufficiently large constant a > 2.
Moreover, we use O(-), O(-), and €(-) to hide the dependency on poly(logn).

Given the problem of maximizing a function f : D — R defined over a domain D, with optimal value f*,
an («, 8)-multiplicative-additive approximation of f* is a solution s € D such that (f*/a) — 8 < f(s) < f*.
Similarly, for a minimization problem with objective function f : D — R and optimal value f*, an (a, §)-

multiplicative-additive approximation is a solution s € D satisfying f* < f(s) < af* + 8.

2.2 Graph Theory Tools

A multigraph is a type of graph in which multiple edges, also known as parallel edges, are allowed between
any pair of vertices. A line graph of a graph G is a graph that represents the adjacencies between the edges

of G. More formally, given a graph G, the line graph L(G) is constructed as follows:
e Vertices: Each vertex in L(G) corresponds to an edge in G.
e Edges: Two vertices in L(G) are connected by an edge if and only if their corresponding edges in G

share a common endpoint (i.e., they are incident to the same vertex in G).

18
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We define a bipartite graph H = (U, V, E) as biregular if the degree of all vertices in U is identical, and
likewise, the degree of all vertices in V is identical. For a directed graph, we define its underlying graph as
the undirected graph obtained by disregarding the direction of the edges.

A bridge (cut edge) in a graph is an edge whose deletion increases the number of connected components.
Similarly, a cut vertezx is a vertex whose deletion (along with its edges) increases the number of connected
components. A biconnected graph is a connected graph with no cut vertex. Also, a biconnected component
(block) of a graph is a maximal biconnected subgraph of the original graph. A non-trivial biconnected
component is a block that is not a bridge. We say a graph is 2-edge-connected if there is no bridge in
the graph. A 2-edge-connected component of a graph is maximal 2-edge-connected subgraph of the original
graph. The bridge-block tree of a graph is a tree obtained by contracting the 2-edge-connected components;
note that the edge set of a bridge-block tree correspond to the bridges in the original graph. Let G be a
directed graph. Then, C is a strongly connected component of G if it is a maximal set of vertices such that

there exists a directed path between any pair of vertices v and v in C, and vice versa.

Matching: A matching in a graph G = (V, E) is a subset of edges M C E such that no two edges in M
share a common endpoint. A matching M is called a mazimum matching if it has the largest possible size
among all matchings in G. We use p(G) to denote the size of maximum matching of G. Given a vector b
of integer capacities of dimension |V (G)|, a b-matching in G is a multi-set F of edges in G such that each

vertex v € V appears no more than b, times as an endpoint of an edge in F.

Vertex Cover: Given a graph G = (V, E), a vertex cover is a subset of vertices C' C V such that every
edge in E has at least one endpoint in C. In other words, for every edge (u,v) € E, at least one of u or v
belongs to C'. A minimum vertex cover is a vertex cover of smallest possible size, and we denote its size by

v(G). We use the following classic theorem by Kénig’s [138].

Proposition 2.2.1 (Kénig’s Theorem). For any bipartite graph G, it holds u(G) = v(G).

Augmenting/Alternating Paths: Given a matching M of G, a path in G is an alternating path for M
if its edges alternatively belong to M. An alternating path is an augmenting path for M if the first and the
last edges of the path do not belong to M.

It is well-known that if a maximal matching is nearly half the size of a maximum matching, then almost

all of its edges belong to length-three augmenting paths. The following statement is folklore.

Claim 2.2.2 (Folklore). Let M be a mazimal matching and M* a mazimum matching. Suppose |M| <
(3 +6)|M*|. In M & M*, there are at least M| — 45| M*| length-3 augmenting paths for M.

Random Greedy Maximal Matching: Given an input graph G = (V, E) and a permutation 7 over
the edges of E, a greedy maximal matching can be obtained by sequentially iterating over the edges in F
according to m and adding each edge to the maximal matching if none of its adjacent edges have already
been added. We let GMM(G, r) denote this maximal matching. A random greedy maximal matching,
i.e.,, RGMM(G) is the matching obtained by picking a permutation 7 uniformly at random and outputting
GMM(G, 7).

We use the following proposition about the size of greedy matchings in vertex-subsampled subgraphs. It

was first proved in [39] using the techniques developed in [140].
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Proposition 2.2.3 ([39, Lemma 5.2]). Let G(V,U, E) be a bipartite graph, let © be an arbitrary permutation
over E, let p € (0,1), and let M be an arbitrary matching in G. Let W be a subsample of V including each
vertex independently with probability p. Define X to be the number of edges in M whose endpoint in V is
matched in GMM([W U U], «); then

Ew [X] > p(IM| - 20[V).

Proposition 2.2.4 ([34]). There exists an algorithm that, given adjacency list access to a graph G of average
degree d, for a random vertex v and a random permutation 7, determines if v is matched in GMM(G, ) in
O(d) expected time.

Fractional Matching: Given a graph G = (V, E), a fractional matching of G is a set of weights z : E —

[0,1] on the edges such that for any vertex u the following condition is satisfied:

Z Te < 1.

e€d(u)

For a vertex set S C V, we define 2(5) = }_.cq(g) Te-
The following proposition is an application of the blossom inequality if we relax the constraints to only
consider subsets of vertices with a size of at most 1/e. We refer readers to [24] for the proof and to section

25.2 of [167] for a detailed discussion about blossom inequalities.

Proposition 2.2.5. Let G be any graph, and let x be a fractional matching on G such that for every vertex

set S CV that |S| < 1/e, we have
g T < @
e = 2 .

e€G[S]

Then, it holds that i(G) > (1 —¢€) >, xe. We refer to the above inequality as the blossom inequality.

Maximal Independent Set (MIS): Given a graph G = (V, E), an independent set is a subset of vertices
I C V such that no two vertices in I are adjacent. A mazimal independent set (MIS) is an independent set
T that cannot be extended by adding any vertex from V' \ I without creating an edge between two vertices

in the set.

Random Greedy Maximal Independent Set: Given a graph G = (V, E), a random greedy maximal
independent set is constructed by first selecting a random permutation 7 of the vertices V. The algorithm
then iterates over the vertices in the order specified by 7, adding each vertex to the independent set if none
of its neighbors are already in the set (i.e., it does not share an edge with any vertex already included in the
independent set). This process continues until all vertices have been considered. The term "random” comes
from the fact that the permutation 7 is chosen uniformly at random among all possible permutations of the

vertices.

Parallel Randomized Greedy Maximal Independent Set: Let GG be a graph, and let m be a permuta-
tion of its vertices. In each iteration, we select all vertices whose rank is lower than that of all their neighbors
and then remove these vertices along with their neighbors from the graph. The number of iterations required

for G to become empty is referred to as the round complexity, denoted by p(G, ). It is not hard to see that
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the MIS produced by the parallel randomized greedy maximal independent set is the same as the output of

the random greedy maximal independent set for a fixed permutation .

Bigraphic pairs of sequences: We use the following results on bigraphic pairs of sequences defined below.

Definition 2.2.6 (Bigraphic Pairs of Sequences). Let a = (ay,as,...a,) and b = (by,ba,...,by) be two
sequences of non-negative integers. We say this is a bigraphic pair of sequences if there exists a bipartite
graph where a corresponds to the degree sequence of one part of the graph and b corresponds to the degree

sequence of the other part.

Proposition 2.2.7 (Gale-Ryser Theorem). Let (a1, as,...a,) and (b1, ba,...,by) be two sequences of non-

negative integers such that ay > as > ... > an. Then, these two sequences are bigraphic if and only if
Soriai =i b, and

Zai < Zmin(bi,r) foralll <r <n.
i=1 i=1

Erdés—Rényi Graph: An Erdés—Rényi graph, denoted by G(n,p), is a random graph on n vertices in
which each pair of vertices is connected independently with probability p € [0,1]. Equivalently, the number
of edges follows a binomial distribution, and the presence or absence of each edge is independent of all other
edges. A bipartite Erdés—Rényi graph, denoted by G(n1,ne,p), is a random bipartite graph with vertex sets

of size n1 and ns in which each edge between the two parts appears independently with probability p.

Proposition 2.2.8 ([85, 84, 92]). Let G be a bipartite ErdSs—Rényi graph such that each part of the graph
contains n vertices. If the probability of the existence of each edge is at least (log2 n)/n, then there exists a

perfect matching in G with high probability.

2.3 Probabilistic Tools

We use the following standard concentration inequalities.

Proposition 2.3.1 (Chernoff Bound). Let X1, Xa,..., X, be independent Bernoulli random variables, and

let X =" X;. Foranyt >0, Pr[|X — E[X]| >t] < 2exp (—#?XO .

Proposition 2.3.2 (Hoeffding’s Inequality). Let X, Xs, ..., X, be independent random variables such that

a<X;<b Let X = (X", X;)/n. For anyt >0, Pr[|X — E[X]| > t] < 2exp (f (bin;)z) .

Proposition 2.3.3 (Markov inequality). If X is a non-negative random variable, then for any a > 0, it

holds that
E[X]

a
Definition 2.3.4 (Negative Association [129, 136, 171]). Let X1, Xa,..., X, be a set of random variables.

We say this set is negatively associated if for any two disjoint index sets I, J C [n], and two functions f and

Pr(X >a) <

g, both either monotonically increasing or monotonically decreasing, the following condition is satisfied:

BLf(X;:i€1)-g(X;:j € N <BI(X; i D) Blg(X,:je ).
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Proposition 2.3.5 (Chernoff Bound Negatively Associated Variables). Let X1, Xa,..., X, be a set of neg-

atively associated Bernoulli random variables. Let X = " | X;. Then,

o\ EX]
Pr[|X — E[X]| > (1 +a)E[X]] < (W) :

Yao’s Minimax Principle: We use the following theorem to prove the lower bound for randomized

algorithms.

Proposition 2.3.6 (Yao’s Lemma. Theorem 3 of [175]). Let P be a problem over input domain X. For
an input distribution D over X, let Bp, y be the set of deterministic algorithms that solve P with probability
1 —A. Let F1 A(P) be the distributional complezity of P with parameter \:

Fix(P):=sup inf c¢(a,D),
D a€Bp A
where c(a, D) denotes the average cost of a on D. Let Ry be the set of randomized algorithms that solve P

with probability 1 — X\ for any input x. Let Fy 5(P) be the randomized complezity of P with parameter A:

oA (P) = At max c(4, z),

where ¢(A, x) is the average cost of A for input x. Then, for 0 < A < %, it holds

1
F> A (P) > §F1,2>\(P)-

2.4 Problems Studied in This Thesis

Sublinear Maximum Matching: Given a graph G, represented in one of the following two ways, we

study the problem of estimating the size of maximum matching:

e Adjacency List: In this model, the neighbors of each vertex are stored in a list sorted in an arbitrary
order. Each query of the algorithm specifies a vertex v and an index i¢. The answer is the ID of the

i-th vertex in the list of v’s neighbors, or empty if v has less than ¢ neighbors.

o Adjacency Matriz: In this model, each query of the algorithm specifies a pair of vertices v and v. The

answer is 1 if v and v are adjacent, and 0 otherwise.

Since the size of the input graph can be as large as Q(n?), we are interested in designing algorithms that

estimate the size of a maximum matching in sublinear time with respect to the input size, i.e., in o(n?) time.

Maintaining the Size of a Matching in the Fully Dynamic Model: We are given a graph on a fixed
set of n vertices. Edges then can be inserted or deleted from the graph. We study dynamic algorithms for
estimating the size of a matching. That is, the algorithm has to return an estimate i for the size of the
maximum matching of G after each update. We say the adversary—which issues the updates—is oblivious
if he does not change the sequence of updates based on the algorithm’s previous output. On the other hand,

an adaptive adversary may choose the sequence of updates adaptively based on the algorithm’s outputs.
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Sublinear Metric Traveling Salesman Problem (TSP): Given a set V of n vertices and their pairwise
distances, the metric TSP asks for a Hamiltonian cycle of minimum cost. In the sublinear model, the
algorithm is given query access to the distance pairs, which satisfy the metric constraint (i.e., the distances
obey the triangle inequality), and the goal is to estimate the cost of an optimal solution in time sublinear in
the input size, which is ©(n?). We use 7(V) to denote the size of the optimal TSP.

A graphic TSP is a special case of the metric TSP where the distances correspond to the shortest-path
distances in an unweighted graph. Similarly, in a (1,2)-TSP, the distance between any pair of vertices is

either 1 or 2, and the goal is again to find a Hamiltonian cycle of minimum total cost.

Sublinear Metric Steiner Tree: Given aset V' of n vertices and their pairwise distances, a set of terminal
points T C V', and query access to the distance matrix of a metric space over V', the metric Steiner tree
problem asks for a minimum-cost tree that connects all terminals in 7. In the sublinear model, the goal is
to estimate the cost of an optimal Steiner tree in time sublinear in the input size, which is ©(n?), using only

queries to the distance matrix.

Sublinear Metric Steiner Forest: Given a set V of n vertices and their pairwise distances, a set of
terminal pairs P = {(s1,t1), (s2,%2),..., (Sk, tx)} with s;,¢; € V, and query access to the distance matrix of
a metric space over V', the metric Steiner forest problem asks for a minimum-cost forest that connects each
terminal pair (s;,t;). In the sublinear model, the goal is to estimate the cost of an optimal Steiner forest in

time sublinear in the input size, which is ©(n?), using only queries to the distance matrix.

Sublinear Path Cover Problem: Given an unweighted graph G, a path cover in G is a collection of
vertex-disjoint paths in G. A maximum path cover is a path cover of G with the maximum number of edges
in it (note that we are counting the total number of edges, not the number of paths). We use p(G) to denote
the size of a maximum path cover in G. In the sublinear model, the goal is to estimate p(G) in time sublinear

in the size of the input graph.



Chapter 3

Sublinear Time Algorithms for

Maximum Matching

In this chapter, we study the sublinear matching problem from an algorithmic perspective. In Section 3.1
and Section 3.2, we present two algorithms that slightly improve upon the (1/2)-approximation. More
specifically, the first algorithm achieves a (1/2 + §2(1))-approximation and can be implemented in O(n!*¢)
time, where constant € > 0 can be made arbitrarily small. In Section 3.2, we design a simpler algorithm
that achieves a 0.5109-approximation with a running time of 6(n\/ﬁ) Finally, in Section 3.3, we present a
(2/3 — ¢)-approximation algorithm running in n?~P°¥() time for any arbitrarily small constant ¢ > 0. We
further complement the results of this section by designing a (2/3 + Q(1))-approximation algorithm that

2-Q(1)

runs in strongly sublinear time, specifically n for bipartite graphs.

24
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3.1

Beating Greedy Matching in Sublinear Time

Using n, m, A, and d to respectively denote the number of vertices, the number of edges, the maximum

degree, and the average degree in the graph, the results of this section can be summarized as follows:

Theorem 3.1.1. For any constant € > 0, there is a constant § > 2=°1/9) along with an algorithm that

w.h.p. estimates the size of maximum matching up to a:

(1) multiplicative factor of (5 + &) in the adjacency list model in O(n + AY€) time,

(2) multiplicative-additive factor of (3 + 8,0(n)) in the adjacency list model in O(d - A®) time,

(3) multiplicative-additive factor of (3 + 8,0(n)) in the adjacency matriz model in O(n'*¢) time.

A few remarks about the three results of Theorem 3.1.1:

The constant § > 0 in Theorem 3.1.1 is miniscule. We did not attempt to optimize it, but do not

expect our algorithm to obtain a significantly better than half approximation.

Theorem 3.1.1-(1) comes close to an (n) lower bound that holds for any O(1)-approximation in the
adjacency list model. Any such algorithm must distinguish an empty graph from one with a single

edge. This clearly requires €2(n) queries in the adjacency list model.

Theorem 3.1.1-(2) comes close to an §2(d) lower bound for any (O(1),o(n))-approximation in the
adjacency list model due to [159]. Observe that dA® < m for any ¢ < 1. Therefore, this algorithm

always runs in sublinear time in the number of edges in the graph.

Theorem 3.1.1-(3) comes close to an Q(n) lower bound for any (O(1),0(n))-approximation in the
adjacency matrix model. Any such algorithm must distinguish an empty graph from one that includes

a random perfect matching. This requires Q(n) adjacency matrix queries.

It takes Q(n?) queries to the adjacency matrix to distinguish an empty graph from one with only a
single edge. Since this must be done for any multiplicative O(1)-approximation, no non-trivial such

algorithm (i.e., one with o(n?) queries) exists for this model.

3.1.1 Technical Overview

We first give a brief overview of existing approaches and discuss why it takes quadratic time to imple-

ment. Then, we overview our main tool in breaking this quadratic time barrier through a less “adaptive”

augmentation algorithm.

The Quadratic Barrier: A Brief Discussion of Earlier Techniques

Discovering (short) augmenting paths' is a natural way of improving the approximation for the maximum

matching problem. For example, the Hopcroft-Karp [123] algorithm starts with an empty matching and

iteratively applies a maximal set of vertex disjoint (short) augmenting paths. Each step of Hopcroft-Karp

can essentially be viewed as a mazimal independent set (MIS) instance. Put one vertex for each (short)

augmenting path and connect two vertices if their corresponding augmenting paths share a vertex. An MIS

1See chapter 2 for the formal definition of augmenting paths.
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in this graph corresponds to a maximal set of vertex disjoint augmenting paths. Building on this idea and
by giving a size estimator for MIS, Yoshida, Yamamoto, and Ito [176] showed that for any integer k > 1, a
(75, 0(n))-approximation can be obtained in Oy (A®*(+1) time?. This is sublincar when A is sufficiently
small.

Although the MIS-based approach is powerful enough to go well beyond 1/2-approximation in poly(A)
time, it does not seem to help with general graphs where A can be large. This holds even if we limit ourselves
to length-3 augmenting paths, which is needed for beating 1/2. The MIS size estimator of [176] crucially
requires time at least linear in the average degree. Since every edge of a maximal matching can belong to
Q(A?) length-3 augmenting paths (with ©(A) choices from each endpoint of the edge), this average degree
in the MIS graph can be Q(A?) where A is the original graph’s maximum degree. This makes it unlikely
for this approach to yield an o(A?) time algorithm. Additionally, not being able to construct the MIS graph
explicitly in whole, and not having the edges of the maximal matching we are trying to augment also impose
other A factors in the running time, arriving at the rather large poly(A) bound of [176].

There is an alternative way of discovering length-3 augmenting path which works directly with matchings
instead of independent sets. The idea is to first find a maximal matching M of G, then find another maximal
matching S on a subgraph H of G which includes a subset of the edges that have exactly one endpoint
matched by M. Note that if both endpoints of an edge e € M are matched in S, then we get a length-
3 augmenting path. This framework was first used by [140] in the context of random-order streaming
algorithms, but has since been applied to various other settings [55, 39, 118]. Because the second graph
H is defined adaptively based on M, we cannot simply run two independent instances of existing maximal
matching estimators as black-box. In fact, this framework also hits a quadratic-in-degree time barrier as we
describe next. To describe this barrier, we first briefly overview the key ideas behind the maximal matching
size estimator of [34].

Consider a maximal matching S that is constructed greedily by iterating over the edges in some ordering
7. It is not hard to see that e € S iff there is no edge ¢’ incident to e such that 7(e’) < w(e) and ¢’ € S.
Therefore to determine whether e € S, it suffices to go over the lower rank neighboring edges of e (in the
increasing order of their ranks) and recursively query them to either find one that belongs to S, or conclude
that e must be in S. This approach was first suggested by Nguyen and Onak [154]. The main question is
the total number of recursive calls needed for the process to finish. The result of Behnezhad [34] is that for
a random vertex v and a random permutation 7, the process terminates in O(d - logn) expected total time,
coming close to an €2(d) lower bound.

Now, let us revisit the above two-step algorithm which first constructs a maximal matching M of G and
then another maximal matching S of a subgraph H of GG. Consider the task of determining whether a vertex
v is matched by S. From [34], we get that for a random vertex v, this should be doable by exploring 6((2}[)
edges of H in expectation where here we use dx to denote the average degree of graph X. The challenge,
however, is that since H is defined adaptively based on M, we do not a priori know the neighbors of v in H.
In particular, to know whether an edge (u,v) exists in H, we have to ensure that exactly one of u and v is
matched in M. Therefore, for exploring 5(JH) edges in H, the naive approach would make 5(JH) vertex
queries to M. Note that these calls are not necessarily to random vertices anymore, which is crucial for the

bound of [34] to work. But even if we manage to get an O(d¢) time bound on each one of these calls we

20y, ignores dependencies on k.
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arrive at a total running time of é(ciH -dg) which again can be as large as Q(n?).

Our Contribution: A Less “Adaptive” Augmentation Algorithm

The two-stage algorithm we discussed earlier, constructs M fully and then adaptively picks the edges of .S
based on M. Our first step towards proving Theorem 3.1.1 is introducing a less “adaptive” algorithm that
interleaves the construction of the two matchings M and S.

Our algorithm starts by constructing a sequence T', containing a single element (e, EXTEND) and K > 1
distinct elements (e, START), corresponding to every edge e in the graph, where K is a parameter of the
algorithm. We will process T' in a random order. The role of having multiple copies of the START elements is
to bias them to appear earlier in the random permutation. We start by initializing two empty matchings M
and S and then iterate over these randomly sorted m(K + 1) elements of T. Whenever we see an (e, START)
element, we add e to M iff both endpoints of e are unmatched in M. Therefore, M will be a random greedy
maximal matching of G. Whenever we see an (e, EXTEND) element, we add e to S under a few conditions.
The first condition is that both endpoints of e must be yet unmatched by S; this is to ensure that .S continues
to be a matching. The second condition is that at most one endpoint of e can be already matched by M.
Our final algorithm, formalized as Algorithm 1, also checks two more technical conditions before adding e to
S which are needed for the approximation ratio analysis. Once all of T' is processed, the algorithm returns
a maximum matching of M U S.

Observe that even though at the time of adding an edge (u,v) to S, at most one of its endpoints is
matched in M, the other endpoint may get matched in M later in the process. Such edges of S cannot be
used in length-3 augmenting paths for M. One way to avoid these bad events is to set K large enough so
that all the START elements appear before all EXTEND elements. However, this will negatively impact the
running time. Specifically, the local query process to determine whether a random vertex v is matched in
cither of S or M takes O(d- K) time. This means that we need to set K to be much smaller than A to beat
the quadratic-time-barrier. Indeed we set K ~ A€ to get the bounds of Theorem 3.1.1.

When K < A, we will inevitably have many edges of S for which both
endpoints are matched in M. For example, consider the construction illus- A
trated on the right with four vertex parts A, B, C, D. There is a regular T ?? T
bipartite graph of degree ©(A) between A and B, a regular bipartite graph ’ |
of degree ©O(A%99) between A and D, and a regular bipartite graph of degree M l :
O(A98/K) between C and D. In this construction, the edges of M match 5
A to B and C to D nearly completely. The edges of S match A to D nearly B D
completely. This happens because there are many more EXTEND elements in (A, D) than there are START
elements in (C, D). Therefore, at the time of adding S, the part of M from C to D is not yet constructed.

Despite this bad event, we show that the edges of S are still useful in augmenting M. One key insight
apparent in the above example is that the edges of (C, D) in M tend to have rank (in the permutation of T")
roughly K times larger than those edges of (A4, B) in M. We generalize this to all graphs and show that if
an edge of S connects two edges of M, then the ranks of these edges of M must differ by a factor of roughly
K .3 Therefore, if instead of considering all edges of M for augmentation, we consider a subset M« of M

that is a constant fraction of M and at the same time any two edges in M;« have ranks within K factor of

3To be more precise, we only prove this for most edges of S, but not all.
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each other, then S cannot connect two edges of M;+« and so we can focus on augmenting just M~ instead of
the whole matching M. See Section 3.1.2 for the full details of the algorithm and its approximation analysis.

So far we have only described an algorithm that finds a (3 + ©(1))-approximate matching and have not
yet described how to estimate its output size in sublinear time. To do this, we first define a query process akin
to the one described above for maximal matching. That is, for a given edge e we define two query processes
that respectively return whether e € M and e € S. We then analyze the expected number of the recursive
calls for a random start vertex by building on the techniques of [34, 176]. Several challenges arise along the
way that are unique to our algorithm and require new ideas. For instance, an EXTEND element remains
relevant (i.e., can still be added to S) until seeing two START elements in M, one from each endpoint. This
is unlike the greedy approach, say for MIS or maximal matching, where an element (respectively a vertex
and an edge) becomes irrelevant right after seeing one neighbor in the solution. Also note that we should
not simply count the number of edges in M and S. Rather, we have to count the number of edges of M plus
the number of length-3 augmenting paths that we find. To do this, when we find an edge (u,v) € S and an
edge (v,w) € M, we also query whether w is matched in S to a vertex left unmatched by M or not. This
complicates the analysis because this vertex w is not picked uniformly at random anymore. The details of

the query process and its analysis are provided in Section 3.1.3.
3.1.2 A Meta Algorithm for Beating the (1/2)-Approximation

The Algorithm

In this section, we formalize our new “less adaptive” meta algorithm that we informally overviewed in
Section 3.1.1. Next, we show that its approximation ratio is strictly better-than-half. We later show in
Section 3.1.3 that the size of its output matching can be estimated in sublinear time.

Before formalizing the algorithm, let us give a few useful definitions. Given an n-vertex graph of maximum

degree A, and a parameter ¢ € (0,.25), define:

e p:=0.007.
e D:=(c-A-logn)® where we later fix ¢ > 1 to be sufficiently large function of .
e K :=10Dlog’n.

e a;:=1/D"" ! for i€ [2/e] and ag/.1 = 0. Note that 0 = g1 < @9 < ... <z <ap =1

We are now ready to state the algorithm, which is formalized below as Algorithm 1.

The Approximation Guarantee

In this section, we prove the following approximation guarantee for Algorithm 1. (We note that we have not

attempted to optimize the constants in the statement.)

Theorem 3.1.2. Let G be any n-vertex graph. Let M and S be the matchings produced by Algorithm 1 run
on G for parameter € € (0,.25). Then for some § > 2-0(/e),

E[u(M U 5)] > (; +6) W@,
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Algorithm 1: An algorithm for beating half-approximate matching.

Input: An n-vertex m-edge graph G = (V, E) of max degree A.

Parameter: ¢ € (0,.25).

Define K, p, and ay/e, ..., a1 as above.

Construct a sequence T', which for any edge e € F includes K copies of (e, START) and one copy of
(e, EXTEND). Then random shuffle the elements in T'.

W N

Draw j* from [2/e] uniformly at random.

for i=1 to|T| do

10 Let (e = {u,v}, X) be the i-th element in T.

11 if X = START and deg,;(u) = degy,(v) = 0 then

5 For any vertex v € V pick a color ¢, € {BLUE, RED} uniformly and independently.

6 Initialize M < 0,S « 0.; // Both M and S will be matchings of G.
7 Initialize My < 0,... s Maje 0. // These will partition the edges in M.
8

9

12 Add e to M.

13 Add e to the unique M;, i € [2/¢] where a;11|T| < i < ay|T)|.
14 if ¢, = ¢, or e € M;+ then

15 L Mark both v and v as frozen.

16 else

17 L With probability 1 — p mark both v and v as frozen.

18 if X = EXTEND, degg(u) = degg(v) = 0, deg,,(v) + degy, (u) < 1, ¢, # ¢y, and neither endpoint
of e is frozen then
19 L Add e to S.

20 return the maximum matching in M U S.

Basic Notation and Definitions

For any element ¢ we use 7(¢) to denote the location of £ in T. For any edge e € E we use Tgragr(€) (resp.
TExtenp(€)) to denote the minimum ¢ € [|T]] such that the i-th index of T" includes element (e, START) (resp.
(e, EXTEND)). For any element ¢ € T we say “at the time of processing £” to refer to the iteration of the for
loop in Algorithm 1 when 4 equals 7(¢).

Next, we define unusual edges as follows:

Definition 3.1.3 (unusual edges). We say an edge e € M is unusual, if there is some edge ¢ = (u,v)

incident to e such that one of the following holds:

o Tsranr(€) < TExrenn(€) < D - Tsrarr(e), and at the time of processing (', EXTEND) the only edge in M

that is incident to €’ is e.

o Txrenn(€) < Tsmarr(€), and at the time of processing (', EXTEND) no edge in M is incident to €' in
M.

We use A to denote the subset of unusual edges of M.

In Section 3.1.2 we prove the following Lemma 3.1.4 which shows only a small fraction of the edges in M
will be unusual. This is one of our key insights towards our proof of Theorem 3.1.2, and is the main place

where having K copies of (e, START) compared to one copy of (e, EXTEND) in 7 is used crucially.

Lemma 3.1.4. E|A| = o(|M]).
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The Main Argument

In this section, we present the main building blocks of the proof of Theorem 3.1.2, deferring the proof of one
key lemma (Lemma 3.1.10) to a later section.

Our proof of Theorem 3.1.2 relies on four independent sources of randomization, which with a slight

abuse of notation we denote by j*, T, C, and F:
e T: The order in which Algorithm 1 processes T'.
e (' The colors assigned to the vertices in Algorithm 1 of Algorithm 1.
e j*: The index chosen in Algorithm 1 of Algorithm 1.
e [: The set of edges in M that get frozen in Algorithm 1 of Algorithm 1.

All four sources of randomization are needed for the proof of Theorem 3.1.2. But it would be convenient

to first condition on T because:

Observation 3.1.5. Conditioning on T fully reveals the mazimal matching M, the set A of unusual edges
in M, and all of My, ..., My..

Note, however, that S remains random even after conditioning on T as it depends on the other three
sources of randomization too.

Because M is a maximal matching of G, we immediately get |M| > u(G)/2. Our plan is to show
that if M is only half the size of u(G), then in expectation S augments it well enough that M and S
together include a larger matching. More formally, recall that our goal in Theorem 3.1.2 is to prove that

E[u(M U S)] > (3 + 6)u(G). This clearly holds if [M| > (1 + 0)u(G). So let us for the rest of the proof
assume that M is smaller.

Assumption 3.1.6. |M| < (3 + 6)u(G).
Plugging this assumption into Claim 2.2.2 gives:
Observation 3.1.7. At least | M| — 45| M™*| edges of M belong to length-3 augmenting paths in M & M*.

Our next claim shows that there is one subset M; of M that has several nice properties. We will later

argue that M; will be well augmented by S in expectation.
Claim 3.1.8. Define q(z) := 220==3/¢) " There is M; such that all the following hold:
1. [M;| > q(5)IM],
2. |My|+ ...+ |M;_q| <2719 My,
3. For any two edges e, e’ € M;, Tsrarr(€’)/D < Tgrarr(€) < Tgrare(€’) - D.
Proof. First, there should exist j € [2/¢] such that |M;| > ¢(j)|M| as otherwise
2/e

|Mi]+ ...+ |My/e| < ZQ(Z)|M| =

i=1

220+'.'+240/€

M| < M),
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which contradicts the fact that M;’s partition M. Take the smallest j with |M;| > ¢(j)|M], noting that the
first property of the lemma is satisfied for M;. We have

j—1 920 4 4 920(j—1) 01 L
M|+ 4 (M| < 7 a)M] < S| M| < 2209719705 M| < 27,
i=1

so the second property also holds for Mj.
For the third property, note from the definition of ay,...,az/.4; that if j # %, then all edges e in M;
have the same wgrarr(€) up to a factor of D. So it suffices to show j # % Observe that for every e € My,

by definition we have

T 2mK  20mlogn 20mlogn 20mlogn  20m

D1 = et T pre2 (cAlogn)e(2/e=2) < cAlogn — cA’

Tsrarr(€) < O‘§|T| =

Now by choosing ¢ to be a sufficiently large function of ¢, we can further guarantee that

q(H)m
4N

Tsrarr(€) < < q(1)[M],

where the last inequality follows because* ;(G) > 5% and |[M| > p(G)/2. Since there are less than g(1)|M|
edges e for which mgrarr(e) < q(1)[M], we get |[My /.| < q(1)|M|. Combined with the first property of the
claim that |M;| > ¢(j)|M| and given that g(x) > ¢(1) for every x > 1, we get that j # 2/e, implying the
third property and completing the proof. O

Now consider the set P; all length three augmenting paths in M* @ M where the middle edge belongs to
M; and that the vertices along these paths are alternatively BLUE and RED as follows:

P = {(mauyv,y)

(x,u,v,y) is an augmenting path for M, (z,u) € M*, (v,y) € M*,
(u,v) € Mj, ¢, = RED, ¢, = BLUE, ¢, = RED, ¢, = BLUE '

Observation 3.1.9. Conditioning on 1" and C' fully reveals P;.
Proof. Definition P; only depends on the vertex colors which are determined by C, and matchings M; and
M which are fully determined by T O

The following lemma, which conditions on everything except F', is the key to Theorem 3.1.2. We defer

its proof to the later section.

Lemma 3.1.10. Let us condition on T, C, j* = j, and let P; and M; be as above. LetY denote the number
of length three augmenting paths for M in M & S. Then

Er Y| T,C,5" = j| 2 plPj| — (4" +271%) [My] — 12]4]

Let us first see how Lemma 3.1.10 implies Theorem 3.1.2.

Proof of Theorem 8.1.2. We assume Assumption 3.1.6 holds, or otherwise the theorem is trivial. Recall from

Observation 3.1.7 that at most 40u(G) edges of M (and thus M;) are not in length-three augmenting paths

4Edge color the graph greedily using 2A colors and pick the largest color class which will be a matching.
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in M & M*. Since the colors are random and independent, each of these length-three augmenting paths is

colored in the way specified in the definition of P; with probability exactly 1/2%. Hence,

1
Ec(|B;l] 2 53 (1M;] — 40p(G)). (3.1)
Additionally, recall from Claim 3.1.8 that
. q(1)
M1 2 a()IM] 2 a(OIM] 2 L2 4(6) (32)
Also recall from Lemma 3.1.4 that
Er[|A]] = o(u(G)). (3.3)

Taking expectation over C' and T from both sides of the inequality of Lemma 3.1.10, we get

ErcrlY |5* = j] > Ber [plP| — (49" +271%) [M;| - 12/A]]
2 %“Mﬂ" —40u(G)) — (4p* +277%) [M;| — o(u(G)) (By (3.1) and (3.3))

(1% —4p? — 2—18) |M;| — %SM(G) —o(u(@))

> (& - -2) 12 o)) (o) (By (32)
> (107%¢(1) — 0.002 - § — o(1)) pu(G) (Since p = 0.007.)
> ?u(G). (Since g(1) = 220-60/= 5 = 2-70/¢ )

This, in turn, implies that

26

Ercr Y] 2 Prlj* =4l - ErcrlY | j*=J] > 5 - ?N(G) = ou(Q).

N ™

Since Y is a lower bound on the number of length three augmenting paths for M in M & S, we get

1
Brciry 0 US)] 2 M|+ Br V] 2 (5 +) w(G),

which is the desired bound. O

Proof of Lemma 3.1.10

Proof. For brevity, we use E'[X] as a shorthand for Ep[X | T, C, j* = j] throughout the proof.

Recall that in Algorithm 1, when visiting an element ((u,v), EXTEND) in T, we add it to S if all the
following conditions hold, where we have deliberately broken the last condition in Algorithm 1 of Algorithm 1
into two sub-conditions (C4) and (C5):

(C1) degg(u) = degg(v) =0,
(C2) degy(v) + degp(u) <1,

(C3) cu # v,
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(C4) neither of w or v is frozen in Algorithm 1 of Algorithm 1.
(C5) neither of u or v is frozen in Algorithm 1 of Algorithm 1.

Since we have conditioned on T" and C, both the matching M and the vertex colors are fully revealed.
Thus, every element ((u,v), EXTEND) € T which upon being visited violates one of the conditions (C2),
(C3), or (C4) is fully revealed a priori and can be discarded. On the flip side, condition (C5) depends on F
and so remains random.

Now suppose for the sake of the analysis that we also discard all elements (e, EXTEND) where e is incident
to an unusual edge in M. We emphasize that discarding these elements might change matching S, but we

will show later that this effect is not significant.

Useful definitions: Next, we give a few useful definitions that we use in the proof. First, define

B :={v|3(u,v) € Mj,c, = BLUE, ¢, = RED}
R = {u | 3(u,v) € Mj,c, = BLUE, ¢, = RED}.

Also let U be the set of vertices that are left unmatched by Mj,..., My /., and define
Ugr:={ul|ueUc, =RED}, Ug:={v|veU,c,=BLUE}.
Moreover, define matchings Mg and My as
Mp = {(z,u) | 3(x,u,-,) € P}, Mpi={(y,0) | 3(,-v,9) € Pj}.

Finally, define Hg (resp. Hg) to be the bipartite graph with vertex parts B and Uy (resp. R and U B),
including an edge e of G between its vertex parts iff (e, EXTEND) is not discarded.

It can be confirmed from the definitions above that the sets B , ]:2, Ugr, Up are all disjoint. This implies
that Hp and Hp are vertex disjoint. The next observation also follows immediately from the definitions

above.
Observation 3.1.11. All edges of Mp (resp. Mg) belong to Hg (resp. Hpg).

See Figure 3.1 for an illustration of some of these definitions.

We show that Hp and Hp include all the remaining EXTEND elements.

Claim 3.1.12. For every element (e, EXTEND) that is not discarded, e belongs to Hg or Hpg.
Proof. Take an undiscarded element (e = (u,v), EXTEND). Take the edge €/ = (u,w) € M with the smallest
msrarr(€’) that is incident to e. Note that such e’ should exist because M is a maximal matching of G. There

are three possible cases, and only the last one does not lead to a contradiction:

e Case 1 — mpxrenn(€) < mgrarr(€’): In this case, €’ is unusual by the second condition of Definition 3.1.3

and so (e, EXTEND) must be discarded, a contradiction.

e Case 2 — Tpxrann(€) > Tsrare(€’) and (€' & Mj« or ¢, = ¢y): In this case, the endpoints of ¢ must
be frozen in Algorithm 1 of Algorithm 1. So condition (C4) does not hold for e when processing

(e, EXTEND) and we should discard it, a contradiction.
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Figure 3.1: Illustration of B, ]%, Up, Ur, Hp, Hg, and matchings Mp, Mpr. The solid edges are the edges
of M*, and the dashed edges are the edges of M; whose endpoints have different colors.

e Case 3 — Tuxrenn(€) > Tsmrr(€e’) and €’ € Mj« and ¢, # c,,: This is the only case that does not lead

to a contradiction.

The condition of Case 3 immediately implies that if ¢, = BLUE then u € B otherwise u € R.

Next, we show that v must be unmatched by M;«,..., M;,., and so v € U. First, note that if v is also
matched by M through an edge €, then by definition of €’ it must satisfy mgparr(€”) > Tsarr(€’). Since
¢/ € Mj- and the ranks of the edges of M« 1,..., My, are all smaller than those in Mj«, this implies
e & Mjxy1,...,My/.. So it remains to show e¢” ¢ M;.. To see this, note that if e” € M;. = M;, then
from Claim 3.1.8 part 3, we get mgpapr(€”) < Tsranr(€’) - D. Now if Trxreap(€) > Tsrarr(e”), then at the
time of processing (e, EXTEND) both ¢ and e” are in M and we have deg,,(u) + deg,,;(v) = 2, which
means (e, EXTEND) violates (C2) and must be discarded, a contradiction. So we should have Tgpxrmp(€) <
Tsrarr(€”) < Tsmarr(€’) - D. This is again a contradiction because by the first condition of Definition 3.1.3,
e’ must be unusual, and so e must be discarded.

Finally, note that since (e, EXTEND) is not discarded, it should satisfy (C3) and so ¢, # ¢,. Combined
with the discussion above this means that if u € B then v € U, r and if u € R then v € Ug. Hence e must

belong to one of Hg and Hpg, completing the proof. O

Now consider the construction of S from the remaining undiscarded elements. We iterate over these
elements in the order specified by T, and whenever we see an element (e, EXTEND) that satisfies all of
(C1)—(C5) we add it to S. As discussed, conditions (C2)—(C4) are automatically satisfied by all undiscarded
elements, which only leaves (C1) and (C5). Condition (C1) is simply the greedy matching constraint.
Condition (C5) depends on the randomization in F. An edge in Hp (resp. Hp) satifies (C5) if its endpoint
in B (resp. R) is not frozen. An important observation is that each vertex in B (resp. ]:2) is frozen
independently from the other vertices of B (resp. ]:Z) with probability 1 — p. (We emphasize though that
these decisions are not mutually independent when we consider the vertices of both B and R together.)

Let Sp and Sk be the subset of edges of S that respectively belong to Hp and Hg. Our goal is to apply
Proposition 2.2.3 on both Hg and Hg.

First, we apply Proposition 2.2.3 by letting G = Hg, V = B, U = Ug, the subsample W being the subset
of vertices in B that are not frozen, and M = Mp (recalling from Observation 3.1.11 that Mp is completely
inside Hp). Using Xp to denote the set of vertices in V(Mp)N B that get matched in S to Ug, we get from
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Proposition 2.2.3 that:
E'[|Xp[] = p(|Mp| - 2p|B|) = p|Pj| - 2p°|M;].

Next, we apply Proposition 2.2.3 by letting G = Hg, V = R, U = Up, the subsample W being the subset
of vertices in R that are not frozen, and M = Mp (recalling from Observation 3.1.11 that Mg is completely
inside Hg). Using X to denote the set of vertices in V (Mg) N R that get matched in S to Up, we get from
Proposition 2.2.3 that:

E'[|[Xr[] 2 p(|Mg| - 2p|R|) = p|Pj| — 2p°| M;].

Adding back the discarded EXTEND elements: We now add back the EXTEND elements incident to
unusual edges that we discarded earlier. To do so, we iteratively take an arbitrary vertex of an arbitrary
unusual edge in M, and add back all the EXTEND elements incident to it that we discarded, and re-compute

matching S.

Claim 3.1.13. Let S and Sy be the edges in matching S before and after adding back the discarded edges
of a vertex v. At most two vertices can be matched in one of S1,S2 bot not the other.

Proof. Since S and Sy are both matchings, S;AS5 is a collection of paths and cycles. Thus any vertex whose
matching-status differs in S; and Se must be an endpoint of a path in S;AS;. Suppose for contradiction
that there are more than two such vertices. Then we have more than one path in S;AS5. Take the lowest
rank edge e in the path that does not include v. It can be confirmed that whether the conditions (C1)—(C5)
are satisfied for e remains the same in both S; and S5, so either e belongs to both or neither, contradicting
that e € S1ASs. O]

Let us now define X}; and X, to be the analogs of Xp and Xp after we add back the discarded edges
incident to unusual edges of M. More precisely, let X% (resp. X%) denote the set of vertices in V(Mp) N B
(resp. V(Mpg) N R) that are matched in S to Ug (resp. Up).

Note that a vertex v may belong to Xp \ X} for two reasons: either v was matched in S before adding
back the discarded edges but then got unmatched after doing so, or v remains matched in S, but to a vertex
not in Ug. Claim 3.1.13 bounds the total number of vertices of the former type by 2 x 2|A| = 4|A|. For the
latter type, note from Claim 3.1.12 that any edge of v that is not discarded goes to Ug. So the new match
of v after adding the discarded edges must be a discarded edge. But each discarded edge that belongs to
S must match one endpoint of one of the |A| unusual edges in M, so the total number of such edges is no

more than 2|A|. Thus, overall

E'[| X5 > E'[|Xp[] - 6]A] > p|P;| — 2p°|M;| - 6]A]. (3-4)
Applying the same argument on X}, gives

E'[|Xg[] > B'[|XR[] - 6|A] > p|P;| — 2p°|M;] — 6]A]. (3.5)

Now, let UF}; denote the set of M; edges of P; that are unfrozen. Each edge e € UF} has one endpoint
colored BLUE and one that is colored RED by definition of P;. The set of BLUE (resp. RED) endpoints of
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UF} that are matched in S to a vertex in Ug (resp. Up) is exactly X} (resp. Xj). We have:

E'[# of (u,v) € UFj s.t. u € Xp,v € Xg| > B|UF;| - (|UF;| - [Xp|) - ({UF;| - | Xg|)]
= E'| X3 + E'[| Xk - E'[JUE]]
> p|Py| — 4p®|M;| - 12| A]. (3.6)

The last inequality follows from (3.4) and (3.5), and the fact that E[|UF}|] = p|P;| because P; has |P;| edges
in M; and each one is unfrozen with probability p.

To finish the proof, note that if for an edge (u,v) € UF; we have u € X} and v € X}, then S matches
both u and v to vertices that are unmatched by Mj,..., M;,.. Therefore, only if these vertices are also

unmatched by M;, ..., M;_; we have a length three augmenting path. Therefore,

j—1
E'[Y] > E'[# of (1,v) € UF; s.t. u€ Xp,v € Xp| =2 | M|
i=1

1

> p|Pj| — 4p*| M| — 12]A| — 2 x m|Mj| (By (3.6) and Claim 3.1.8.)
1

= g = 4p? + — | — )

i = (197 + 555 ) 1ol — 1244
This finishes the proof of Lemma 3.1.10 O

Bounding Unusual Edges

In this section we prove Lemma 3.1.4 that E |A| = o(|M]).

We start by proving the following auxiliary claim.
Claim 3.1.14. With probability 1 — 1/n?, every edge e € E satisfies Tsarr(€) < 8mlogn.

Proof. Let z := 8mlogn. We show that with probability 1 — 1/n? every edge e € E satisfies mgmarr(€) < 2.
This statement is trivial if |T'| < z so assume |T| > z. Fix an arbitrary edge e € E. For the event
msrarr(€) > z to happen, all K copies of (e, START) should appear after the first z elements in 7. Thus,
noting that |T'| = m(K + 1), z = 8mlogn, and K > 1, we have

K K
z 8mlogn _8Klogn 4
P <zl>21—-|1—-— =1—-11—-—— >1- K+ > 1 — .
rom(©) <12 1= (1= 77) =1- (1= ) 1o HE

A union bound over all choices of e, which there are less than n? many, proves our first claim. O
We are now ready to prove Lemma 3.1.4.

Proof of Lemma 38.1.4. We count the number of unusual edges separately based on the two cases in Defini-
tion 3.1.3. Consider the second case. Let A’ be the set of (¢/, EXTEND) elements in T such that at the time
of processing (¢/, EXTEND), both endpoints of e’ are unmatched in M. If we show that E; |A’'| = o(|M]),
since each edge in A’ has at most two incident edges in M, the number of unusual edges in the second case
of Definition 3.1.3 will be o(|M|). Consider the following equivalent construction of A’. We iterate over

T, processing its elements one by one. If we see an element (e, START) we add e to M and remove all the
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unprocessed elements (¢/, X), X € {EXTEND, START} from T such that e’ shares an endpoint with e. If we
see an element (e, EXTEND), we add it to A’.

At any time during this process, the remaining START elements are at least K times more than the
EXTEND element since for each EXTEND element (e, EXTEND) that remains in T', all K copies of (e, START)
must also remain in 7. This means that every time we reveal the next remaining element of 7', it is an
EXTEND element with probability at most 1/(K + 1). Furthermore, there are at most p(G) steps where we
process a START element since each time we add an edge to M and clearly |M| < p(G). This implies that
E|A| < % Combining 4(G) < 2|M| and K = Q(logn), we have E |A’| = o(|M]).

Now consider the first case in Definition 3.1.3. Define 0 : T — R as o((e, START)) := m((e, START)) and
o((e, EXTEND)) := 7((e, EXTEND))/D. Similar to the proof of the second case, we process the elements in
T one by one. However, instead of 7, we process them in the increasing order of their o values. Let A” be
the set of EXTEND elements in 7" such that at the time of processing (¢/, EXTEND) both endpoints of ¢’ are
unmatched in M. Note that if an edge e is unusual because of the first case of Definition 3.1.3, there exists
an element (e’, EXTEND) such that mrxrexp(€’)/D < Tgrarr(€e) and at the time of processing (e, EXTEND),
the only incident edge to €’ in M is e. Hence, we must process (¢/, EXTEND) before (e, START) according to
new ordering of elements and at the time of processing (¢/, EXTEND), there is no incident edge to ¢’ in M.
Therefore, |A”| is an upperbound for number of unusual edges in first case of Definition 3.1.3. Similar to
the previous case, it suffices to show E, |A”| = o(|M]) since each edge in A” has at most two incident edges
in M. Counsider again the following equivalent construction of A”, where we iterate over the elements based
on o one by one. If we see an element (e, START) we add e to M and remove all the unprocessed elements
(¢/,X), X € {EXTEND, START} such that ¢’ shares an endpoint with e. If we see an element (e, EXTEND),
we add it to A”.

Let Eg be the event that mgrarr(€) < 8mlogn for all edges e € E, and let Es be the complement event.
Noting from Claim 3.1.14 that Pr[Eg] < 1/n?. We get

Pr[o((e, EXTEND)) < Tgrapr(€)] = Pr [TExrenn(€) < D - Tgrarr(€)]

< PY[ES] +Pr [WEXTEND(B) <D- 7rSTART(e) | ES}
1 8mD logn

—n?2 m(K+1)

< 8D log n

- K

Hence, the probability of the element that we are processing to be an EXTEND element is at most m%.

Similar to the former case, since there are at most (G) steps in the process that an START element is added
to M, we have E |A”| < #GM16Dlosn - comhining with u(G) < 2|M|, D = (¢-A-logn)?, and K = 10D log® n,
implies E |A”| = o(|M]) which completes the proof. O

3.1.3 A Local Query Algorithm and its Complexity

In this section, we present a local query process that determines whether a given vertex has any edge in
matchings M and S of Algorithm 1 without constructing the whole output of Algorithm 1.
While all the randomizations in Algorithm 1 were crucial for the approximation guarantee of Section 3.1.2

to hold, the bounds of this section only rely on the random shuffling of the sequence T'. In particular, the
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result of this section continues to hold even if all the other coin flips of Algorithm 1 besides the order of T
are picked adversarially.

To help the discussion above simplify the presentation of this section, we regard the index j* and the
color ¢, of any vertex v as given. Alternatively, one could pick the color ¢, of any vertex uniformly at random
whenever we access ¢, .

Note from Algorithm 1 that whether a vertex is frozen depends on its edge in M, if any. In particular, a
vertex v is frozen iff it is matched in M and its match is also frozen. This can essentially be seen as freezing
the edges of M instead of the vertices, which will be the more convenient view for our purpose in this section.
More generally, instead of just the START elements that end up in M, we define (Definition 3.1.15) whether
a START element of T is frozen or not. This way, we say a vertex v is frozen iff there is an edge e incident

to v such that e € M and the corresponding (e, START) element in T that adds e to M is frozen.

Definition 3.1.15. We say an element £ = ((u,v), START) € T is frozen if either of the following conditions
holds:

® Cy = Cy,
o 7(0) < ajrp1|T| or w(€) > oy« |T),

e The corresponding Bernoulli(1 — p) variable in Algorithm 1 of Algorithm 1 is one.

We emphasize again that the randomization in the last bullet of Definition 3.1.15 is only needed for the
approximation guarantee, and can be regarded as (adversarially) fixed for our purpose in this section.

Now let 7 be a permutation of the sequence T' consisting of edge copies in graph G. We write MS(G, 7) to
denote the subgraph M U S constructed by Algorithm 1 when processing 7" in the order of w. The argument
7 in MS(G, 7) is meant to emphasize that once we feed 7 into Algorithm 1, its output is uniquely determined
as we have fixed the other sources of randomization.

Having discussed our basic analysis setup, our local query process for determining whether a given vertex
v is matched in M or S is formalized below as Algorithm 2. The algorithm calls two other edge subroutines
formalized as Algorithms 3 and 4. Subroutine Algorithm 3 determines if a START element is matched in M
by recursively calling the subroutine for incident START elements with a lower rank. Similarly, subroutine
Algorithm 4 determines if an EXTEND element is matched in S by recursively calling the subroutines for
incident START and EXTEND elements with lower ranks.

Let F(v,m) denote the total number of recursive calls to the edge oracles of Algorithms 3 and 4 during

the execution of VO (v, 7). The following theorem is the main result of this section.

Theorem 3.1.16. For a randomly chosen vertex v and a random permutation m of T,
EU,W[F(Ua ’/T)} = O(KJ 10g4 TL),

where d is the average degree of G.

Correctness of the Oracles

In this section, we prove the correctness of the vertex oracle. Namely, we prove that:

Claim 3.1.17. Let v € V and ST, EX be the outputs of VO(v, 7). It holds:
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Algorithm 2: The vertex oracle VO(u, ) which determines the matching-status of w in the outputs
M and S according to permutation 7.
1 Let 41 = (e1,X4),...,4. = (er, X,) be the elements in T such that e; = (u,v;), and
w(l) <...<7(l).
2 ST < FALSE, EX < FALSE.
3 foriinl...r do

4 if X; = EXTEND and ¢, = ¢,, then continue.

5 if ST = FALSE and X; = START and EOS(¥¢;,v;, 7) = TRUE then

6 | ST + TRUE

7 if EX = FALSE and X; = EXTEND and EOE(¢;,v;,7,ST) = TRUE then

®

| EX + TRUE
9 return ST, £X.

Algorithm 3: The edge oracle EOS(¢ = (e, START), u, ) for START elements. Here u in the input
must be an endpoint of e.

1 if EOS((e, START), u, ) is already computed then return the computed answer.

2 Let 41 = (e1,X1),...,4 = (er, X)) be the elements in T such that e; = (u,v;), X; = START for all ¢,
and 7(61) < ... < 7w(l,) < w(l).

3 foriinl...r do

4 L if EOS(¢;,v;,m7) = TRUE then return FALSE.

5 return TRUE.

Algorithm 4: The edge oracle EOE(¢ = (e, EXTEND), u, 7, ST,,) for EXTEND elements. Here
e = (u,w) and ST, indicates whether vertex w is matched by M in MS(G,w) through an element
of rank smaller than m(¢).

1 if EOE((e, EXTEND), u, w, STy,) is already computed then return the computed answer.
2 Let {1 = (e1,X1),...,4 = (er, X,) be the elements in T such that e; = (u,v;), and
w(ly) < ...<7(l) < 7(l).
ST, < FALSE
foriinl...r do
if X; = EXTEND and ¢, = ¢,, then continue.
if ST, = FALSE, X; = START, and EOS(¢;,v;,7) = TRUE then
ST, <+ TRUE
if /; is frozen then return FALSE.
if ST,, = TRUE then return FALSE.

© 0 N o ok~ W

10 if X; = ExTEND and EOE(l;, v;, 7, ST, ) = TRUE then return FALSE.

11 return TRUE.

e ST = TRUE iff v has an incident START element in MS(G, 7).
e EX = TRUE iff v has an incident EXTEND element in MS(G, 7).
Let us first prove two auxiliary claims about the correctness of the two edge oracles.

Claim 3.1.18. For any ¢ = ((u,w),START), if EOS(¢,u,m) is called during computing VO(v, ), then
EOS(¢,u, ) = TRUE iff £ € MS(G, ).

Proof. We prove Claim 3.1.18 by induction on 7(£). Suppose that the statement holds for all START elements
with a ranking lower than (). If VO(v,7) directly calls EOS(¢, u, m), it had already called EOS(¢”, u, )
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for every START elements ¢ incident on u with a lower ranking. Moreover, if EOS(¢,u, ) is called by
EOS(¢',w,m) or EOE(¢,w,,-), then all START elements on edges (w,u’) with a smaller rank must be
queried before £ by the description of oracles. All these calls to the edge oracle, EOS, must return FALSE
since the edge oracle queries EOS(4, u, 7). By the induction hypothesis, there is no START element incident
to w with a smaller rank in MS(G, 7). Also, EOS(/, u, ) queries all the START elements incident to v with
lower rank and returns TRUE if none of them is in MS(G, 7). By the induction hypothesis, these calls are

answered correctly, completing the proof. O

Claim 3.1.19. Let ¢ = ((u,w), EXTEND), and let ST, indicate if w has a START element incident to it in
MS(G, ) with a rank smaller than 7(¢). If EOE(¢,u,m, ST,,) is called during computing VO(v,7), then
EOE(¢,u, 7, ST,,) = TRUE iff £ € MS(G, ).

Proof. We prove the statement by induction on 7(¢). With a similar argument as in the proof of Claim 3.1.18,
we can show that EXTEND elements incident to w with lower ranks are queried before ¢, and that the results
of all these calls are FALSE. Also, if there exists a START element incident to w with a lower rank in MS(G, ),
then by the description of EOE, it is queried before and ST, is TRUE. Note that if such an edge exists, it
must not be frozen, otherwise, the oracle does not query EOE(¢, u,m, ST,,). Hence, if £ ¢ MS(G,«), there
must be a frozen or an EXTEND element incident to u, or ST,, = TRUE and there exists a START element
incident to u. Since EOE({, u, m, STy, ) queries all the edges incident to u with lower rank to determines if a

START or EXTEND element exists in MS(G, 7), the proof is complete by induction hypothesis. O
We are now ready to prove Claim 3.1.17.

Proof of Claim 3.1.17. Since the vertex oracle queries the edge oracle EOS for all incident START ele-
ments in increasing order of their ranking until it finds a START element in MS(G,w), by Claim 3.1.18,
the first property holds. Since Algorithm 2 and Algorithm 4 query incident edges in increasing order, if
EOE(, u, 7, ST,) is queried for an EXTEND element ¢ = ((u,w), EXTEND), ST, is computed correctly be-
fore calling EOE(¢, u, 7, ST,,) which implies that the condition in Claim 3.1.19 holds. Therefore, with the
similar argument for EXTEND elements and correctness of edge oracle EOE by Claim 3.1.19, the second

property holds. O

Query Complexity of the Oracles

In this section, we prove Theorem 3.1.16. Consider ¢ = (e, X), an element in 7. If X = START, we write
Q(¢,v, ) to denote the total number of recursive calls to EOS(Z, -, 7, -) during the execution of VO(v, ). If
X = EXTEND, we write Q(¢,v, ) to denote the total number of recursive calls to EOE({, -, 7, -) during the

execution of VO(v, 7).

Observation 3.1.20. For a permutation w, at most one START copy of every edge is queried in recursive
calls of EOS.

Proof. For a fixed edge, the edge oracle on its START copies only generates a new recursive call on the first

call because of the caching in Algorithm 3 of Algorithm 3. O

Observation 3.1.21. For every element { = (e, X) in T and permutation 7, Q({,7) < O(n?).
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Proof. Let e = {x,y}. For a fixed vertex u, either the vertex oracle VO(u, ) queries the edge oracle for £
directly, or through some incident elemenet £’. Note that by Observation 3.1.20, for each edge e’ incident
to e, at most one of its START copies generates a new recursive call. Hence, the edge oracle of ¢ is called
through at most 2(deg(z) — 1) 4+ 2(deg(y) — 1) of its incident edges (one of its START copy and one EXTEND
element) which implies that there are at most 4(n — 1) + 1 calls during the course of VO(u, ). In other
words, we have that Q(¢,u,n) < 4n — 3. Therefore,

Q) < Z QU,u,m) < n(4n —3) < O(n?). O

ueV

The main contribution of this section is to show that the expected Q(¢, ) for a random permutation

is O(log* n) which is formalized in the following lemma.
Lemma 3.1.22. For any element £ € T, we have EL[Q(¢,7)] = O(log* n).
Assuming the correctness of Lemma 3.1.22, we can complete the proof of Theorem 3.1.16.

Proof of Theorem 3.1.16.

E, - [F(v,m)] = % E.

> F(v,w)] = %Eﬂ

> ZQ(@,U,W)]

veV veEV LET
1 1
= ~E. > Q(Am)] =B [>Q wﬂ
(eT veV ¢eT
1 1 4
=~ E:Q(t:m] =3 O(log"n)
€T €T
= lO(Km~10g4n) = O(Kd -log*n). O
n

During the recursive calls to the edge oracles that start from VO(v, ), edges corresponding to the
elements in the stack of recursive calls create a path. Because, we query VO(v, ) at the beginning, one of
the endpoints of this path is vertex v. We direct the elements in the path away from v towards the other
endpoint. We call such a directed path starting from the bottom of the stack all the way to the top, a
(v, m)-query-path. For an edge e = (z,y), let € denote the directed edge from z to y and & denote a directed
edge from y to z. Similarly, for an element ¢ = ((x,y), X), £ and 7 represent the direction of e.

Let Q(Z m) C Q(¢,7) be the set of all query paths that end at 7 (with the same direction). In the
following lemma, we bound the query complexity based on the direction of £. We use this lemma to prove
Lemma 3.1.22.

Lemma 3.1.23. For any element { € T, we have E[Q(f,7)] = O(log* n).
Proof of Lemma 3.1.22. Since Q(f,7) = Q(¢,7) U Q(¢,7), by Lemma 3.1.23 we have

E-[Q(f,m)] < EA[Q(f;m)] + E[Q(¢,m)] = O(log" n) + O(log" n) = O(log" n). O

In the rest of this section, we focus on proving Lemma 3.1.23. The first helpful observation is that all

the EXTEND elements in a (v, 7)-query-path appear before the START elements.
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Observation 3.1.24. Let P = ({,.,...,01) be a (v,7)-query-path and 0; = (¢, X;) for all i. Then there
exists a j (0 < j <r) such that X; = START for 0 < i < j, and X; = EXTEND for j <i <r.

Proof. Let j be the maximum index such that X; = START. If there is no such index, the proof is complete
since we can assume that 7 = 0. Now we claim that for all ¢ < j, we have X; = START. This can be verified
by noting that Algorithm 3 only queries the edge oracle for START elements. O

— — — —

Given a permutation 7 and a path of elements P = (¢,.,...,¢1), we define ¢(7, P) to be another permu-

tation o over edges such that:

(c(ly),0(la),...;0(lr_1),0(l)) = (w(ls), w(L3),...,7w(l), ™(£1))
()=o) VIl ¢P.

Given an element Z by using the above mapping function we can construct a bipartite graph H with
two parts A and B such that each part has ((K + 1)m)! vertices showing different permutations of elements.
For a permutation 7 € A and a (v, w)-query-path P that ends at ¢ for some arbitrary vertex v, we connect
min A to ¢(m, ]3) in B. Note that by the construction of H, deg(m4) = Q(Z ma) for all m4 € A, since we
have a unique element for each query-path that ends at ¢ with permutation m4. Hence, in order to prove
Lemma 3.1.22, it is sufficient to prove that E,4[deg; (m4)] = O(log* n).

Let Q([7 7) be the set of all query-paths for permutation 7 that ends at 7. Let b= clog2 n for some large
constant ¢ and II be the set of all possible ((K + 1)m)! permutations. We partition IT into two subsets of
likely and unlikely permutations, denoted by L and U, respectively, as follows:

L= FEH‘ max |P| < f U=T1\L.
ﬁEQ(Zw)

In words, likely permutations are those where the longest query-path ending at 7has a length of at most
8 and unlikely permutations are the remaining ones. Let Ay be the set of vertices corresponding to the
likely permutations in A and Ay be the set of vertices corresponding to unlikely permutations. The intuition
behind this partitioning is that the set of unlikely permutations makes up a tiny fraction of all permutations

which is formalized in Lemma 3.1.25.
Lemma 3.1.25. If ¢ is a large enough constant, then we have |Ay| < (K + 1)m)!/n?.

Furthermore, we show that each vertex mp € B has at most O(3?) neighbors among the likely permuta-

tions in part A of our bipartite graph H.
Lemma 3.1.26. Let 7 be a vertex in B. Then wg has at most B2 neighbors in Ay,

Proof of Lemma 3.1.23. We provide an upper bound on |E(H)|. First, note that by Lemma 3.1.25, we have
|Ay| < ((K +1)m)!/n?. Furthermore, by Observation 3.1.21, degree of each vertex m4 € A is at most O(n?)

which implies that the total number of edges incident to vertices of Ay is at most
E(Ay, B) < ((K +1)m)!/n*-O(n?) < O(((K + 1)m)!).

Moreover, by Lemma 3.1.26, each vertex mp € B has at most O(3?) neighbors in Ar. Since H is a
bipartite graph, total number of incident edges to Ay, is at most O(3%) - |AL|. Therefore, sum of degrees of
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all vertices in A is at most
O(B?) - |ALl + E(Ay, B) < O(8% - (K + 1)ym)!).

For a random vertex in A, the expected degree is W = O(f3?), which completes the proof

since B = clog?n and deg(m4) = Q(f,74). O

In the following two subsections, we prove Lemmas 3.1.25 and 3.1.26.

Proof of Lemma 3.1.26

This proof is the most technical part of this part of the analysis. We show that for two query-paths Pand P
that end at £, and two permutations 7 and #’, if ¢(m, ]3) = (7, ﬁ’)7 then either one of the query paths is a
subpath of the other one, or they “branch” through a specific configuration of START and EXTEND elements
illustrated in Figure 3.2.

To formalize this, let us formally define what a “branch” is:

—

Definition 3.1.27. Let P = (Eﬁ, . ,Zl) and P = ([’ b)) be two query-paths. Let j be an such that

(- R

g_;- = 62 for alli < j < min(ry,ra), but !Z—H # Z_;_H. Then P and P’ branch at element ﬁ_;
And now let us define valid and invalid branches (see Figure 3.2).

Definition 3.1.28. Let P = (E_;l,...,[l) and P' = (6_7

ror "t

,Z’l) be two query-paths, where ;= (€;, X:), and
0 = (&,X]). Assume that P and P’ branch at element f_; for j < min(rq,r2). Moreover, let u be the shared
vertex between €; and €j+1. We call this branch valid if X; = START and { X1, X}, } = {EXTEND, START}.

For all other possible configurations of X;, X;41, and X§+1, we say the branch is invalid.

Valid Invalid Invalid Invalid

Q

Figure 3.2: All valid and invalid branches. Green edges represent START elements and red edges represent
EXTEND elements.

One key property of invalid branches is formalized in the following observation which is helpful in the

rest of this section.

—

Observation 3.1.29. Let P = (0,,,...,0,) and P’ (EZQ, .0 be two query-paths, U; = (€;,X;) and

é_z = (¢4, X]) for all i. If there exists an invalid branch at €;, then none of the tuples (X;, Xj11), (Xj, X} 1),

(Xj+1,Xj41), and (X[, Xjy1) is (EXTEND, START).
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Proof. Let u be the shared endpoint between é;, €41, and e_7j+1. If X; = EXTEND, by Observation 3.1.24,
we have X1 = X} | = EXTEND. Therefore, all tuples are (EXTEND, EXTEND).

Now assume that X; = START. If one of X; 1 or X} 4
branch is valid by Definition 3.1.28. This leaves two remaining scenarios:

is EXTEND and the other one is START, then the

e X;11 =X}, = START: In this case, all tuples are (START, START).

e X;11 = X}, = EXTEND: In this case, (X;11, X}, ;) = (X}, ;, Xj11) = (EXTEND, EXTEND). Moreover,
(X, Xj41) = (X;,X}1) = (START, EXTEND). Thus there is no (EXTEND, START) among the tuples

considered in the statement.
The proof is thus complete. O

Next, we show that for two query-paths P and P’ that end at Z and two permutations 7 and «’, if
o(m, ]3) = o(n, ]3’), then either the shorter query-path is a subpath of the longer one or they have exactly
one valid branch. In particular, it is not possible for P and P’ to have an invalid branch or have multiple

valid branches under this condition.

Lemma 3.1.30. Let m and 7' be two different permutations over T, and let P and P' be (v,m)- and (v, 7')-
query-path, respectively, that both end at element ‘. If ¢(7T,ﬁ) = <]§(7T’,I3’), then P and P’ branch at most

once and this branch is valid.

Before proving Lemma 3.1.30, we prove a sequence of auxiliary observations and claims. Let P =
(0y,,....01) and P’ = (ﬂz,...,a) where ¢ = 0, = . Also, let ; = (&, X;) and #/; = (éi', X!). For the
sake of contradiction, suppose that P and P’ branch at element E, and the branch is invalid. This means
that ¢; = £ for i < b and £, # EZH. Note that €41 and €, can be the same edge. We do not need to

separately investigate these two cases as our proof generally works for both cases.

Observation 3.1.31. We have that w({y) < 7(l2) <...<7(ly) and ©'(£)) < 7'(05) < ... <7'(L],).

Proof. Algorithms 3 and 4 recursively call on elements with 7 values less than 7 value of the current element.
Therefore, the stack of recursive calls will be decreasing with respect to 7 values. The same condition also

holds for permutation 7. O
Observation 3.1.32. 7(¢,) = 7' (lp41).

Proof. Since f,41 is not in P', we have that ¢(n', P')(lpy1) = 7' (Cp11). Also, ¢(m, P)(lpy1) = m(£p) since
¢(m, P) shifts the elements of path P by one. Given that ¢(m, P) = ¢(n/, P'), we get w(€y) = ' (lpy1). O

In the rest of the proof, we assume that w(¢,) < 7'({y). This is without loss of generality because we

have not distinguished the two permutations 7 and 7’ in any other way.

Observation 3.1.33. 7' (€y41) < 7'(4).

Proof. By combining Observation 3.1.32, our assumption that 7(¢,) < #'(¢,), and the fact that 7’ is a
permutation, we have that 7/(€p11) < 7' (€p). O

Claim 3.1.34. If n(f) < w(€y) or 7' (f) < w(ly) for some element f, then w(f) =7'(f).

Proof. There are five different possible cases for f:
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e f¢& PUP': Since ¢ only changes the rank of elements on the query-path and ¢(, P)(f) = ¢(x’, P')(f),
we have 7(f) = 7'(f).

o fe{ly,....lp_1}: Since ¢(m, P)(liz1) = ¢(n', P')(Lis1) for 1 < i < b, we have 7(¢;) = 7'(¢;). Hence,

o f =/{p: In this case, condition 7(f) < m(¢,) does not hold since w(f) = w(€p). Also, ©'(f) = 7' () >
7(¢y) by our assumption. Therefore, condition 7’(f) < m(¢,) does not hold.

o fe{lps1,...,¢r, }: By Observation 3.1.31, we have w(f) > 7(f). Therefore, condition w(f) < 7(¢p)
does not hold. Let f = ¢; for i > b. Since ¢(m, P) = ¢(n', P'), we have that 7/(f) = 7(fi_1) > m(().

Therefore, none of the conditions in the claim statement hold.

o fe{ly, - 0,}: By Observation 3.1.31, we have 7'(f) > 7'(£y). Combined with our assumption
7' () > w(ly), this gives 7' (f) > w(€). Let f = € for i > b. Since ¢(m, P) = ¢(x’, P'), we have
w(f) =n'(li—1) > 7' (€p) > w(¢). Therefore, none of the conditions in the claim statement hold.

Each of the cases above either contradicts a condition of the claim, or satisfies w(f) = 7/(f). The proof

is thus complete. O

Observation 3.1.35. Let f be a START element such that w(f) = 7'(f). Then f is frozen in permutation
m iff it is frozen in permutation 7'.

Proof. Since we fix the color of vertices, Bernoulli random variables in Algorithm 1 of Algorithm 1, and the
index j* that is used in Algorithm 1 for both permutations m and 7’ over T, the only way that one of the f
and f’ is frozen and the other one is not, is when m(f) # = (f’). O

Claim 3.1.36. {,; € MS(G, 7).

Proof. We prove the claim by contradiction. Assume that £,11 ¢ MS(G, 7). There are two possible scenarios
for ¢p41 not to be in MS(G, 7'):

e X1 = EXTEND and {511 ¢ MS(G, ') because of two START elements f, f' € MS(G, '):

Note that 7/(f) < 7'(p41) and 7' (f") < 7' (Lp41) since f, f/ € MS(G,n’) and €p+1 ¢ MS(G,7’). On the
other hand, by Observation 3.1.32, we have that 7(¢y) = 7' ({p+1). Thus, 7'(f) < 7(€) and 7'(f') <
w(4p). Hence, by Claim 3.1.34, n(f) = 7'(f) and «(f’) = 7'(f’), which implies that f, f’ € MS(G, )
since m and 7’ are identical for ranks smaller than m(¢,). Moreover, by Observation 3.1.35, each of
f and f’ are either frozen in both 7 and 7’ or not. Also, both f and f’ are not in path P since
w(f) < w(ly) and 7(f’) < 7(€p). Let epy1 = (w,y) where y is the shared endpoint with e;. Without
loss of generality, assume that f is incident to w and f’ is incident to y. Note that, both of f and
f! cannot be incident to the same endpoint of e, 1 since START elements create a maximal matching.
Since both edge oracle and vertex oracle queries edges in increasing order, when EOE(¢p11,y, 7, STy)
was called, STy, must be TRUE since the edge oracle already queried element f before. Furthermore,
EOE(lyy1,y, 7, STy) calls edge oracle for f’ before ¢, since 7'(f) < 7(¢y). This implies that (v, 7)-
query-path P is not a valid (v, m)-query-path since the EOE(¢,11,y, 7, ST,,) terminates after calling

the edge oracle for element f’ (see Figure 3.3).
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e U1 ¢ MS(G, n') because of a single element f € MS(G,7’):

Let y be the shared endpoint of e, and ey 1. With the same argument as in the previous case, we
get that f € MS(G, ) and 7(f) < m(fy). Thus, by Observation 3.1.35, element f is either frozen in
both 7 and 7’ or in neither one. Note that either both of f and ¢,,1 are START elements, or f is a
frozen element, or both of f and ¢, are EXTEND elements. Hence, by Observation 3.1.24, f must be
queried before £ if it is not incident to y in the edge oracle for permutation 7 which implies that
the edge oracle will not query ¢,41. Furthermore, if f is incident to y, edge oracle queries f before ¢

which implies that it terminates and (v, 7)-query-path P is not a valid (v, 7)-query-path. O

- J _ J

Figure 3.3: Illustration of a possible case of the first scenario in the proof of Claim 3.1.36. Green edges
represent START elements and red edges represent EXTEND elements. The left figure shows a query-path
Pin permutatlon 7 which is hlghhghted in light blue. Similarly, the right figure shows a query-path P in
permutation 7’. Query-path P is not a valid query-path since the EOE(lyy1,y, 7, ST,,) terminates after
calling the edge oracle on element f’.

Proof of Lemma 8.1.30. Assume for the sake of contradiction that the branch at 0, is an invalid branch. We
prove that query-path P’ is not a valid (v, 7")-query-path. By Definition 3.1.28, we have that X3, = Xj ;.
Also, by Claim 3.1.36, edge oracle of £, for permutation 7" queries £} before £}, since ©'(¢p41) < 7'(£s)
by Observation 3.1.33. Thus, the edge oracle for £, , terminates at this point. Therefore, P and P’ contains

no invalid branch. O
Now we are ready to complete the proof of Lemma 3.1.26.

Proof of Lemma 3.1.26. As above, consider two query paths P = ([Tl,...,gl) and P’ = ([;2, . ,Z’l) that
end at /= () = Z’l and suppose that ¢(r, P) = ¢(x', P').

If £ is an EXTEND element, then all the elements in the two query paths P and P’ must be EXTEND by
Observation 3.1.24. Therefore, P and P’ cannot have a valid branch since a valid branch, by Definition 3.1.28,

requires two START elements. Since Lemma 3.1.30 asserts P and P’ cannot have invalid branches either,
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one of P and P’ must be a subpath of the other. Note that all paths that end at £ must be a subpath of the
longest query path since we do not have a branch which implies that all paths must have different lengths.
Therefore, there are at most 8 query-paths that end at 7 since the length of the longest path is at most 3.

Now suppose that £ is a START element. Assume that P and P’ branch at £,. Since this cannot be an
invalid branch by Lemma 3.1.30, without a loss of generality, assume that ¢, 41 is an EXTEND element. By
Observation 3.1.24, all £; , 0, 5,...,¢,, must be EXTEND elements. Let P be the set of all query-paths
that end at ¢, and Py € P be the path with maximum number of START elements (break the tie with the
longest length of EXTEND elements of the path). Note that there is no other START element in the paths
of P other than START elements of P;. Otherwise, we have an invalid branch since START elements appear
before EXTEND elements by Observation 3.1.24.

Let (Zs, .. ,l71) be the subpath of P, consisting of START elements. We claim that for each ‘; (i <s),if
there exist two query-paths in P that branch with P, at E_;-, then one of them must be a subpath of the other.
To see this, assume that there are two paths P and P’ such that they both have a branch with P, at E_; Let
fand f7 be the next elements on P and P’. Note that it is possible that f: ]‘:7 By Definition 3.1.28, f
and f’ are EXTEND elements. Hence, the first elements that are not shared in both P and P’ are EXTEND

elements which means P and P’ has an invalid branch.

P, o—0 J Lu—(ﬁ
fs fg EQ El

Figure 3.4: Ilustration of P and Ps. The green edges represent START elements and the red edges represent
EXTEND elements. Paths in P are highlighted in light blue.

On the other hand, note that there is no path in P that has a branch with 138 in EXTEND elements of ]33
since there is no invalid branch by Lemma 3.1.30. Let P be the union of P, and the set of paths in P such
that they have a valid branch with ]35, and they are not a subgraph of other paths in P (see Figure 3.4).

By the above claim, |’ﬁ| < s+ 1. To complete the proof, assume that for each edge between m4 € Ay, and
75 € B in graph H, we write a label (P, |P|) where P is the query-path corresponding to the edge between
7p and 74, and P’ € P such that P C P’ (if there are multiple choices for P, choose the longest path).
Since all labels must be different, and by definition of Ay we have that all query-paths have a length of at
most 3, there are at most (s + 1) < 23?2 different labels, where the last inequality followed by the fact that
|P| < B. O
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Proof of Lemma 3.1.25

In this section, we prove that it is very unlikely to have long query-paths during the recursive calls of edge
oracle. Our proof is inspired by [61], who proved that the parallel round complexity of greedy maximal
independent set is O(log2 n). Our arguments are slightly different because our algorithm is not an instance
of greedy MIS.

We define a f-prefix of permutation 7 over elements T to be the first 6|T| elements in permutation 7.
Suppose that instead of running the edge oracle on the whole permutation of elements, we choose a #-prefix
of elements and run the edge oracle for elements of the prefix. The first useful observation is that if the
algorithm calls edge oracle for one of the elements in a 6-prefix of T, all recursive calls during this call will

be on elements in the prefix.

Observation 3.1.37. Let £ be an element in T and 7 be a permutation over T. Then EOS({,-,7) or

EOE(Y, -, 7, ) only recursively calls edge oracle for elements with a lower rank.

Proof. Proof can be easily obtained by how we defined Algorithm 3 and Algorithm 4 since each element only

recursively calls elements with a lower rank. O

The high-level approach for this section is that we partition elements of 7' to O(logn) continuous ranges

and show that the length of the longest query-path inside each of these ranges is O(logn). Therefore, since
for each element the edge oracle only calls elements with a lower rank, the length of the longest path in total
should be at most O(log®n).
Element Partitioning: Let P; be a 0;-prefix of T. Suppose that we run Algorithm 1 on P;. Let A; be
the set of elements that are chosen by Algorithm 1 for the selected subgraph MS(G, 7). Also, let D; be the
set of elements outside the prefix P; that cannot be in MS(G, w) due to the existence of some elements in
A;. We delete P; UD; from T and similarly choose @-prefix of the remaining elements. Let Py, Po, ..., Py
be the partitions with parameters 61,0s,...,04, and D1, Ds, ..., Dy be sets of deleted elements as defined
above. We let §; = Q(2¢1log(n)/(2KA)) for the i-th partition and d = O(logn).

Observation 3.1.38. Let ¢ be an element in P; UD; as defined above. Then EOS(¢,-,7) or EOE(, -, ,-)

only recursively calls edge oracle for elements in {P;}i<; U{D;}ic;-

Proof. If ¢ € P;, since all the elements with lower ranks are in {P;}i<; U{D;}i<;, by Observation 3.1.37, the
proof is complete. If ¢ € D;, there are some elements in P; that their existence in MS(G, ) caused ¢ not to
be in MS(G, 7). Hence, since edge oracle recursively calls incident elements in their increasing ranks, edge

oracles for ¢ will only query incident elements in {P;}i<; U{D;}i<;. O

Note that the START elements that appear in matching M of Algorithm 1 form a randomized greedy
maximal matching, and our query process for START elements also coincides with the query process for
greedy matchings. Therefore, we can use the following result of [34] which itself builds on the bound on [91]
as black-box.

Lemma 3.1.39 ([34, Lemma 3.13]). Let 7 be a permutation over elements of T. With high probability, the

mazimum length of a query-path consisting of START elements is O(logn).

In the rest of this section, we show that it is unlikely to have a query-path consisting of EXTEND elements

with length larger than O(log”n). Since by Observation 3.1.24 all START elements appear after EXTEND
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elements in a query-path, this is enough to show that the length of a query-path is bounded by O(log2 n)
with high probability.
The following two lemmas are similar to [61, Lemma 3.1 and Lemma 3.3], however, both are adapted to

our setting.

Lemma 3.1.40. Suppose that we choose a 0-prefix of a uniformly at random permutation w of elements of
T, where 8 = a/b for positive numbers a < b < |T| such that a/b > 2/|T|. Let MSy(G,7) be the subgraph
produced by Algorithm 1 on this prefix. Assume that we remove all other elements outside the preficx that
cannot join subgraph MS(G, ) based on the current elements in MSy(G, 7). All remaining EXTEND elements

2
have at most b incident elements with probability of at least 1 — 26?/'2 .

Proof. We say an element is live if we can add it to subgraph MSy(G, 7) and dead otherwise. Assume that
we sequentially pick (a|T'|/b) elements. If the chosen element is live, we add the element to MSy(G, 7), and
mark all incident elements that cannot be in MSy(G, 7) after adding this element, as dead. If the chosen
element is dead, we do nothing. This sequential algorithm is equivalent to choosing a prefix of a permutation
and then processing the permutation.

Let £ be an EXTEND element that is live and has more than b incident live elements after processing the
prefix. We show that this event is unlikely. Since at the end of (a|T'|/b) rounds, ¢ has more than b incident
live elements, before all of (a|T'|/b) rounds, it has more than b incident live elements. Hence, in round i of
the sequential process, with probability of at least b/(|T'| — i) > b/|T|, one of the incident live elements of ¢
will be selected. Note that if more than one incident element of ¢ is added to MSy(G, 7), then £ € MS(G, 7).
(It is possible that £ is not in MS(G, ) because of one incident element, however, we provide a looser bound
by only considering the existence of two incident elements.) Thus, the probability that at most one of its

incident elements is selected is at most

b\ [alT| b\ 2T b\ 20T b\ Pl
1_) +<) <1_> < (1_> :(1_> R
( 7| b |T| b |T| b |T|

where the first term of left-hand side is the probability that none of the incident elements is chosen and

the second term is an upper bound for the probability that exactly one of the incident elements is selected.
2|T|
eal/2"

Combining equations (3.7), (1 — %l)‘lbl < (1/e), and ¢ < 1, the probability of this event is at most

Taking a union bound over all elements completes the proof. O

Corollary 3.1.41. If 0; = Q(2'logn/(2KA)), then all remaining elements have at most 2K A /2% incident

elements after round i.

Proof. At the beginning, each element is incident to at most 2K A elements since the degree of each vertex
is at most A and we create K copies of each edge. Since log|T| = O(logn), the proof can be obtained by
Lemma 3.1.40 with a = Q(logn) and b = 2K A/2" for partition i. O

In the previous lemma, by choosing the appropriate 6;, the number of incident elements for each EXTEND
element reduce by half after removing partition i. Hence, there will be at most O(logn) partitions. In the
next lemma, we will show that the length of the longest query-path for EXTEND elements in each of P; is
bounded by O(logn).
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Lemma 3.1.42. Suppose that all EXTEND elements have at most x incident elements. Let a and b be two
positive integers such that a > b and consider a randomly ordered 0-prefix from T with 8 < b/x. Then the
longest query-path consist of EXTEND elements has length O(a) with probability of at least 1 — |T'|(b/a)*.

Proof. Let (i1,12,...,ix+1) be k+1 different indices in the 8-prefix. Choosing the prefix elements sequentially

is equivalent to choosing a randomly ordered prefix. Let (¢;,,;,, ..., ¥4, .,) be elements in these indices that

Th41
create a query-path. Hence, the probability that ¢;, and ¢;, are incident is at most x/(|T| — 1) since when we

select ¢;,, element ¢;, is already chosen and there are |T| — 1 choices remaining and ¢; has at most « incident

1929
elements. With the same argument, the probability that ¢5 and ¢3 be incident is at most «/(|T| —2). Hence,
the probability of having such a path is at most (x/(|T| — k))*. Taking a union bound over all possible k + 1
indices of the prefix, we get the following bound for having a query-path of length k& + 1. By assuming that

k < |T|/2, we have
<0|T| > (@/(IT| = K))* < <60T|>k+1 ' <|T|x— k)k
_ |7 ( ex0|T)| )k
k+1 \(k+1)(T|-k)
(

kE+1
2exl k
) (k < T)/2)

T k+1 E+1

7] 2ex60\
kE+1 '

By setting k = 2ea — 1 and 0 < b/x the above bound will be at most |T'|(b/a)®*. Therefore, with probability
1 —|T|(b/a)®, the longest query-path has length O(a). Note that if & > |T'|/2, it implies that 2ea > |T'|/2
which the lemma clearly holds since a = O(|T). O

Corollary 3.1.43. Suppose that all EXTEND elements have at most x incident elements. The longest

query-path consisting of EXTEND elements, has length of at most O(logn) with probability 1 — % for a
O(log(n)/x)-prefix of T.

Proof. Setting a = 5b = O(log |T'|) = O(logn) in Lemma 3.1.42 completes the proof. O
Now we are ready to complete the proof of Lemma 3.1.25.

Proof of Lemma 3.1.25. First, if the edge oracle recursively calls a START element, then we get from Lemma 3.1.39
and Observation 3.1.24 that the remaining length of the query-path will not exceed O(logn) with high prob-
ability. Therefore, we only need to show that the length of the longest query-path involving only EXTEND
elements is bounded by O(log2 n) with high probability. Note that according to the partitioning, if we choose
0; = Q(2'1og(n)/(2KA)), by Lemma 3.1.40, after round i each EXTEND element has at most (2K A)/2¢ in-
cident elements. This implies that the number of parts is O(logn) (i.e. d = O(logn)). Furthermore, by
Lemma 3.1.42, the longest path consisting of EXTEND elements in each part has length at most O(logn).

Now consider a query-path P. By Observation 3.1.38, at most one element of P is in each D; for i < d.
Moreover, by the above argument, there are at most O(logn) elements of P in each of P; (see Figure 3.5).
Therefore, the longest length of a query-path is bounded by O(log®n) with high probability (i.e. with
probability of at least 1 — 1/n?).
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Dy P Dg—1 2] Dy—2 1Dk Ui
O——>0——%0 -+ O > > >0 c O——>0——0 +++ O———>0——»0 -+ O—O
\ - ~ >y o ~ o \ . ~~ o
O(logn) O(logn) O(logn)

Figure 3.5: A possible query-path according to the partitioning. Blue boxes represent P; and yellow boxes
represent D;.

For each unlikely permutation 7 € U, there exists a query-path of length larger than 3. Since 8 = clog?® n,
by choosing ¢ large enough we have that |U|/|TI| < 1/n?. Therefore, |[U| < ((K + 1)m)!/n? which implies

that |Ay| < ((K + 1)m)!/n? since Ay represents vertices that correspond to unlikely permutations. O

3.1.4 Our Estimator for the Adjacency List Model

In this section, we use the oracles introduced in the previous section to estimate the size of the matching in
Algorithm 1. We assume that without loss of generality, the algorithm knows A, d, and there is no singleton
vertex in the graph (note that the algorithm can simply query degree of each vertex and compute A and d).

Note that our upper bound of Section 3.1.3 is on F'(v,n) which recall is the number of recursive calls to
the oracles, but not necessarily the running time needed to implement it. Generating the whole permutation
7 requires |T'| = ©(K'm) time, which is too large for our purpose. Therefore, we have to generate 7 on the
fly during the recursive calls whenever needed. Using the techniques developed first by [156] and further
used by [34], we show in Section 3.1.6 that indeed it is possible to get an O(F(v,7)) time implementation.

In particular, we show that:

Lemma 3.1.44. In the adjacency list model, there is a data structure that given a graph G, (implicitly) fizes
a random permutation T over its edge set. Then for any vertex v, the data structure returns whether v has
any edge in outputs M and S of Algorithm 1 according to a random permutation . Each query v to the data
structure is answered in O(F (v, 7)) time w.h.p. where F(v,w) is as defined in Section 3.1.3. Additionally,

the vertices we feed into the oracle can be adaptively chosen depending on the responses to the previous calls.

In order to estimate the output of our algorithm, we sample r random vertices, and for each vertex, we
check if it is the endpoint of a START element. Moreover, for each sampled vertex, we check if the vertex
is an endpoint of a length three augmenting path that is created by a START element as a middle edge and

two other EXTEND elements.

Multiplicative Approximation

We use the following well-known claim about the size of maximum matching, a similar bound to which was

also used in [34].

Claim 3.1.45. Let G be a graph with mazimum degree A and average degree d. Then u(G) > Z—g.

Proof. Greedily edge color the graph using 2A colors. The color with the largest size is a matching of size
at least m/2A = nd/4A. O
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Algorithm 5: Final algorithm for adjacency list.

1 H!

2 7+ (384 Alogn)/(62d).

3 Sample r vertices ui, usg, ..., u, uniformly at random from V with replacement.

4 Run vertex oracle for each u; and let S; and E; be the indicator that u; has an incident START and
EXTEND elements that appear in the output of Algorithm 1.

5 foriinl...r do

6 Xl +— 0
7 ifSZ‘:lthel’lXi%l;
8 if S; =0 and E; =1 then
9 Let w; be the other endpoint of EXTEND element incident to u.
10 Run vertex oracle for w; (with the same permutation) and let S! be the indicator that w; has
an incident START element.
11 if S, =0 then continue;
12 Let x; be other endpoint of START element incident to w;.
13 Run vertex oracle for x; (with the same permutation) and let E be the indicator that x; has
an incident EXTEND element.
14 if E/ =0 then continue;
15 Let y; be other endpoint of EXTEND element incident to x;.
16 Run vertex oracle for y; (with the same permutation) and let S/ be the indicator that y; has
an incident START element.
17 if S/ =0 then X, + 1;
18 Let X =37,y X; and f = X/r.

19 Let i = (1—2)fn/2.
20 return [

We use this claim to show that the number of samples that is needed to estimate the output of Algorithm 1
is r = O(A/d).

Remark 1. In Algorithm 5, we do not estimate (M U S). Instead, we estimate the size of the mazimal
matching M and augment length-three augmenting paths in M U S. Since the bound in Theorem 3.1.2 is

based on augmenting length three augmenting paths of M U S, we get the same approximation guarantee.

We can change the vertex oracle and edge oracle to return the incident elements that appear in subgraph
M U S. However, for simplicity of oracles, we return the indicators for having START and EXTEND elements

but we assume that we have access to these elements.

Lemma 3.1.46. Let i be the output of Algorithm 5. With high probability,

(; + j) (@) < fi < (@),

where § is as in the statement of Theorem 3.1.2.

Proof. Let X; be the indicator for each vertex i which shows in output of Algorithm 1, either ¢ has a START
incident element, or it is an endpoint of a length three augmenting path created by a START element in the
middle along with two EXTEND elements. Note that the way X; is computed in Algorithm 5 is the same as
the definition given earlier.

Let M (G, 7) be the set of edges of the matching created by augmenting the length-three augmenting
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paths of M U S. By Remark 1 and Theorem 3.1.2,

(; + 5) 1(G) < Er |M(G, )| < u(G). (3:8)

Since the number of matched vertices is twice the number of edges in the matching,

E[X;| =Pr[X; =1] = w
n
Similarly, we have
pix) - 2B MG »

Since X is the sum of r independent Bernoulli random variables, the Chernoff bound (Proposition 2.3.1)

implies

Pr[|X — E[X]| < v/6E[X]logn| < 2exp (—W) = 3 (3.10)

n2
Now, fn = Xn/r. Therefore, using the above equation, fn is in the following range with probability 1—2/n?.

n(E[X] £ /6 E[X]logn) nE[X]:t 6n?2 E[X]logn

fne =
r r r
_ 2B |N(G, )| + \/12"E|M(f’”)“°g" (By (3.9))
~ nE\M(G, 7T)|CZ . 384-Alogn
=2E|M(G, )|+ 35 52 A (Since r = ==528%)
> OB [NI(G, )| + \/“(G) ]8“3 ‘é‘{(f’ ul (Since u(G) > 1)

By (3.8), we have 2E [M (G, )| > u(G). Combining with Claim 3.1.45, we get

E|M(G,7)?

5 .
e = (24 DRG]

fne2E|M(G,7)| £

Since i = (1 — g)fn/Q, we have that

(1- 8)E|NI(G,7)| < i < B|N(G, )|

Next, note that by (3.8), (3 + 0)u(G) <E |M(G,7)| < u(G). Hence,

(1-9)(5+0) u(©) < < (G,

and thus L s
(2 + 4> (@) < p<p(G). O
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Lemma 3.1.47. Algorithm 5 runs in O(n + AYE) with high probability.

Proof. We show that for each of r sampled vertices in Algorithm 5, the iteration corresponding to the vertex
in Line 5 takes O(K d) time. First, note that for a random permutation 7, the vertex oracle for a vertex u
can be called a constant number of times. The reason is that the algorithm only queries vertex oracle for
vertices of length three augmenting paths. Also, by Theorem 3.1.16, the vertex oracle takes O(K d) time for
random vertex and permutation. Therefore, if we run the vertex oracle a constant time for a fixed vertex, still
the expected running time will be O(Kd). Since the number of samples is O(Alogn/d), the total running
time for all samples will be O(KA). Furthermore, we spent O(n) time for computing A, d, and finding the
isolated vertices.

In order to achieve a high probability bound on running time, we run ©(logn) instances of the algorithm
simultaneously and return the estimation of the first instance that terminates. Since the expected running
time is O(n + KA), the first instance terminates with probability 1 — 1/poly(n) in O(n + KA).

Plugging K = O(AE ) completes the proof. O

Multiplicative-Additive Approximation

We use the same algorithm as Algorithm 5, however, the o(n) additive error allows us to sample ©(1) vertices
instead of (:)(A /d) vertices. Moreover, we no longer need to estimate d and A since the number of samples

is independent of these parameters.

Lemma 3.1.48. Let ji be the output of Algorithm 5 with parameter r = 12log®>n and estimation i =
fn/2— ﬁgn. With high probability,

( +5) W(G) — —— < i < p(G).

Proof. Let X; be defined the same as Lemma 3.1.46. With the exact same argument, inequalities (3.8),
(3.9), and (3.10) hold with new parameter and estimation. Hence, with probability of at least 1 — 2/n?,

ne n(E[X] + /6 E[X]logn) _ nE[X] n 6n2 E[X]logn
r r r2
- 12nE|M (G, )| logn
=2E|M(G, )| i\/ | (T Jlog (By (3.9))
. E|M
=2E|M(G,7)| £ LQ(G’W)' (Since r = 12 - log® n)
log®n
~ n ~
i <n).
€2E|M(G,m)|+ log 7t (Since E|M(G,7)| <n)
Since i = fn/2 — ﬁ, we have that
N n B N
BINI(G,m)| - o < 2 < BIAT(G, )

By plugging (3.8), we get
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Lemma 3.1.49. Algorithm 5 with parameter r = 12log® n, runs in O(J A®) with high probability.

Proof. First, note that we do not need to spend O(n) time to estimate A and d, since the number of samples
is independent of these parameters. By the exact same argument as the proof of Lemma 3.1.47, we can show
that the expected running time for each sampled vertex is O(Kd). Since r = (O)(1), the total running time
will be O(Kd).

To get a high probability bound on the running time, similar to Lemma 3.1.47, we run ©(logn) instances
of the algorithm simultaneously. Using the same argument, the first instance terminates with probability
1 — 1/poly(n) in O(Kd).

Plugging K = O(A®) completes the proof. O

3.1.5 Our Estimator for the Adjacency Matrix Model

In this section, we give a reduction from the adjacency matrix model to the adjacency list model such that
each query in the adjacency list can be implemented with a constant number of queries in the adjacency
matrix model. Such a reduction appears in [34, Section 5]. We use a similar idea with a minor modification
in the parameters of the construction.

Let v = (4logn) - n. We construct a graph H = (Vy, Eyy) as follows:

e Vy is the union of V3, V5 and Uy, Us, ..., U, such that:

— V4 and V4 are two copies of the vertex set of the original graph G.

— U, is a vertex set of size v for each i € [n].
e We define the edge set such that degree of each vertex is in {1,n,n + v}:

— Degree of each vertex v € V is n. The i-th neighbor of v is the i-th vertex in V; if (v,i) € E,
otherwise, its i-th neighbor is the i-th vertex in V5 for ¢ < n. Note that graph (Vi, Eg N (Vi x V1))

is isomorphic to G.

— Degree of each vertex v € V5 is n+ . The i-th neighbor of v is the i-th vertex in V5 if (v,i) € E,
otherwise, its i-th neighbor is the i-th vertex in Vj for ¢ < n. For all n < i < n 4+ ~, the i-th

neighbor of v is i-th vertex in U,,.

— Degree of each vertex u € U; is one for i € [n]. The only neighbor of u is the i-th vertex of V5.

Observation 3.1.50. For each vertex v € Vi and i € [degy(v)], the i-th neighbor of vertex v can be

determined using at most one query to the adjacency matriz.

Proof. First, note that the degree of each vertex is not dependent on the original graph GG. Hence, we do not
need any queries to find the degree of each vertex. For each vertex v € Uy UUs U ... UU,, one can find its
only neighbor without any queries by the construction of H. For each vertex v € V; U V5, the i-th neighbor
is either the i-th vertex of V; or the i-vertex of V5. Therefore, with at most one query, one can determine

the i-th neighbor of vertex v. O

Consider a random permutation 7 over the list of elements 7', consisting of START and EXTEND copies of

Eg. Intuitively, for almost all vertices v € V5, the first incident START element to v in T is an edge between
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v and U,. Similarly, the first two incident EXTEND elements to v are between v and U,. We say v is a bad
vertex, if it violates the mentioned conditions. Let R C V5 be the set of bad vertices. Since the permutation
over edges in H[V; U R] is uniformly at random, using Theorem 3.1.2, we can provide a bound on the size of

the matching produced by the algorithm.

Observation 3.1.51. For each v € Vo \ R, the incident START and EXTEND elements in MS(H,m) are
between v and U,. Moreover, both incident START and EXTEND elements in MS(H,w) appears before all

edges between v and Vi U V5.

Proof. By the definition of R, the first START element incident to v in the permutation is between v and
U,. Let this edge be (v, w). Hence, the algorithm adds (v, w) to MS(H, ). Note that all START elements
incident to v after (v, w) in the permutation cannot be in MS(H, 7) since START elements create a maximal
matching. By definition of R, the first two EXTEND elements incident to v are between v and U,,. Let (v, uy)
and (v,us) be these two edges (u; # ug since there is one EXTEND copy). Therefore, one of (v,u;) and
(v, uz) must be added to MS(H, w) and no other EXTEND element incident to v can be added to MS(H, )

since EXTEND elements create a maximal matching. O

Observation 3.1.52. It holds that

(; ; a) j(H[Vi UR]) < B, [MS(H, =) 0 (Vi UR) x (Vi UR)) | < u(H[Vi U R]).

Proof. Note that by Observation 3.1.51, all vertices in V5 \ R have incident START and EXTEND elements
in MS(H,w) which appear before edges between V1 U R and V5 \ R in the permutation. Hence, none of
these edges can be added to the subgraph MS(H, ) in Algorithm 1. Since the permutation over edges in
H[V1 U R] is uniformly at random, using Theorem 3.1.2, we have the given bound O

Next, we provide an upper bound for the size of R.

Observation 3.1.53. It holds that Er |R| < 57—

Proof. For vertex v € V5 and a random permutation 7 over Ey, the first incident START element is between

v and U,, with probability of at least (nfﬁ >1- @. Furthremore, with probability % >
1- @, the first two EXTEND elements are between v and U,. Since these events are independent, the

probability of v not being a bad vertex is at least

1 \? 1
1-— >1- .
( 410gn> 2logn

in expectation over a random permutation. L]

n

Therefore, |R| is at most STogn

With the intuition that a few vertices in V5 are matched to vertices in V; U Va, our goal is to estimate
the number of vertices that have a matching edge in V;. Since we have an upper bound on the size of the
R, we are able to estimate the number of matching edges in H[V;] = H[G]. In order to count the number of
matching edges in V7, we need to run the vertex oracle for vertices of V3 U Vo. We show that the expected

running time of vertex oracle on a random vertex of Vi U Va is O(n!*e).
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Claim 3.1.54. Let v be a random vertex in Vi U Vy and © be a random permutation over Eg. Then
EUN(VIUVQ)J[F(’U’ 71')] — O(nl-‘-E).

Proof. By Theorem 3.1.16, we have

E
Ewmﬂwwmﬂ:O(Kmbﬁﬂ@o.
V|

Summing over all vertices of Vi, we get

S EL[F(v,7)] = O(K|Ey| - log* [Via]) = O(n2+),
veVh

because |Vi| = O(n?), |Ex| = O(n? + ny), K = O(nf), and v = (4logn) - n. Therefore,

E,vviuve) o [F (v, )] < ( Z Eﬂ[F(y,W)O JI(Vi UVe)| = O(n'*e). O

veEVH

Claim 3.1.55. Let v be a random vertex in Vi and w be a random permutation over Ey. Then
E,v, «[F(v,7)] = O(n'*e).
Proof. Proof follows by combining Claim 3.1.54 and |V;| = |V4|. O

Lemma 3.1.56. Let i be the output of Algorithm 6. With high probability,

Proof. Let M (H,7) be the intersection of edges between V; and set of edges of the matching that is created
by augmenting the length-three augmenting paths of M U.S. We claim

(5-+0) WHIAD - 57— < Be W, )] < w(HIAD. (3.11)

_n

TTogn edges in output

By combining Observation 3.1.52 and Observation 3.1.53, imply that there are at most
of algorithm in H[V; UR] with at least one endpoint in R. Therefore, by combining Remark 1, Theorem 3.1.2,
and the bound for number of edges with at least one endpoint in R, we have the first inequality. Furthermore,
since M(H, ) is a matching of H[V;], we have the second inequality.

By definition, X is the indicator of the event that a vertex ¢ € V; is matched in the output of Algorithm 1

to another vertex in V;. Since the number of matched vertices is twice the number of matching edges,

_ 2E|M(H,7)|
==
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Algorithm 6: Final algorithm for adjacency matrix.

1 Let H = (Vy, Ep) as described above.

2 r < 48 -log® n.

3 Sample r vertices uj, us, ..., u, uniformly at random from V; with replacement.

4 Run vertex oracle for each u; and let S; and E; be the indicator that u; has an incident START and
EXTEND elements that appear in output of Algorithm 1.

5 foriim1l...r do

6 X; <0
7 if S; =1 then
8 Let w; be the other endpoint of START edge incident to wu.
9 if w; € V; then X; «+ 1;
10 if S; =0 and F; =1 then
11 Let w; be the other endpoint of EXTEND element incident to u.
12 Run vertex oracle for w; (with same 7) and let S! be the indicator that w; has an incident
START edge.
13 if S; =0 then continue;
14 Let x; be other endpoint of START element incident to w;.
15 Run vertex oracle for z; (with same 7) and let E! be the indicator that x; has an incident
EXTEND element.
16 if E} =0 then continue;
17 Let y; be other endpoint of EXTEND element incident to x;.
18 Run vertex oracle for y; (with same 7) and let S} be the indicator that y; has an incident
START element.
19 if S/ =0 and w; € V; then X; «+ 1;
20 Let X =37,y Xi and f = X/r.
21 Let i = fn/2 — 5.

22 return [

Similarly,

E[X] = %E“‘i(H“)' (3.12)

Since X is the sum of r independent Bernoulli random variables, the Chernoff bound (Proposition 2.3.1)

implies

Pr|X — E[X]| < /6 E[X]logn] < 2exp (—W) -2

n

Note that fn = Xn/r, so using the above equation, fn is in the following range with probability 1—2/n?:

ne n(E[X] + /6 E[X]logn) _ nE[X] N 6n?2 E[X]logn

r 72

12nE |M(H,7)|logn
r

= 2E|M(H, )| i\/ (By (3.12))

nE|M(H, )|

Since r = 48 - log® n
4log®n ( g'n)

—2E|M(H,7)| +
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€ 2E M (H, )| + 21:gn (Since E[M(H,7)| < n).
Now, i = fn/2 — ﬁ. Therefore,
E|N(H,m)| - 21:}% < i <E|M(H, ).
Combining the above range with (3.11) implies
1 n -
(2 + 6) w(G) — Tog <p<u@). O

Lemma 3.1.57. Algorithm 6 runs in O(n't¢) with high probability.

Proof. First, we show that the iteration in Line 5, for each of r sampled vertices from V; takes O~(n1+6 ) time
in expectation. With the same argument as Lemma 3.1.47, the vertex oracle for a vertex u can be called
a constant number of times. Moreover, by Claim 3.1.54 and Claim 3.1.55, the vertex oracle takes O(n1+5)
time for a random vertex in V3 UV, and a random permutation (since set R is a uniformly at random set in
V3). Therefore, if we run the vertex oracle constant time for a fixed vertex, still the expected running time
will be O(n'*®).

In order to achieve a high probability bound on the running time, similar to the proof of Lemma 3.1.47,
we run O(logn) instances of the algorithm simultaneously. Using the same argument, the first instance
terminates with probability 1 — 1/poly(n) in O(n!*e). O

Proof of Theorem 3.1.1.

e By combining Lemma 3.1.46 and Lemma 3.1.47, we get multiplicative factor of (3 +6) in the adjacency
list model in O(n + A*<) time.

e By combining Lemma 3.1.48 and Lemma 3.1.49, we get multiplicative-additive factor of (3 + 4, 0(n))
in the adjacency list model in 5(J AF) time.

e By combining Lemma 3.1.56 and Lemma 3.1.57, we get multiplicative-additive factor of (3 + 4, 0(n))
in the adjacency matrix model in O(n'*¢) time. For a constant e, running this algorithm for a slightly
smaller value of € allows us to get rid of polylogarithmic factor in the running time and achieve an
O(n'*¢) time algorithm. O

3.1.6 Implementation Details

In this section, we provide an implementation of our vertex and edge oracle. The idea is similar to the [34,
Appendix A]. The main difference is that instead of having at most one edge between two vertices, here we
have K + 1 edges where K of them correspond to START copies and one of them corresponds to EXTEND
copy. The idea is to generate a random permutation 7 locally and sort edges based on 7 to create the
permutation.

Note that in the vertex oracle and edge oracle, when an START incident element appears in MS(G, 7),
the algorithm no longer queries on the START incident elements (the same also holds for EXTEND elements).

Therefore, instead of having one graph, we assume that we have two graphs G5 and G, that are isomorphic
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to G. Also, we assume that each edge in G; has K copies that is corresponds to the number of START
elements. In other words, graph G, is the a graph made by all START elements of G and G, is the a graph
made by all EXTEND elements of G.

Let LOWESTg, (u, ) for t € {s,e} be a procedure that returns a pair of an edge e in G and its ranking
such that e is the i-th lowest rank edge incident to u in G;. We use the same implementation of LOWEST¢,
procedure as the [34, Appendix A] (note that in this paper, the procedure only returns the edge. However,
in the implementation of the LOWEST, they compute the edge ranking and we can simply return the edge
ranking). Let degg, (u) be the degree of vertex u in graph G;. By definition of the G; and G, we have that
degg_ (u) = K degg(u) and degg, (u) = degg(u).

Claim 3.1.58 ([34]). Let u be a vertex and suppose that we call procedure LOWESTg, (u,4) for all 1 <i < j.
The total time to implement all these calls is O(j) with high probability for allu € V.

We present the implementation of our oracles in the following three algorithms. Note that we can generate
vertex colors (i.e. ¢, for vertex v) on the fly when it is needed. Also, we can toss a coin with a probability
1 — p for each edge to determine if it is a frozen edge or not. Therefore, once we have the rank of edges in
our oracles, we can distinguish whether an edge is frozen or not based on the Definition 3.1.15. However, to

make algorithms easier to read, we do not include the technical details of this part.

Lemma 3.1.44. In the adjacency list model, there is a data structure that given a graph G, (implicitly) fizes
a random permutation w over its edge set. Then for any vertex v, the data structure returns whether v has
any edge in outputs M and S of Algorithm 1 according to a random permutation w. Each query v to the data
structure is answered in O(F (v, 7)) time w.h.p. where F(v,w) is as defined in Section 3.1.3. Additionally,

the vertices we feed into the oracle can be adaptively chosen depending on the responses to the previous calls.

Proof. Note that in Algorithm 7, we only call LOWEST procedure for the neighbors that we recursively call
edge oracle for them. Similarly, in Algorithm 8 and Algorithm 9 we only call LOWEST procedure for incident
elements that we will recursively call the edge oracle on them. Therefore, by Claim 3.1.58, the total time
spent on LOWEST procedure calls is O(F (v,m)) for a random permutation 7 and every vertex v with high

probability. O

3.2 A Simpler Sublinear Algorithm to Beat Greedy Matching

In this section, we show how to beat the factor 0.5 with a simpler algorithm in time that is strongly
sublinear. Specifically, we present an algorithm that runs in time 6(n\/ﬁ) and achieves an approximation
factor of 0.5109 for estimating the size of the maximum matching. It is worth noting that our algorithm is
much simpler, both in terms of implementation and analysis, compared to the prior section’s results. We

prove the following two results in this section.

Theorem 3.2.1. There exists an algorithm that, given access to the adjacency list of a graph, estimates the
size of the maximum matching with a multiplicative approximation factor of 0.5109 and runs in 6(nﬁ)

time with high probability.



3.2. A SIMPLER SUBLINEAR ALGORITHM TO BEAT GREEDY MATCHING

61

Algorithm 7: Implementation of the vertex oracle VO(u).

1 js+1,je+1

2 v, s < LOWESTq, (u, js)

3 Ve, Te < LOWESTq, (u, j.)

4 ST < FALSE, EX < FALSE

5 while j, < degg (u) or jo < degg (u) do

6
7
8

9
10
11

12
13
14
15
16
17

18
19

20
21
22
23
24

25
26

27

if 7, < m, then
X < START
€= ((u,vs), X)
else
X < EXTEND
L= ((u,ve), X)
if X = EXTEND and ¢, = ¢,, then continue;
if ST = FALSE and X = START and EOS(¢,vs) = TRUE then
ST <+ TRUE
Js < Js+1
if j, < degg, (u) then
| vs,ms < LOWESTGg, (u, js)
else
L Vg, Mg $— 00, 0O

if EX = FALSE and X = EXTEND and EOE({,v., ST) = TRUE then
EX <+ TRUE
Je = Jet+1
if jo < degg_(u) then
L Ve, Te < LOWESTg, (u, jo)
else
L Ve, Me — 00, 00

return ST, EX

Algorithm 8: Implementation of the edge oracle for START elements EOS(¢, ).

o N O oA W N -

©

if EOS(¢,u) is already computed then return the computed answer;
71

w, Ty < LOWESTq, (u, )

while w # v do

¢« ((u,w), START)

if EOS(¢',w) = TRUE then return FALSE;
j—i+1

w < LOWEST¢, (u, j)

return TRUE
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Algorithm 9: Implementation of the edge oracle for EXTEND elements EOE({, u, ST,,).

if EOE(¢,u, STy,) is already computed then return the computed answer;
Js < Lje 1
Vs, Ts — LOWESTq, (u, js)
Ve, Te — LOWESTq, (u, Je)
ST, < FALSE
if 7, < m, then
| w ¢ vs, X’ < START

N O oA WN =

else

9 | w < v, X'+ EXTEND
10 ¢ + ((u,w), X")

11 while w # v or X’ # X do

o]

12 if X’ = EXTEND and ¢, = ¢, then continue;
13 if X’ = START then

14 if ST, = FALSE, and EOS(¢',w) = TRUE then
15 ST, + TRUE

16 if ¢/ is frozen then return FALSE;

17 if ST,, = TRUE then return FALSE;
18 Js < Js+1

19 if j; < degg_ (u) then

20 L Vs, Ts < LOWESTg, (u, js)

21 else

22 L Vg, Tg 4 00, 00

23 if X’ = EXTEND then

24 if EOE(¢',w,ST,) = TRUE then return FALSE;
25 Je < Je+1

26 if jo < degg_ (u) then

27 L Ve, Te — LOWEST¢, (U, je)

28 else

29 L Ve, Te +— 00, 00

30 if 7, < m. then

31 | w ¢ vs, X' + START

32 else

33 L w 4 e, X' < EXTEND

34 | 0+ ((u,w), X")

35 return TRUE
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Theorem 3.2.2. There exists an algorithm that, given access to the adjacency matrix of a graph, estimates
the size of the mazimum matching with a multiplicative-additive approximation factor of (0.5109,0(n))
and runs in 6(nﬁ) time with high probability.

In Section 3.2.1, we provide an overview of the challenges encountered while designing our algorithm and
the techniques used to address them. We first develop an algorithm for bipartite graphs with a multiplicative-
additive error in Section 3.2.2, avoiding additional challenges that arise from general graphs, trying to obtain
multiplicative error (in the adjacency list model), or working with the adjacency matrix. In Section 3.2.3,
we extend our algorithm to handle general graphs. In Section 3.2.4, we demonstrate how to achieve a
multiplicative approximation guarantee. Finally, in Section 3.2.5, we present a simple reduction showing

that our algorithm also works in the adjacency matrix model with a multiplicative-additive error.

3.2.1 Technical Overview

In this section, we provide an overview of the techniques used to design our algorithm. We begin with
the two-pass semi-streaming algorithm of Konrad and Naidu [141] for bipartite graphs. In the first pass,
the algorithm constructs a maximal matching M. In the second pass, it constructs a maximal b-matching
between vertices matched in M and those unmatched in M. More specifically, each vertex in V(M) has a
capacity of k, while each vertex in V'\ V(M) has a capacity of kb, where b =1+ V2 and k is a large constant.
The idea is that if M is far from maximum, the b-matching will contain many length-3 augmenting paths
that can be used to augment M. This algorithm obtains a (2 — v/2) ~ 0.585-approximation.

Our goal is to develop a sublinear-time algorithm by translating this semi-streaming two-pass algorithm
to the sublinear time model. When trying to do so, several challenges arise. In this section we describe them

step by step, and show how to overcome them.

Challenge (1): constructing a maximal matching in sublinear time is not possible. In fact,
finding all edges of any constant-factor approximation of the maximum matching is impossible in sublinear
time due to [159]. Dynamic algorithms for maximum matching [32, 60] use the following approach: they
maintain a maximal matching M and then apply the sublinear-time random greedy maximal matching
(RGMM) algorithm of Behnezhad [34] to estimate the size of the maximal b-matching. In our setting, we
cannot afford to explicitly construct M. However, we can obtain oracle access to M using the sublinear-time
RGMM algorithm of [34]. More specifically, we can query whether a vertex v is matched in M or not in
6(71) time. Therefore, a possible solution to address the first challenge is to design two nested oracles: the
outer oracle attempts to build a maximal b-matching, whereas the inner oracle checks the status of vertices

(matched or not in M) to correctly filter edges and assign capacities to each vertex.

Challenge (2): two nested oracles require €2(n?) time. The algorithm of [34] runs in O(d(G)) time,

where d(G) denotes the average degree of the graph G. Additionally, for the outer oracle, it requires
O(d(G[V (M), V\ V(M)])) time (i.e., queries to the inner oracle). Unfortunately, it is possible for both d(G)

and d(G[V (M), V \ V(M)]) to be as large as Q(n). For example, consider a graph with a vertex set AU B,
where |A| = |B| =n/2. The edges within A form a complete bipartite graph, while there is an en/2-regular
graph between A and B. After running the RGMM algorithm, most edges in the maximal matching belong
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M

GV A\V(M)]

Figure 3.6: Our algorithm explicitly constructs a matching M (blue), which need not be maximal in G.
We extend it with another matching M’ (red), such that M U M’ is maximal. The highlighted (light blue)
subgraph G[V \ V(M)] has degree at most /n with high probability. In case 1, our algorithm augments M’
using a b-matching By (zigzag edges, brown). In case 2, our algorithm augments M using a b-matching By
(swirly edges, green).

to G[A], and most vertices in B are unmatched. Consequently, we have d(G[V (M), V \ V(M)]) = Q(n).

To address this issue, we sparsify the original graph while manually constructing a matching M. In a
preprocessing step, starting from an empty M, for each unmatched vertex in the graph, we sample é(\/ﬁ)
neighbors uniformly at random. If an unmatched neighbor exists, we match the two vertices and add this
edge to M. Using this preprocessing step, we show that after spending 6(n\/ﬁ) time, the induced subgraph
of vertices that remain unmatched in M has a maximum degree of \/n with high probability. Moreover, since
we explicitly materialize M, we are able to check if any vertex is matched in M in O(1) time, eliminating
the need for costly oracle calls. Note that M need not be maximal in G; therefore we next extend it to a
maximal matching.

Let M’ be a maximal matching in G[V \ V(M)] obtained by running the sublinear time RGMM algorithm
of [34]. Now M U M’ is a maximal matching for G. Inspired by the two-pass semi-streaming algorithm of

[141], we attempt to augment the maximal matching M U M’ in two possible ways (see also Figure 3.6):

1. Augment M’ using a b-matching between V(M') and V' \ V(M) \ V(M'). The algorithm then outputs

the size of the augmented matching, plus the size of the previously constructed matching M.

2. Augment M using a b-matching between V(M) and V \ V(M). The algorithm then outputs the size

of the augmented matching.

The key intuition here (think of the case when M UM’ yields only a 0.5-approximation) is that either M’
is sufficiently large, making |M|4-(2—+/2)-2|M’| larger than the approximation guarantee, or M itself is large
enough so that (2 —/2) - 2| M| meets our approximation guarantee (note that (2 —+/2) is the approximation
guarantee of [141]). Augmenting M using a b-matching is easier since we have explicit access to M and
only need to run a single RGMM oracle to estimate the size of the b-matching. Our first estimate, which
requires finding a b-matching between V(M) and V \ V(M) \ V(M’), is more challenging since we do not
have explicit access to M’. To avoid the (n?) running time of the two nested oracles, we make crucial use

of the aforementioned property that the subgraph of vertices unmatched in M has low induced degree (at
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most /n); this is the reason why we only try to augment M’ rather than M U M’. We will discuss this in
the next paragraphs.

Challenge (3): the algorithm does not have access to the adjacency list of G[V \ V(M)]. After
the sparsification step, the average degree d of G[V\V(M)] is at most v/n. Hence, if the algorithm had access
to the adjacency list of G[V \ V(M)], it could run the nested oracles in O(d?) = O(n) time by executing
two RGMM algorithms: inner oracle for computing M’ and outer oracle for the b-matching to augment M’.
But, since the nested oracles may visit up to n vertices, and retrieving the full adjacency list of a vertex in
G[V \ V(M)] requires 2(n) time, it seems that the overall running time of the algorithm could still be as
high as Q(n?).

Here, we leverage two key properties of the RGMM algorithm to refine the runtime analysis. The first
property is that at each step, the algorithm requires only a random neighbor of the currently visited vertex.
Intuitively, if a vertex has degree ©(n) in G, in expectation it takes O(n/d) samples from the adjacency list
of the original graph to encounter a vertex from G[V \ V(M)]. Thus, if all vertices in G[V'\ V(M)] had degree
d, one could easily argue that the running time of the algorithm is 6(d2 -n/d) = 6(n\/ﬁ) However, vertex
degrees can vary, and for a vertex with a constant degree, we would need £2(n) samples from the adjacency
list of G to find a single neighbor in G[V \ V(M)]. To address this challenge, we utilize another property
of the RGMM algorithm, recently proven by [148]. Informally, this result shows that during oracle calls for
RGMM, a vertex is visited proportionally to its degree, implying that low-degree vertices are visited only a

small number of times.

Challenge (4): outer oracle creates biased inner oracle queries. The final main challenge we discuss
here is that the simple 6(n\/ﬁ) bound, which we informally proved in the previous paragraph, relies on the
tacit assumption that the inner oracle queries generated by the outer oracle correspond to 6(\/5) uniformly
random calls to the inner oracle. Indeed, the running time of the algorithm of [34] is analyzed for a uniformly
random query vertex; however, there may exist a vertex v in the graph for which calling the inner oracle
takes significantly more than 5(d) time. Consequently, if all outer oracle calls end up querying v, the running
time could be significantly worse than 5(n\/ﬁ) To overcome this issue, we use the result of [148] along with
the fact that the maximum degree of G[V \ V(M)] is O(y/n). We show that for any vertex v, the outer
oracle queries the inner oracle for v at most 5(degG[V\V( ) (v)/y/n) times in expectation. This enables us

to formally prove that the total running time of the algorithm remains at most 5(71\/71)

General graphs and the adjacency matrix model. There are additional challenges when dealing with
general graphs as opposed to bipartite graphs, such as the fact that the sizes of the maximal matching and the
b-matching alone are insufficient to achieve a good approximation ratio. For general graphs, our algorithm
estimates the maximum matching in the union of the maximal matching and the b-matching, which requires
using the (1 — e)-approximate local computation algorithm (LCA) by [144] on the subgraph formed by this
union, to which we only have oracle access. We encourage readers to refer to Section 3.2.3 for more details
about the techniques used there.

Additionally, for more information on the extension of the algorithm that operates in the adjacency

matrix model, we recommend readers to check Section 3.2.5.
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3.2.2 Algorithm for Bipartite Graphs

We begin by describing our algorithm for bipartite graphs. We focus on implementing an algorithm with
a multiplicative-additive approximation guarantee. Also, we assume that we have access to the adjacency
list of the graph. These assumptions will help us avoid certain complications and challenges that arise
when working with general graphs, the adjacency matrix model, or when trying to obtain a multiplicative
approximation guarantee. To lift these assumptions, we can leverage strong tools and methods from the
literature, which, with slight modifications, can be applied here. This section contains the main novelties of
our approach and proofs. Our algorithm for bipartite graphs can be seen as a translation and implementation

of a two-pass streaming algorithm, which we discuss in the next subsection.

Two-Pass Streaming Algorithm for Bipartite Graphs

Our starting point is the two-pass streaming algorithm which is described in Algorithm 10. This algorithm,
or its variations, has appeared in previous works on designing streaming or dynamic algorithms for maximum
matching [141, 60, 32]. In words, the first pass of the algorithm only finds a maximal matching M. In the
second pass, the algorithm finds a maximal b-matching B in G[V(M),V \ V(M)], where V(M) is the set of
vertices matched by M. The capacities of vertices in V(M) and in V' \ V(M) for the b-matching are k and
kb, respectively. Moreover, in the second pass of the algorithm, when an edge (u,v) arrives in the stream,
we add multiple copies of the edge to the subgraph B, as long as doing so does not violate the capacity

constraints.

Algorithm 10: Two-pass Streaming Algorithm for Bipartite Graphs

1 Parameter: let b =1+ /2 and k be an integer larger than ﬁ.

2 First Pass: M < maximal matching of G. > Finding maximal matching
3 Second Pass: > Finding b-matching
4 Let B=10.

5 for (u,v) € GIV(M),V(M)] where u € V(M) do

6 while degg(u) < k and degg(v) < [kb] do

7 L | B+ BU(u,v). > We allow multi edges
8 return (1 —1/b) - |M|+ 1/(kb) - |B.

Intuitively, the algorithm tries to find length-3 augmenting paths using the b-matching that it finds in

the second pass. The following lemma shows the approximation guarantee of Algorithm 10.

Lemma 3.2.3 (Lemma 3.3 in [60]). For any ¢ € (0,1), the output of Algorithm 10 is a (2 — /2 — ¢)-
approximation for mazimum matching of G.

Sublinear Time Implementation of Algorithm 10

In this section, we demonstrate how to implement a modification of Algorithm 10 in the sublinear time

model, as outlined in Section 3.2.1.

Sparsification: In order to be able to use two levels of recursive oracle calls, we need to sparsify the

graph. We first sample 5(n\/ﬁ) edges and construct a maximal matching on the sampled edges to sparsify
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the induced subgraph of unmatched vertices. This sparsification step is formalized in Algorithm 11. In
Lemma 3.2.5, we show that if we sample enough edges, then vertices that remain unmatched after this
phase have an induced degree of y/n. This step is very similar to the algorithm of [68, Appendix A] for

approximating a maximal matching.

Algorithm 11: Sparsification of the Induced Subgraph of Unmatched Vertices

1 Parameter: let ¢ = 2y/n - logn be the sparsification parameter that controls the number of edges
that the algorithm samples.
2 M <+ 0
3 for v € V do
if v ¢ V(M) then
Sample ¢ vertices uq, ..., u. from N(v).
fori+1...cdo
if u; ¢ V(M) then
M+~ MU{(v,u)}
L break;

© o N o oA

10 return M

Claim 3.2.4. Algorithm 11 runs in O(ny/n) time.

Proof. For each vertex v in the graph, the algorithm samples 6(\/5) vertices from the adjacency list of the
vertex v if it is not matched by the time the algorithm processes the vertex in Line 3. Thus, the total running
time is at most O(n/n). O

Lemma 3.2.5. With high probability, we have A(G[V \ V(M)]) < y/n.

Proof. We will show that for every v € V, the probability that v € V \ V(M) and the degree of v in
G[V \ V(M)] is larger than v/n is at most 1/n%. The lemma then follows by a union bound over all v € V.

Consider the moment before v is processed. Assume that at this time, still v € V'\ V(M) and the degree
of v in G[V \ V(M)] is larger than /n. Then, each of the ¢ samples has a probability of at least \/n/n to be
one of the unmatched neighbors, in which case v will become matched. Thus the probability that v remains

unmatched after it is processed is at most

. 1 c_ . 1 2ﬁ10gn< 1 210gn_ 1
N vn ~\e - n?’

O

Augmenting M using nested oracles: Now we are ready to present our sublinear algorithm. After
sparsifying the graph by finding a partially maximal matching M, we try to augment M in two different
ways that we have outlined in Section 3.2.1 and which are formalized in Algorithm 12. See also Figure 3.6.
For simplicity, we pretend that kb € Z throughout the analysis. Since k is an arbitrarily large constant,
using kb instead of [kb] leads to an arbitrarily small error in the calculations. We also note that a maximal
b-matching can be viewed as maximal matching if we duplicate vertices multiple times.
First, we try to augment the matching by designing a maximal matching oracle for G[V'\ V(M)] vertices

and then another oracle for finding a b-matching between the vertices newly matched using the new oracle
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and unmatched vertices. Let M’ be the maximal matching of G[V \ V(M)] that can be obtained by the
oracle. We try to augment it with a b-matching B;.

However, it is also possible that |M’| is small compared to |M|, which implies that in the previous case,
the b-matching does not help to find many augmenting paths, as the size of the maximal matching that we
try to augment is too small. To account for this case, the algorithm also finds a b-matching By between
V(M) and V \ V(M).

Note that because the algorithm finds the initial matching M explicitly, checking whether a vertex belongs
to V(M) or not can be done in O(1) time.

Algorithm 12: Sublinear Time Algorithm for Bipartite Graphs with Access to the Adjacency List

(see Figure 3.6)

1 Run Algorithm 11 with ¢ = 2y/nlogn and let M be its output.
2 Let upp and pp, be the estimate of the size of a random greedy maximal matching M’ in

G[V \ V(M)] and the estimate of the size of a random greedy maximal b-matching B; in

GIV(M"),V\V(M)\ V(M) by running Algorithm 13. > Case 1
3 Let puy == [M|+ (1= ) + 1518, - > Case 1
4 Let pp, be the estimate of the size of a random greedy maximal b-matching By in

G[V(M),V \ V(M)] by running Algorithm 14. > Case 2
5 Let pg == (1 — )| M|+ Lus,. > Case 2

6 return max(pu, ps).

Algorithm 13: Algorithm for the First Case

1 Let b =1+ v/2 and k be an integer larger than b%?"

2 Let m be a random permutation over edges of G[V \ V/(M)] and let M’ be its corresponding random
greedy maximal matching.

3 Let Gy := G[A, B] where A=V (M’) and B=V \V(M)\ V(M.

4 Let G| be a bipartite graph obtained from G; by adding k copies of vertices in A and kb copies of
vertices in B. Further, if there exists an edge between u € A and v € B in G, we add edges
between all copies of u and v in Gj.

5 r < 6log®n.

6 Run the algorithm of Proposition 2.2.4 for r random vertices and fixed permutation 7 in
G[V \ V(M)] and let X; be the indicator if the i-th vertex is matched.

T nX n
7 Let X + Zi:l X; and 125V 2r T Zlogn”

8 Run nested oracles of Proposition 2.2.4 for r random vertices and fixed permutation 7 in G and let
Y; be the indicator if the i-th vertex is matched.

r Y
9 Let Y« >/, Y;and up, + 5~ — 21£Lgn'

10 return pp and pp,.
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Algorithm 14: Algorithm for the Second Case

1 Let b=1+ /2 and k be an integer larger than ba%.

2 Let Gy := G[A, B] where A=V (M) and B=V \ V(M).

3 Let G be a bipartite graph obtained from G2 by adding k copies of vertices in A and kb copies of
vertices in B. Further, if there exists an edge between u € A and v € B in G4, we add edges
between all copies of w and v in G5.

4 1+ 6log®n.

5 Run the algorithm of Proposition 2.2.4 for r random vertices and permutations in G4 and let Z; be
the indicator that shows if the i-th vertex is matched.

. z
6 Let Z < Ei:1 Z; and pp, % - 21c7>lgn'

7 return up,.

Implementation details of the algorithm: There are some technical details in the implementation of

the algorithm that are not included in the pseudocode:

e Access to the adjacency list of an induced subgraph: Both in Algorithm 13 and Algorithm 14,
we run the algorithm of Proposition 2.2.4 for some induced subgraph of G (for example, line 5 of
Algorithm 14). However, Proposition 2.2.4 works with access to the adjacency list of the input graph.
To address this issue, we leverage an important property of the algorithm in Proposition 2.2.4, namely
that it only needs to find a random neighbor of a given vertex at each step of its execution. Now,
whenever the algorithm requires a random neighbor of vertex v in a subgraph H, it queries random
neighbors in the original graph G until it finds one that belongs to H. This increases the running time
of the algorithm, as it may take w(1) time to locate a valid neighbor in H, which we will formally

bound in our runtime analysis.

e Nested oracles in line 8 of Algorithm 13: Unlike M, we do not explicitly construct the maximal
matching M’ in Algorithm 13. Moreover, the edges of the subgraph G connect vertices matched by
M’ with those that remain unmatched in either M or M’. Hence, to verify whether an edge belongs
to G, we need to determine whether its endpoints are matched or unmatched in M’ by accessing
the algorithm of Proposition 2.2.4. This again increases the algorithm’s runtime, which we will also

formally bound in our runtime analysis.

Analysis of the Approximation Ratio

The following lemma, an analogue of Observation 3.1 in [60], substantiates the soundness of the estimates

w1 and ps produced in Algorithm 12.
Lemma 3.2.6. Let M, M', By and By be as in the description of Algorithm 12. Then
o 1(G) > (M UM UBy) > M|+ (1 - HIM'| + LB,

o 1(G) > u(MUBy) > (1— 1)|M| + %|Bal.
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Proof. Since G is bipartite, by integrality of the bipartite matching polytope, it is enough to exhibit a

fractional matching  of the appropriate value ) _x.. For case 1, we set

1 ee M,
Te=Y1-1% ec M,

1
0 e € By.

Note that M, M’ and B; are pairwise disjoint, and B; has no edge to V(M). Therefore it is easy to verify

that the degree constraints for x are satisfied. For case 2, we similarly set

1—% ee M,
Le =

L e€ B

kb 2

O

The following lemma states the (2 — v/2)-approximation guarantee of the "maximal matching plus b-
matching” approach obtained in prior work, for both bipartite and general graphs. We will invoke it for

appropriate subgraphs of G to obtain our guarantee.

Lemma 3.2.7. Let G’ be a graph, M' be any maximal matching in G, and B be a mazimal b-matching in
G'lV(M"), V(G"Y\V(M")] for vertex capacities k for vertices in V(M') and kb for vertices in V(G")\V (M),
where k > ba% and b=1++/2. Then:

e for bipartite G', we have p(M'UB) > (1 — 3)|M'|+ 5 |B| > (2= V2 —e)u(G"),

e for general G', if B is a random greedy mazimal b-matching, we still have E[u(M' U B)] > (2 — /2 —
e)u(G).

Proof. The first statement is the same as Lemma 3.2.3, and shown as Lemma 3.3 in [60]. The second

statement is shown as Claim 5.5 in [26]. O
The following lemma is the crux of our approximation ratio analysis.

Lemma 3.2.8. In a bipartite graph G, let M, M', By and By be as in the description of Algorithm 12.
Then . . , .
M 1— )M |+ =|By|,(1 — )| M|+ —|Bs|| > 0.5109 - .
mase |M]+ (1= 2)IM|+ 1B, (1= DM+ 1Bal| 2 05109 4(G)

Proof. Fix a maximum matching M* in G, and partition its edges as follows (see Figure 3.7):
e M are those with both endpoints in V (M),
e M,* are those with one endpoint in V(M) and the other in V (M’),
e M,* are those with both endpoints in V (M’),

e M; are those with one endpoint in V(M) and the other in V \ V(M) \ V(M'),
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Figure 3.7: Illustration for the proof of Lemma 3.2.8. The thick edges belong to a fixed maximum matching
M*. Each of them is labeled with its partition (M3, My*, My*, My, or M;*). The two subgraphs for which
we invoke Lemma 3.2.7 are marked (case 1 — highlighted in light blue, case 2 — dashed line).

e M,;* are those with one endpoint in V(M’) and the other in V \ V(M) \ V(M").
Since M U M’ is maximal, M* cannot have edges with no endpoints in V(M) U V(M'). We thus have
(@) = |M*| = M7 |+ M| + M3 + | M| + | My ). (3.13)
Also, by maximality of M* and simple counting,
M) = M3 + M7 + My (314)
We will use Lemma 3.2.7 to analyze both cases in Algorithm 12. For case 1, we can use G’ = G[V \ V(M)];

in this graph, M’ is a maximal matching, and B; is a b-matching as in the statement of Lemma 3.2.7 (see

Figure 3.7), thus we have
1 1 /* //*
(1= IM |+ B = (2 - V2 - )GV AV(M)]) > (2 - V2 —e)(IM*| + [My*))
since M,* U M, * is a matching in G’ = G[V \ V/(M)]. With (3.14) this gives
1, 1 PP T B .
IM]+ (1= )M+ | Bi| 2 [M3] + S My| + 5[ Mo + (2~ V2 — o) (IMy*] + [My ™). (3.15)

For case 2, we can instead use G’ = G[V(M)]UG[V (M), V\V(M)]; in this graph, M is a maximal matching,

and By is a b-matching as in the statement of Lemma 3.2.7 (see Figure 3.7), thus
1 1 /
(= PIM[+ B2 2 (2 - V2 —)u(@) > (2= V2 =) (IM5 ] + [My"| + | M) (3.16)

since M3 U My* U M; is a matching in G'. Using (3.15) and (3.16), we can bound the left-hand side of this
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lemma’s statement as

* 1 * 1 /* /* //*
max[..] > max[|Mz |+ J M} |+ 5[ Mp"] + (2 = V2 = ) (IM, "] + [ M ")),

(2= V2 —)(|M5] + | My"| + | M)

>

We bound the maximum by a weighted average with weights 8 and 1— f8 for some 8 € [0, 1] to be determined
(max(z,y) = Bz + (1 - B)y):

L ME(B+ (2 V2 )1 - B))

w1+ ) (5 2= vE- o - 9)

+ (M| + My (2 - V2 - €)B

> (51 11+ 057D (§ o+ 2 VE= (1= 8)) + (M7 + 1013 D2 = VE - 9

—

*) /* /* //*
> (|M3|+ [M7| + [My* )y + (|My"| + | My ™*])y

3.1
O ).

w

We want (%) to hold for some ~ (the approximation ratio) as large as possible. For (%) to hold, we need to

satisfy:

+(2-V2-9)(1-8) =,
(2-V2-¢)B>1.

A
2

By solving for g +(2-v2)(1-8)=(2—-2)B we get 8 = 12*173\/5 and v = 4(5717?/5) —O(e) > 0.5109. O
Lemma 3.2.9. Let max(u1, u2) be the output of Algorithm 12. With high probability, it holds that

0.5109 - u(G) — o(n) < max(p1, p2) < pu(G).

The proof of Lemma 3.2.9 is routine.

Proof. By Lemma 3.2.8, we have
1 , 1 1 1
0.5109 - u(G) < max ||M|+ (1 — Z)E | M| + o E|B;],(1 - g)|M\ + T E|Bo|| < u(Q). (3.17)

Let X;, Y;, and Z; be as defined in Algorithm 13 and Algorithm 14. By the definition of X;, Y;, and Z; we

have

!
E[X,] = Pox, = 1] = 2EIMT
n
B[] = Prly; = 1] = 22121
n
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2E|B
E[Z;] = Pr[Z; = 1] = B2
n
Thus,
2 - E|M
E[X]: r ‘ |,
n
2r-E|B
Bly| = 2 BB
n
2r-E|B
g[z) = 2 BB,

Then, using Chernoff bound, we obtain

Pr(|X — E[X]| > \/6 E[X]logn] < 2exp (GE[X“g”) 2

3E[X] n2’
Pilly - B[Y]| > VOB Tiogn] < 20 ( “HL2E) = 2
Pr(|Z ~ E[Z]| > \/6E[Z]logn] < 2exp (W) 2

Therefore, with a probability of 1 — 2/n?,

nX n_o n(E[X] £ /6 E[X]logn) n

'MM/:?_Mogn 2r _2logn
_E|M|— n_. 3nE|M'|logn
2logn 2r
E|M'
_EM| - " [RER
210gn 4]og n
_E|M|— n n

2logn ~ 2logn’

By repeating the same argument for Y and Z, we get

n n
CE|B| - "
KB, |51 2logn = 2logn
n n
M32€E|BQ|_

2logn ~ 2logn’
Plugging (3.17) in the bounds obtained above implies

1 1 1 1
() = |9+ (1= P+ oo (1= DM+ g

1 1

1 1
< M 1-)E|M |+ —=E|Bi|,(1 -2 M|+ —
< max | |M]+ (1= D BIM+ B IR (- I+

< w(@).

(Since r = 6log® n)

E|Bz|}

73
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On the other hand, we have

[ 1 1 1 1
(s i) = ||+ (1= Dae + o (1= DM+ |
i 1 n 1 n 1 n
> M 1- )N E|M'| - —(E|B1| — 1—7M E|B
> ma | [M] + (1= (1M o )+ - (B|By 1ogn>< M|+ 5 (B|Bal — )
2
> max \M|+(1—7)E|M’|+ E|Bl\( |M|+ Equ— "
logn
2
> 0.5109 - pu(G) — —
logn
which completes the proof. O

Running Time Analysis

For the analysis of the running time, we use a crucial property of random greedy maximal matching algorithm

that was proved recently in [148].

Proposition 3.2.10 (Lemma 5.14 of [148]). Let Q(v) be the expected number of times that the ora-
cle queries an adjacent edge of v if we start the oracle calls from a random vertex, for a random per-

mutation over the edges of the graph G when running random greedy mazimal matching. It holds that

Q(v) = O(degg(v)/|V (G))).

Proposition 3.2.11 (Corollary 5.15 of [148]). Let T'(v) be the expected time needed to return a random
neighbor of vertex v. Then, the expected time to run the random greedy maximal matching oracle for a

random vertex and a random permutation in graph G is 3, cy () O(T (v) - deg (v)/[V (G)]).
Lemma 3.2.12. Algorithm 13 runs in O(d(G) - \/n) time in expectation.

Proof. Without loss of generality, we assume that |V \ V(M)| = Q(n); otherwise, Algorithm 12 does not
need to execute Algorithm 13, as the estimate from Algorithm 14 suffices.

The proof consists of two parts: first we show that line 6 of the algorithm can be implemented in 6(J(G))
expected time, and then we prove that line 8 of the algorithm can be implemented in O(d(G) - /n) expected
time.

For the first part, let G’ = G[V \ V(M)] and let v be a vertex in G”. In the adjacency list of v in the
original graph, which contains degq(v) elements, only deg.. (v) of them are neighbors in G”. Thus, to find
a neighbor in G”, we need to randomly sample T'(v) = degq(v)/ degean (v) elements from v’s adjacency list
in expectation. Consequently, using Proposition 3.2.11, the expected time required to execute the random

greedy maximal matching oracle for a randomly chosen vertex and permutation in G” is

= (T(0) - degen(0) ~ / (degg (v)/ deggn (1) - deggp (v)
2 O( V") > 2 O( V(e )

veV(G") veV(G")

- 3 o(wiem) -0 (wiem) -0 (wiay) - 0

veV(G')

In the algorithm, we choose a permutation 7 and run the random greedy maximal matching for r = 6( 1)

randomly chosen vertices. By linearity of expectation, the expected running time of the first part is O(d(G)).
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We prove the second part in a few steps. As a first step, for simplicity, assume that we have access to the
adjacency list of G} and there is no need to run nested oracles. Then, using Proposition 2.2.4, the expected
running time of line 8 is bounded by O(d(G})) for r = O(1) random permutations and random vertices.

Now, suppose that we have access to the adjacency list of G’ = G[V \ V(M)] instead of G}. By

Proposition 3.2.11, the total expected runtime of the outer (b-matching) oracle is

O [ D Touter (v) - degey (0)/IV(G)] ] -

veG)

where Tyouter(v) is the expected time needed to find a random neighbor of v in G. To find such a neighbor,
we sample neighbors w of v in G” and check whether w is matched in M’ using the inner oracle. The
expected number of these checks until a vertex w with (v,w) € E(G}) is found is O(degg (v)/ degg: (v)).
The expected cost of each check is E:(y,w)e £(G) [COStinner (w)], Where costinner (w) is the runtime of invoking

the inner oracle to check if w is matched in M’. Putting this together, the expected total runtime is

~ Z’UGG/ TOUter(v) ' degG” (U) deg " U Zw: vw)EE(G! COStinner(w)
(= =)o\ X e dei ()

0]
[V(GY)] degG, v) deg i (v)

= <|V G/ | Z COStlnner degG//( ))

EG//
~ COStinner(w)
=0 E —————— - degan
(weG,, vienr e (“’)>

Lemma 3.2.5 X
= 0 (\/ﬁ . EwEG” [COStinner(w)])

Proposztwn 3.2. 11 1
0 (Vi 3 )T 7

veG"’

where Tinner(v) is the expected time needed to find a random neighbor of v in G”. Under our assumption

of having access to the adjacency list of G, Thuner(v) = O(1) and thus we can finish bounding with O(y/7 -
d(G") = Oy - d(G)).

Now we lift the assumption of having access to the adjacency list of G”. This means that, similarly as

in the first part, we need to sample Tinner(v) = dege(v)/ degen (v) vertices from the adjacency list of v in

expectation (checking if a vertex is matched in M is done in O(1) time). Then the total bound becomes

5 degg(v) 1 5 EG)]N _ 5 ;

veG! degG” (U)

Also Touger(v) increases by degg(v)/ degg, (v), which increases the total runtime only by
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Lemma 3.2.13. Algorithm 14 runs in O(d(G)) time in ezpectation.

Proof. Tt is enough to show that it takes O(d(G)) time to run the algorithm of Proposition 2.2.4 (the b-
matching oracle) for each sampled vertex and permutation, as we have r = 6(1) We repeat the same
arguments as in the proof of Lemma 3.2.12.

Let v be a vertex in the graph G, = G[V(M),V \ V(M)]. Note that in the adjacency list of v in
the original graph, which contains deg(v) elements, only deggy (v) of the elements are neighbors in GY,.
Thus, we need to randomly sample T'(v) = degq(v)/ degg, (v) elements of the adjacency list of v to find a
neighbor in G%. Recall that we can check whether a vertex is matched in M in O(1) time. Therefore, using
Proposition 3.2.11, the expected time needed to run the random greedy maximal matching for a random

vertex and permutation in G is

~ (T(v) - degg, (v)> ~ ((dega(v)/ deggy (v)) - deggy, (v))
O ———2%")=%"0
2 ( V(G5)| ;e\:/ n

veV(GY)

-y 6 (dgg“> iy ('E<G>') — Od(G).

n
veV

Lemma 3.2.14. Algorithm 12 runs in O(n\/n) time with high probability.

Proof. By Claim 3.2.4, the sparsification step takes O(ny/n) time. Also, by Lemmas 3.2.12 and 3.2.13,
Algorithms 13 and 14 run in O(d(G) - v/n) and O(d(G)) expected time, respectively. To establish a high
probability bound on the time complexity, we execute O(logn) instances of the algorithm in parallel and
halt as soon as the first one completes. By applying Markov’s inequality, we deduce that each individual
instance terminates within 6(n\/ﬁ) time with constant probability. As a result, with high probability, at

least one of these instances finishes within 5(11\/77) time. This concludes the proof. O
Now we are ready to prove the final theorem of this section.

Theorem 3.2.15. There exists an algorithm that, given access to the adjacency list of a bipartite graph, esti-
mates the size of the mazimum matching with a multiplicative-additive approzimation factor of (0.5109, 0(n))
and runs in O(ny/n) time with high probability.

Proof. By Lemma 3.2.9, Algorithm 12 achieves multiplicative-additive approximation of (0.5109,0(n)).

Moreover, the running time of Algorithm 12 is O(n/n) with high probability by Lemma 3.2.14. O

3.2.3 Algorithm for General Graphs

The following is an analogue of Lemma 3.2.8 for general graphs.

Lemma 3.2.16. In a general graph G, let M, M’, By and Bs be as in the description of Algorithm 12.
Then
(1 —¢e)max [|[M|+ E[u(M'U By)],E[u(M U By)]] > 0.5109 - u(G).

Proof. The proof proceeds as that of Lemma 3.2.8, with the following modifications:
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e we invoke the second rather than the first part of Lemma 3.2.7 to obtain analogues of inequalities
(3.15) and (3.16), i.e., instead of lower-bounding [M| + (1 — 3)|M’| + 7 |Bi|, we lower-bound |M| +
E[(M' U By)], and instead of lower-bounding (1 — 3)|M| + 7%|Ba|, we lower-bound E[u(M U By)],

e the (1 — ¢) factor on the left-hand side of the statement can be folded into the O(e) term in ~ at the

end of the proof, for small enough ¢.

O

In this section, we show how to extend our algorithm to work for general graphs. The main difference
between bipartite and general graphs is that the estimate based on the sizes of |M|, |M’|, |B1|, and |Bs| is
insufficient to achieve a 0.5109 approximation guarantee. In Lemma 3.2.16, we show that we can achieve
this approximation ratio by estimating u(M U By) and p(M’ U By). More formally, to produce pq and po in
Algorithm 12, we use |M|+ u(M’ U B;) and u(M U Bsy), respectively. Also, Algorithm 13 and Algorithm 14
output u(M’ U Byq) and u(M U Bsy), respectively.

In both Algorithm 13 and Algorithm 14 we have access to oracles that can return whether a vertex is
matched in M’, By, or By for a fixed permutation w. These oracles can also be used to return the edge
of the matching if the vertex is matched, which is a corollary of Proposition 2.2.4 since the algorithm of

Proposition 2.2.4 can be also used to return the edge of the matching.

Lemma 3.2.17. For a vertex v, there exists an algorithm that returns the edges of v in M’ and By in
O(d(G) - /n) expected time.

Proof. The proof follows from Lemma 3.2.12 and the fact that the algorithm in Proposition 2.2.4 can return

the edge of the matched vertex in the same running time. O

Lemma 3.2.18. For a verter v, there exists an algorithm that returns the edges of v in M and Bs in
O(d(G)) expected time.

Proof. If v is matched in M, we can return the edge in O(1) time since we have access to this maximal match-
ing. The rest of the proof follows from Lemma 3.2.13 and the fact that the algorithm in Proposition 2.2.4

can return the edge of the matched vertex in the same running time. O

Local computation algorithms (LCA) is a model of computation, also motivated by large data sets, in
which the algorithm is not expected to produce the entire output at once. Instead, the algorithm is queried
for parts of the output, and must produce a consistent and approximately optimal output. We use the

following local computation algorithm (LCA) by [144] to design our algorithm.

Proposition 3.2.19 ([144]). There exists a (1 — e)-approximate local computation algorithm for mazimum
matching of graph G in 6(A(G)1/52) time with access to the adjacency list of G.

Now we prove the main technical part of this section that can be used to estimate u(M’' U B;) and
/L(M U Bg)

Lemma 3.2.20. Let H be a subgraph of graph G. Suppose that H is the union of a constant number of
random greedy mazximal matching on different subsets of vertices. Also, we have oracle access to edges of
random greedy maximal matching. We can query a vertex to obtain the matching edge of verter v in 6(T)
expected time. Moreover, the mazimum degree of H is constant. Then, there exists a (1 — &)-approzimate

algorithm that estimates the size of the mazimum matching of H in 5(T) expected time.
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Proof. We run the algorithm of Proposition 3.2.19. Each time the algorithm visits a new vertex u, we first
query all the constant number of oracles for random greedy maximal matching to get the adjacency list of u
in H. If the algorithm in Proposition 3.2.19 made uniform queries to the oracle, then we could conclude the
proof since A(H) and ¢ are constant. However, note that queries to the oracles are not independent and we
have an expected time guarantee on the running time of the oracles. So it is possible that the way that the
algorithm of Proposition 3.2.19 works might result in making biased queries to oracles.

Let L(u, ) be the set of vertices the algorithm of Proposition 3.2.19 visits when we run the algorithm for
vertex u and we use permutation 7 for random greedy maximal matchings of the subgraph H. Let F(u,7)
be the running time of the oracle for vertex u and permutation 7. Also, let L(u,7) be the running time of
the algorithm of Proposition 3.2.19 on vertex w using permutation 7 for random greedy maximal matchings.

Hence, we have

' EF(v,m
E . Fuwn) =33 Y n[é@)']‘

T u vel(u,m)

Further, the algorithm in Proposition 3.2.19 explores the local neighborhood of a vertex to answer each

1/e3

query. Therefore, if two vertices w and z are at a distance greater than A(H)'/¢", the algorithm does not

visit z when answering a query for w. Thus,

B, [F ()] < 3 3 agm (200 EEW.]

‘n-|[EG)!
_ INUIRGE E[F (v, m)]
— ) ). ZW: Z S
<O(T),

where the first inequality follows by the fact that each vertex has at most A(H) (A(H)l/ss) neighbors in H
within a distance of A(H)Y ¢*_and the last inequality because A(H) and ¢ are constants. Therefore, even
with the biased queries, we can implement Proposition 3.2.19 on subgraph H in 6(T) time, which completes
the proof. O

Lemma 3.2.21. There exists an algorithm that outputs a (1 — &)-approximate estimation of the value of
(M U By) in O(d(G)) expected time.

Proof. The proof follows by plugging Lemma 3.2.18 into Lemma 3.2.20 and running the algorithm for r

samples. O

Lemma 3.2.22. There exists an algorithm that outputs a (1 — €)-approzimate estimation of the value of
w(M’' U By) in O(d(G) - \/n) expected time.

Proof. The proof follows by plugging Lemma 3.2.17 into Lemma 3.2.20 and running the algorithm for r

samples. 0

Theorem 3.2.23. There exists an algorithm that, given access to the adjacency list of a graph, estimates
the size of the maximum matching with a multiplicative-additive approzimation factor of (0.5109,0(n)) and

rUNS in 5(n\/ﬁ) time with high probability.
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Proof. By Lemma 3.2.16 and a Chernoff bound similar to Lemma 3.2.9, we achieve a multiplicative-additive
approximation of (0.5109, o(n)). Moreover, the expected running time is O(ny/n) by Claim 3.2.4, Lemma 3.2.21,
and Lemma 3.2.22. To establish a high probability bound on the time complexity, we execute O(logn) in-
stances of the algorithm in parallel and halt as soon as the first one completes. By applying Markov’s
inequality, we deduce that each individual instance terminates within O(ny/n) time with constant probabil-
ity. As a result, with high probability, at least one of these instances finishes within O(n+/n) time. This

concludes the proof. O

3.2.4 Multiplicative Approximation

In this section, we show that we can achieve a multiplicative approximation guarantee by slightly increasing
the number of samples in Algorithm 13 and Algorithm 14. First, we prove a simple lower bound for the size

of the maximum matching of a graph based on its maximum and average degree.

Claim 3.2.24. For any graph G, it holds that u(G) > nd(G)/(4A(Q)).

Proof. Any graph with a maximum degree of A(G) can be colored greedily using 2A(G) colors. Furthermore,
the edges of each color create a matching. Thus, we have u(G) > |E(G)|/(2A(G)). Combining with

|E(G)| = nd(G)/2, we can conclude the proof. O

The goal is to obtain a multiplicative approximation guarantee of (0.5109 — £)u(G). It is important to
note that if any of |M|, |M’|, |B1|, or |Bz| is not a constant fraction of the others, it can be omitted from
the equation in the statement of Lemma 3.2.8 without affecting the approximation by more than a function
of . Thus, without loss of generality, we can assume that |[M| = Q(u(G)), |M'| = Q(u(G)), |B1] = Q(u(G)),
and |Bz| = Q(u(G)). Consequently, using Claim 3.2.24 and as an application of Chernoff bound, we can use
O-(A(G)/d(@)) samples in Algorithm 13 and Algorithm 14 to obtain multiplicative estimation of p, (5, ,
and ppg,.

By Lemma 3.2.12, Algorithm 13 runs in O(d(G)-/n) time when we have r = O(1) samples. By increasing
the number of samples to O.(A(G)/d(G)), the running time of Algorithm 13 increases to O(A(G) - \/n).
Moreover, by Lemma 3.2.13, Algorithm 14 runs in O(d(G)) time when we have r = O(1) samples. By
increasing the number of samples to O, (A(G)/d(G)), the running time of Algorithm 14 increases to O(A(G)).
Therefore, the total running time of the algorithm is within 6(71\/5)

Finally, we can obtain the degree of each vertex in the graph using binary search. Therefore, we can

assume that we have access to A(G) and d(G) by spending O(n) time. Thus we get:

Theorem 3.2.1. There exists an algorithm that, given access to the adjacency list of a graph, estimates
the size of the mazximum matching with a multiplicative approximation factor of 0.5109 and runs in 5(n\/ﬁ)

time with high probability.

3.2.5 Algorithm with Access to the Adjacency Matrix

In this section, we use a simple reduction to show that with a small modification, our algorithm can be
adapted to the setting where we have access to the graph’s adjacency matrix. A slightly different version of
this kind of reduction appeared in previous works on sublinear time algorithms for maximum matching [34,
43].
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It is important to note that obtaining a constant-factor multiplicative approximation is impossible when
the algorithm only has access to the adjacency matrix of the graph. This is because if the graph is guaranteed
to contain either a single edge or be completely empty, any algorithm would require 2(n?) adjacency matrix
queries to distinguish between these two cases. Consequently, we allow the algorithm to have an additive
error of o(n) in addition to the multiplicative approximation ratio.

We build an auxiliary graph H with the following vertex set and edge set:

e Vertex set: V(H) contains n + 2 disjoint sets of n vertices Vi, Vs, and Uy, ..., U,. Each V; is a copy

of the vertices of the original graph. Each U; contains nlog?® n vertices.

e Edge set: For each vertex v € V1, the i-th neighbor of v is the i-th vertex in V; if (v,i) € E(G), and
otherwise it is the i-th vertex in V5. Similarly, for each vertex v € V,, the i-th neighbor of v is i-th
vertex in V3 if (v,4) € E(G), and otherwise it is the i-th vertex in Vi. Also, each v € V3 is connected
to all vertices of U,. As a result, the degree of each vertex in Uy UUyU...UU, is 1, the degree of each

vertex in Vj is n, and the degree of each vertex in V; is n+nlog? n. Therefore, we have A(H) = O(n).

Because of the way we constructed the graph, it is not hard to see that we can find the i-th neighbor of

the adjacency list of each vertex in H using only a single query to the adjacency matrix of G.

Observation 3.2.25. For each vertex v in graph H, the i-th neighbor of H can be found using at most a

single adjacency matriz query in G.

Proof. If i > degy(v), we can simply certify this since the degree of each vertex in H is determined by the
vertex set to which v belongs. If v € Uj, then the only neighbor of v is j in V5. If v € Vi, we make an
adjacency matrix query for (v,4), and based on the result, the i-th neighbor is either vertex ¢ in V; or in V5.
A similar procedure applies for v € V5 when i < n. If i > n for v € V5, we return the (i — n)-th vertex in
U,. O

Modification to the algorithm: Since the graph contains (:)(n2) vertices, we cannot afford to apply the
sparsification step to all vertices. However, vertices in Uy U ... U U, have degree 1. Therefore, we apply the
sparsification step only to vertices in V; and V5. Since we have |V} |+|Va| = 2n, we can apply the sparsification
for these sets in 5(n\/ﬁ) time. We first iterate over the vertices in V5 and apply the sparsification step, and
then we apply it to the vertices in V;. This ordering ensures that most vertices in V5 get matched to vertices

in U; U...UU, in this step, which is desirable for our application.

Claim 3.2.26. After the sparsification step, each vertex in Vo is matched by M with high probability. More-

over, at most n/logn vertices in Vo are matched to vertices in Vi U Vo with high probability.

Proof. Note that we first process the vertices in V5. At the time we process a vertex v € V5, it has at least
nlog?n neighbors due to its neighbors in U,. Since, after sparsification, each vertex must have a degree of
O(y/n) with high probability by Lemma 3.2.5, all vertices in V5 will be matched with high probability.
Additionally, at the time we process a vertex v € Vb, it has nlog2 n unmatched neighbors in U,. On
the other hand, it has at most n neighbors in the rest of the graph. Thus, with a probability of at most
1/ log® n, it gets matched to a vertex outside U,. Therefore, in expectation, at most n/ log? n vertices in V5
are matched to vertices in V3 UV;. Using the Chernoff bound, we can conclude that at most n/logn vertices

in V4 are matched to vertices in V; U V5 with high probability. O
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Equipped with this reduction, we can now simply run the rest of the algorithm for vertices in V;. The
only difference is that we exclude the edges of M that lie between V5 and U; U...U U, in the estimation.
Additionally, in the final estimation, the algorithm returns the previous estimate minus n/logn, accounting
for the vertices in V5 that are not matched within V3 UV4, which introduces an additional o(n) additive error.

Thus we obtain:

Theorem 3.2.2. There exists an algorithm that, given access to the adjacency matriz of a graph, estimates
the size of the mazimum matching with a multiplicative-additive approxzimation factor of (0.5109,0(n)) and
runs in O(n\/n) time with high probability.

3.3 A Slightly Better Than 2/3-Approximation Algorithm Sub-

linear Time

In this section, we present two algorithms that run in strictly sublinear time of n2~2(1) with larger approx-
imation ratio. Our first result is an algorithm that works on general (i.e., not necessarily bipartite) graphs
and obtains an (almost) 2/3-approximation. This significantly improves prior close-to-1/2 approximations

of previous sections and result of [34].

Theorem 3.3.1. For any fized € > 0, there are algorithms for approximating the mazimum matching

size of any (general) n-vertex graph that take n?=2() time and obtain
o a multiplicative (2/3 — €)-approzimation in the adjacency list model, and

o a multiplicative-additive (2/3 — €, o(n))-approzimation in the adjacency matriz model.

Our next result gives a subquadratic time algorithm that indeed breaks 2/3-approximation provided that

the input graph is bipartite.

Theorem 3.3.2. There are algorithms for approximating the mazximum matching size of any bipartite

Q(

n-vertex graph that take n®>=M) time and obtain

o a multiplicative (2/3 + Q(1))-approzimation in the adjacency list model, and

o a multiplicative-additive (2/3 + (1), o(n))-approzimation in the adjacency matric model.

3.3.1 Technical Overview

An (Almost) 2/3-Approximation via EDCS: The edge-degree constrained subgraph (EDCS) intro-
duced by Bernstein and Stein [51, 50] has been a powerful tool in obtaining an (almost) 2/3-approximation
of maximum matching in various settings including dynamic algorithms [51, 50], communication complexity
[16], stochastic matchings [16], and (random order) streaming [47, 15]. In this work, we use it for the first
time in the sublinear time model. In particular, both Theorems 3.3.1 and 3.3.2 build on EDCS.

For a parameter 8 (think of it as a large constant), a subgraph H of a graph G is a S-EDCS of G
if (P1) all edges (u,v) in H satisfy degy(u) + degy(v) < S and (P2) all edges (u,v) € G\ H satisfy
degy (v)+deggy (v) > (1—¢)B. The main property of EDCS, proved first by [51, 50] and further strengethened
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in [16, 33], is that for any 8 = Q(1/¢), any S-EDCS includes a (1—0(¢))2/3 approximate maximum matching
of its base graph G.

It is not hard to see that finding any B-EDCS of the whole input graph G requires 2(n?) queries.’
Therefore, instead, we first sub-sample some p = 1/n? fraction of the edges (or pairs in the adjacency matrix
model) of G for some fixed § > 0 in O(n?p) = n?>~ 1) time and construct an EDCS H over those edges.
Building on an approach of Bernstein [47] in the random-order streaming setting, this can be done in a way
such that at most O(u(@)/p) = n221) edges in the whole graph G remain underfull, i.c., those that do
not satisfy property (P2). The union of the set U of underfull edges and the EDCS H can be shown to
include an (almost) 2/3-approximation. The next challenge is that we do not have the set U. However,
to estimate the maximum matching of H U U, it suffices to design an oracle that upon querying a vertex
v, determines whether it belongs to an approximately optimal maximum matching of H U U and run this
oracle on a few randomly sampled vertices. To do so, we build on a local computation algorithm (LCA)
of Levi, Rubinfeld, and Yodpinyanee [144] (which itself builds on a result of Yoshida, Yamamoto, and Ito
[176]) that takes poly.(A) time to return if a given vertex v belongs to some (1 — ¢)-approximate matching
of its input graph, where here A is the maximum degree. Modifying H U U by getting rid of its high-
degree vertices, we show the algorithm of [144] can be used to (1 — &)-approximate the size of the maximum
matching of H UU in O(n'*9/ 62) time. Picking § sufficiently small, we arrive at an algorithm that obtains

a (2/3 — )-approximation in n2~% () time.

Going Beyond 2/3-Approximations: It is known that the (almost) 2/3-approximation analysis for
EDCS is tight. That is, there are instances on which the EDCS does not include a better than 2/3-
approximation. However, a characterization of such tight instances of EDCS was recently given in the work
of Behnezhad [32] that we use in beating 2/3-approximation. Consider a S-EDCS H, for sufficiently large
constant 3, that does not include a strictly better than 2/3 approximation of (2/3 + ¢)-approximation for
some small & > 0. The characterization divides the vertices into two subsets V,;4 and Vj,, depending
on their degrees in H. Then shows that there must be an (almost) 2/3-approximate matching M in the
induced bipartite subgraph G[Vinia, View] that is far from being maximal. Namely, it leaves an (almost)
1/3-approximate matching in G[V'\ M] that can be directly added to M. Interestingly, this characterization
coincides with our lower bound construction! The set V,,;4, here, corresponds to the set AU B in the lower
bound and the set Vj,, corresponds to S. This essentially reduces the problem to showing that our lower

bound construction can indeed be solved in n2=%(1)

time for all choices of the degree d.

Here we show why our lower bound construction fundamentally cannot lead to a better than n/n time
lower bound. Indeed the ideas behind our algorithm for Theorem 3.3.2 are very close. First, suppose that
d < y/n. In this case, we can random sample a vertex in A and examine the A/B value of each of its d
neighbors in total O(nd) = O(n+/n) time to see if it has any A neighbors, thereby solving the instance. So
let us suppose that d > /n. Now in this case, we can first sample a vertex v in A and list all of its AU B
neighbors in O(n) time. Since the vast majority (i.e., all but one) of the neighbors of v go to B, we have
essentially found d vertices in B in O(n) time. Repeating this ©(n/d) times, we find all of the B vertices
in total O(n?/d) = O(n+/n) time. We note that the final running time of our algorithm in Theorem 3.3.2

is only n?~2<(1) and not O(n/n) since the bottleneck is in finding the EDCS and estimating the maximum

5In fact, finding the edges of any constant approximate matching requires Q(n?) time. Our focus is on estimating only the
size of the maximum matching.
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matching size of H U U as discussed above. For a more detailed high level overview of the algorithm, see
Section 3.3.3.

3.3.2 An (Almost) 2/3-Approximation

Throughout this section, we introduce an algorithm that achieves an almost 2/3 approximation in sublinear
time in both the adjacency list and matrix models, thereby proving Theorem 3.3.1. Specifically, we prove

the following theorems, which further formalize Theorem 3.3.1 of the introduction.

Theorem 3.3.3. For any constant € > 0, there exists an algorithm that estimates the size of the maximum
matching in O-(n>=<") time up to a multiplicative-additive factor of (2 — ¢,0(n)) with high probability in

both adjacency matrix and adjacency list model.

Theorem 3.3.4. For any constant € > 0, there exists an algorithm that estimates the size of the mazimum
matching in O, (n2’€3) time up to a multiplicative factor of (% — &) with high probability in the adjacency list

model.

One key component of our algorithm is the edge-degree constrained subgraph (EDCS) of Bernstein and
Stein [51]. An EDCS is a maximum matching sparsifier that has been used extensively in the literature
on maximum matching in different settings such as dynamic and streaming. It is known that an EDCS
contains an almost 2/3-approximation of the maximum matching of the original graph. Formally, we can
define EDCS as follows:

Definition 3.3.5 (EDCS). For any A <1 and § > 2, subgraph H is a (8,(1 — X\)B)-EDCS of G if
e (Property P1:) for all edges (u,v) € H, degp(u) 4+ degy(v) < B, and
e (Property P2:) for all edges (u,v) € G\ H, degy(u) + degy(v) > (1 — N)5.

We use a more relaxed version of EDCS in our algorithm that first appeared in the literature on random-
order streaming matching [47]. Let H = (V, Eg) be a subgraph of G such that it satisfies the first property
of the EDCS (P1) in Definition 3.3.5 for some 8 = O(1), and Ep be the set of all edges of G that violate
the second property of EDCS (P2). It is possible to show that the union of Ey and Ey contains an almost

2/3-approximation of the maximum matching of the original graph.

Definition 3.3.6 (Bounded edge-degree). A graph H has a bounded edge-degree (3 if for each edge (u,v) € H,
we have degy (u) + degy (v) < B.

Proposition 3.3.7 (Lemma 3.1 of [47], (Relaxed EDCS)). Lete € [0,1/2) and X, B be parameters such that
A< 355, B > %&,UA). Let H = (V,Eg) be a subgraph of G with bounded edge-degree 3. Furthermore,
let H = (V,Ey) be a subgraph that contains all edges (u,v) in G such that degy (u) + degy(v) < (1 — A)B.

Then we have u(H U H) > (3/2 —€) - u(G).

An Informal Overview of the Algorithm: In the next few paragraphs, we give an informal overview

so the readers know what to expect. Algorithm 15 consists of two main parts. Let H initially be an empty

1—¢3

subgraph. First, in n3? + 1 rounds (8 is the parameter of EDCS), we sample n pairs of vertices in

the graph (in the adjacency list model, we sample § edges). After sampling in each round, we update the
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Table 3.1: Subgraphs considered by algorithms in Sections 3.3.2 and 3.3.3.

84

Variable

Definition

Intuition

H

See Algorithm 15

Relaxed EDCS

GUnsampled

Edges not sampled by Algorithm 15

p(GUmsemIed) > (1 - 26)u(G)

Unsampled low H-degree edges

U See Algorithm 15
(violating P1)

We can estimate p(G’), and also

G’ G'=(V,Eyg UEy)
1(G’) is a 2/3-approx of u(G)
Subgraph that contains 2/3-approx

G// GH = G/[Vzowv szd} srap / PP

matching and is far from being maximal
G[A] A=V5ia \ V(M) Edges in G[A] can augment p(G")

G[Vimia \ V (M} )]

M, ;; defined in Algorithm 17

G[Vinia \ V(MY 3)] is non-trivially sparse

GMap

k ari
GMAB = (Vmid’ Ui MAB)

defined in Algorithm 17

Helps to augment G” or remove

vertices of V9 \ A in case 3
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bounded edge-degree subgraph H. For each edge (u,v), if the degy(u) 4+ degy (v) < (1 — A)S3, we add it to
H. This change can affect the bounded edge-degree property of H. In order to avoid this issue, we iterate
over incident edges of (u,v) to remove edges with degree more than 5. Note that at most one neighbor of
each u and v will be deleted after this iteration. Since 8 = O(1), this part can be done in 5(n2’53) time.
Furthermore, since we have chosen enough random edges, the number of unsampled edges in the graph that
violate Property (P2) of the EDCS is relatively small. Note that when we remove edges to fix Property
(P1), it is possible that an edge that was previously sampled but rejected due to the high H-degree, now
has a lower H-degree and thus violates Property (P2). However, in the analysis, it will be sufficient to
consider only unsampled edges that violate Property P2. More specifically, we show that the total number
of unsampled violating edges is O(nl<").

Note that the union of approximate EDCS H and unsampled violating edges preserves an almost 2/3-
approximate maximum matching of the original graph since most of the edges of the graph are unsampled
and the unsampled subgraph itself, contains a large matching. Hence, we can apply Proposition 3.3.7
to the union of H and all unsampled violating edges. Also, graph G’ = (V, Ep, Ey) has a low average
degree. Hence, it remains to estimate a (1 — ¢)-approximate matching of graph G’ that has a low average
degree. For this part, we use the 55(A1/ 62) time local computation algorithms (LCA) of Levi, Rubinfeld, and
Yodpinyanee [144] which itself builds on the sublinear time algorithm of Yoshida, Yamamoto, and Ito [176].
In local computation algorithms, the goal is to compute a queried part of the output in sublinear time. One
challenge here is that we do not have access to the adjacency list of graph G’ to use the algorithm of [144]
as a black box. We slightly modify this algorithm to run in 55(nA1/ 62) with access to the adjacency matrix
or the adjacency list of the original graph G. Furthermore, since this algorithm works with the maximum
degree, we eliminate some high-degree vertices by losing an additive error. In what follows, we formalize the

intuition given in previous paragraphs.

Proposition 3.3.8 ([144]). There exists a randomized (1 — €)-approzimation local computation algorithm

for mazimum matching with running time 65 (Al/gz) using access to adjacency list.

Lemma 3.3.9. Let G’ be a subgraph of graph G. Also, let A be a local computation algorithm for maximum
matching in G' with running time O(T) using access to the adjacency list of G'. There exists an algorithm
with exactly the same approximation ratio that runs in O(nT') time with access to the adjacency matriz or

the adjacency list of G.

Proof. Since algorithm A runs in O(T') time, it visits at most O(T') vertices in the graph. For each of these
vertices, we can simply query all their edges in G’ using O(n) time having access to the adjacency matrix or
the adjacency list of G. Therefore, for each vertex that A visits, we can construct the adjacency list of the

vertex by spending O(n) time. O

Corollary 3.3.10. Let G’ be a subgraph with mazimum degree A of graph G. There exists a local computation
algorithm for that for a given vertex v, determines if it is in the output of a (1 — €)-approzimate maximum

matching of G' with a running time 5E(nA1/52) with access to the adjacency matrix or the adjacency list of

G.

Proof. The proof follows by combining Proposition 3.3.8 and Lemma 3.3.9. O
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Algorithm 15: A 2/3-Approximate Matching Algorithm in Adjacency List and Matrix

1 Parameter: ¢.

1—€ e 161og(1/)) 2 3
20+n s H 0, XN 355, B =352, T < nf® + 1, r < 36log” n.
g foriinl...T do

4 Sample § pairs of vertices and query if there is an edge between them (in the adjacency list
model, sample 0 edges). Let Fg be the set of sampled edges.

5 Run the Algorithm 16 on Eg for one epoch to update H.

6 if subgraph H did not change in this iteration then break;

7 Let Ey = {(u,v)|(u,v) € E,degy(u) + degy(v) < (1 — A)S}.

8 Sample r vertices vy, ...v, from V with replacement.

9 Let X, be the indicator if vertex v; is in the solution of maximum matching of graph
G' = (V, Eg U Ey) up to a multiplicative-additive factor of (1 — ) using the algorithm of
Lemma 3.3.14.

r ~ nX n
10 Let X <>, 1 Xj and i< %5+ — 570

11 return .

Algorithm 16: Algorithm of [47] on Eg for One Epoch to Update H.

1 for (u,v) in Eg do

2 if degy(u) 4+ degy(v) < (1 — A)S then
3 H + HU (u,v)

4 for (u,w) in Ng(u) do

5 if degy(u) + degy(w) > 5 then
6 Remove edge (u,w) from H.
7 break.

8 for (v,w) in Ng(v) do

9 if degy(u) + degy(w) > 5 then
10 Remove edge (u,w) from H.
11 break.

We use the same argument as [47] to show that the average degree of violating unsampled edges is low.
The only difference here is that in each epoch, we have 5(n1*53) sampled edges but the algorithm of [47]
use 6(71) sampled edges which causes us to get weaker bound on the average degree. First, we rewrite a
useful lemma from [47] that also holds in our case which shows that in one of T' epochs of Algorithm 15 the

subgraph H does not change and the algorithm breaks the loop in Line 3.

Lemma 3.3.11 (Lemma 4.2 of [47]). Let 8 > 2 and H = (Vi, Ey) be a subgraph with no edges at the

beginning. An adversary inserts and deletes edges from H with the following rules:
o delete an edge (u,v) if degy (u) + degy (v) > 3,
o insert an edge (u,v) if degy(u) + degg(v) < (1 —N)B.

Then after at most nf3? insertions and deletions, no legal move remains.
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Note that in the original version of this lemma in [47], the constraint for insertion rule is degy(u) +
degy (v) < B — 1, but essentially the same proof carries over without any change. Therefore, the same n/3?
bound still holds for this weaker version. By Lemma 3.3.11, in at least one of T' rounds of Algorithm 15, the
subgraph H remains unchanged and the algorithm exits the loop in Line 3. Next, we prove that after the
algorithm exits in Line 3 because of no change in H, the number of remaining unsampled edges that violate
the second property of EDCS (P2) is small. (The proof of this lemma is similar to Lemma 4.1 of [47].)

Next, after the algorithm exits the loop in line 3 because of no change in H, the number of remaining
unsampled edges that vaiolate the second property of EDCS (P2) is small. Assume that the algorithm sample
p fraction of edges of the original graph at random and constructs the bounded edge-degree subgraph H.
Behnezhad and Khanna [38] (see Claim 4.16 of the paper) proved that the number of unsampled violating
edges is at most O(u(G) - B2 -logn/p). In our case, p = O(3%/n%") by the choice of & and T. We restate the

lemma with this specific p.

Lemma 3.3.12. Let H = (V, Ey) be the subgraph consisting of violating unsampled edges in Line 7 of
Algorithm 15. Then we have |Ey| = O(u(G) ne - log n) with probability at least 1 —1/nS.

Claim 3.3.13. Let Eg be the set of sampled edges in Line 4 of Algorithm 15. Then running the Algorithm 16
for one epoch to update H can be done in Oe(n1_53) time. Moreover, the whole process of constructing H

takes Og(n2753) time in both adjacency lists and matriz models.

Proof. Since Algorithm 15 samples at most § = n'= pairs of vertices, we have |[Eg| = O(n!=="). Algo-
rithm 16 iterates over the edges one by one in each epoch and adds edge (u,v) to H if degy(u) 4+ degy (v) <
(1 —X)B. Adding this edge can cause incident edges of u and v to have a degree higher than § in H. In
order to remove those edges, we iterate over edges of u and v in H and remove the first edge with a degree
higher than . This can be done in O(8) since each vertex has at most 8 neighbors. Thus, the running
time of each epoch is O(n1*€3ﬁ) = Og(n1*€3). Since we have O(nf3?) epochs, the total running time is
O(n2=<°8%) = 0.(n*==") by our choice of 3. O

Lemma 3.3.14. Let G’ = (V,Eg U Ey) be as defined in Algorithm 15. Then there exists a (1 — ¢)-
approzimation LCA algorithm for mazimum matching of G' with O, (n2753) preprocessing time and O, (ntte)

additional time per query.

Proof. Combining Lemma 3.3.12 and our choice of 3, the average degree of graph G’ is O((M(G)%E3 logn)/n).
Note that the algorithm of [144] works with maximum degree. In order to use this algorithm as a subroutine
in Line 9 of our algorithm, we ignore vertices of high degree and find a (1 — ¢)-approximate maximum
matching in the remaining graph by losing an additive error which depends on p(G). However, we do not
have access to the degree of vertices in G’ since we do not have access to the adjacency list of Fy.

For each vertex v, we sample k = 100n!—" log® n vertices to estimate the degree of v. Let X be the
number of neighbors that are in G’ and agégl (v) = nX/k be our estimate for the degree of v in G’. Using
Chernoff bound, we get

— 100001og* 2
Pr ||degq (v) — deggqr (v)] > nES} < 2exp (— o8 n)

1500 log® n né’

A union bound over all n vertices yields that with a probability of 1 — 1/n?, we have an additive error of at

most n¢ for the degree of all vertices.
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Now we ignore the vertices with estimated degrees larger than ne’ log? n. Combining the additive error
bound for degree estimation and the fact that the average degree of the graph is at most O((u(G) - ne’ -
logn)/n), the total number of ignored vertices is at most o(u(G)).

For the remaining vertices, the maximum degree is at most 6(7153). Moreover, for an edge in G we can
check if the degree of the edge is smaller than (1 — \)S3 or not (the edge belongs to G’ or not). Thus, we can
run the algorithm of Corollary 3.3.10 in O.(n'*¢) since the maximum degree is 6(n53) and either we have
access to adjacency matrix or adjacency list of G. Also, note that since the additive error is o(u(G)), the
approximation ratio cannot be worse than (1 — e)u(G’") — o(u(G)) > (1 — 2e)u(G"). Proof of claim follows

from using /2 as the parameter. O
Claim 3.3.15. (2 —¢) - pu(G) < p(G') < w(G).

Proof. The fact that G’ is a subgraph of G implies the second inequality. Let GU™$¢mPled he the subgraph
consisting of unsampled edges. By Lemma 2.2 of [47], we have p(GUnsampled) > (1 — 2¢)u(G) with high
probability. To see this, we sample O(m/nss) fraction of edges, however, in [47], they sample em edges.
Hence, the graph GUms@mrled hags more unsampled edges and therefore a larger matching compared to
unsampled edges of [47]. Moreover, by Proposition 3.3.7, we have ;(G') > (2 — e)u(GUnsempled)  Therefore,
we obtain

2 2 2
pG) > (5 — GV ) > (2~ e)(1 ~ 2)(G) > (5 — 3)G).
Proof of claim follows from using €/3 as the parameter. O

Lemma 3.3.16. let i be the output of Algorithm 15 on graph G. With high probability,

(3 —e)u(@) —o(n) < i < u(G).

2
3
Proof. Let M be the (1 — &)-approximate matching of Lemma 3.3.14 on graph G’ and X; be the indicator

if vertex i is matched in M or not. By Claim 3.3.15, we have

(1 -2 ~ @) < BIN < w(@). (3.18)

Because the number of matching edges is half of the matched vertices,

~ 2E|M|

Thus,

_ 2rE|M|
=

E[X] (3.19)

Using Chernoff bound and the fact that X is the sum of r independent Bernoulli random variables, we have

Pr[|X — E[X]| > v/18E[X]logn] < 2exp (_18E[X]1°g”> _ 2

3E[X] nb

nb’
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Hence, with probability 1 — 2/nS,

nX n_ . n(E[X] £ /18E[X]logn) n

= _210gn 2r _2logn

- InE | M|logn n

=E|M|+ — By (3.19
] & B e (By (3.19))
. E|M

=E|M|+£ n |2 l__n (Since r = 361log” n)

4]og n 210gn

- n n . -

=E|M|+ (Since E|M| < n).

2logn B 2logn

Plugging (3.18) in the above range implies

(1=9)(5 = W(C) = e < 7 < 1(C)
Since ;i = o(n) and (1 —¢)(3 —¢) > (§ — 3¢), we get
(2~ 3)(G) — ofn) < 71 < ()
Proof of lemma follows from using £/3 as the parameter. O

Now we are ready to complete the analysis of the 2/3-approximate maximum matching algorithm.

Theorem 3.3.3. For any constant € > 0, there exists an algorithm that estimates the size of the maximum
matching in 6€(n2_53) time up to a multiplicative-additive factor of (% —¢g,0(n)) with high probability in

both adjacency matriz and adjacency list model.

Proof. We run Algorithm 15. By Lemma 3.3.16, we obtain the claimed approximation ratio. The proof of

running time follows from combining Claim 3.3.13, Lemma 3.3.14, and r = O(1). O

Multiplicative Approximation for Adjacency List: In the adjacency list model, we can assume that
we are given the degree of each vertex. This assumption is without a loss of generality since we can use
binary search for each vertex to find its exact degree. Thus, we know the total number of edges in the graph
and if this number is not larger than n'*%°, then we can use linear time 1 — ¢ approximation for maximum
matching. Equipped with this observation, we assume that u(G) > n%99 /2, otherwise, the number of edges
cannot be more than 2n - u(G). Moreover, the size u(G’) is at least (2/3 — €)u(G), which implies that we
can assume u(G’) = Q(n%9). With this assumption and using standard Chernoff bound, it is not hard to
see that we can estimate the size of the maximum matching of G’ with a multiplicative factor by sampling
r = O(n%') vertices. By the running time of Claim 3.3.13, preprocessing time of Lemma 3.3.14, and query
time of Lemma 3.3.14 combined with r queries, results in multiplicative (2/3 — ¢)-approximation algorithm

with O (n2_83) running time.

Theorem 3.3.4. For any constant € > 0, there exists an algorithm that estimates the size of the maximum
matching in O (n2_53) time up to a multiplicative factor of (% — &) with high probability in the adjacency list

model.
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3.3.3 Beating 2/3-Approximation in Bipartite Graphs

In this section, we design a new algorithm that gets slightly better than 2/3 approximation in sublinear time
in both the adjacency list and matrix models for bipartite graphs. Our starting point is to use the tight
case characterization of the instance that our algorithm in the previous part cannot obtain better than a 2/3
approximation. Then we use that characterization to design a new algorithm to go beyond 2/3. We prove

the following theorem, which further formalizes the statement of Theorem 3.3.2 in the introduction.

Theorem 3.3.17. For an absolute constant «, there ezists an algorithm that estimates the size of the
maximum matching in 6(712’9(1)) time up to a multiplicative-additive factor of (% + a,0(n)) with high

probability in both adjacency list and matriz models.

Theorem 3.3.18. For an absolute constant o, there exists an algorithm that estimates the size of the

2-9(1))

mazximum matching in 6(n time up to a multiplicative factor of (% + «) with high probability in the

adjacency list model.

To break 2/3-approximation, we build on a characterization of tight instances of EDCS due to a recent
work of Behnezhad [32]. In our context, the characterization asserts that if the output of our Algorithm 15 is
not already a (2/3 + a)-approximate matching of G for some constant o > 10724 (we did not try to optimize
the constant), then there exists a 2/3-approximate matching in G’ (defined in Algorithm 15) such that it is

far from being maximal in the original graph G.

Notation Let G be the input bipartite graph, and let G’ = (V,Eg U Ey) and H = (V,Eg) be as
defined in Algorithm 15. Let Vi, and V4 be the set of vertices v such that degy(v) € [0,0.28] and
degy(v) € [0.43,0.60], respectively. Let G = G'[Vipw, Viia|- Also, fix M to be a (1 — ¢)-approximate
matching of G” = G'[Viow, Vinia]. We let A = V0 \ V(M) and B = V0 N V(M) for the rest of this

section.

Lemma 3.3.19 ([32]). Let ¢ < 1/120 and o be some constant. If (G') < (3 + a)u(G), then both of the

following guarantees hold:

e (G1 - G” contains a large matching M) u(G") > (3 — 120y/a) - u(G),

v

e (G2 - M can be augmented in G[A]) For any matching M in G”, we have p(G[Vinia \ V(M)])
(4 - 5000) - ().

An Informal Overview of the Algorithm: Let M be a (1 — ¢)-approximate matching of G” =
G'Viow, Vmid)- According to this characterization, if Algorithm 15 does not obtain better than a (2/3 + «)
approximation, then matching M preserves the size of matching of G’ and also, it can be augmented using
a matching with edges of G[Viq \ V(M)]. By Lemma 3.3.19, if the matching that we estimate in Algo-
rithm 15 does not obtain better than 2/3 approximation, then there exists a large matching in G” that can
be augmented using a matching between vertices of A.

Therefore, if we want to obtain a better than 2/3 approximation, all we need is to estimate the size of a
constant fraction of a matching in G[A]. The first challenge is that we do not know which vertices of V;,,;4

are in A and which are in B. With a similar proof as proof of Lemma 3.3.14, we can show that it is possible
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to query if a vertex is matched in M in 65(111“‘5 ) time, since G is a subgraph of G’ and its average degree
is smaller than G’. Moreover, for an edge in G, we can check if the H-degree of the edge is smaller than
(1 — M) (the edge belongs to G’ or not), and one endpoint is in V,,;q and the other one in Vj,,, (the edge
belongs to G” or not) in O(1). Thus, we can run the algorithm of Corollary 3.3.10. We restate the lemma
for subgraph G”'.

Lemma 3.3.20. There exists a (1 — e)-approxzimation LCA algorithm for mazimum matching of G =
G'WViow, Vimid) with O. (n2_53) preprocessing time and 55(711"’5) additional time per query.

Since G'[Viw, Vimid] is a subgraph of G’, by Lemma 3.3.14, we can query if a vertex is matched in M in
O-(n'*). So the time to classify if a vertex is in A or B is O.(n'T¢) since we can query if it is matched in
matching M or not.

Unfortunately, the subgraph G[A U B] can be a dense graph (possibly with an average degree of O(n)),
so it is not possible to run an adaptive sublinear algorithm that adaptively queries if a vertex is in A or
not while looking for a matching. So we first try to sparsify the graph by sampling edges and constructing
several maximal matchings. More specifically, we query dk pairs of vertices (for § = n'*7 and k = n7/?)
and partition the queries to k equal buckets. Then we build a greedy maximal matching MY, among
those sampled edges of bucket i. By this construction and the sparsification property of greedy maximal
matching, we are able to show that the maximum degree of subgraph G[Vinia \ V (M’ g)] is O(n'~™7) with
high probability for each i.

We split the rest of the analysis into three possible cases.

(Case 1) A constant fraction of vertices of A are matched in at least one of M’ 5: in this case

we immediately beat 2/3 since we found a constant fraction of a maximum matching edges of G[A].

(Case 2) A constant fraction of maximum matching of G[A] has both endpoints unmatched
in at least one of MY ,: Let i* be an index of matching M’ ; that a constant fraction of maximum
matching of G[A] has both endpoints unmatched. In this case, we prove that it is possible to estimate a
constant approximation of the size of the matching between unmatched vertices of A in sublinear time.

Let G% ;3 be the same as subgraph G[Vyuia \ V(MY )], except that we connect each vertex in B\ V (M} )
to K = O(n'~7) dummy singleton vertices. The reason to connect singleton vertices to B is that if we run a
random greedy maximal matching on GZX g, most of the vertices in B will match to singleton vertices with
some additive error. Thus, if there exists a large matching between unmatched A vertices, random greedy
maximal matching will find at least half its edges. We sample 6(1) vertices and test if they are matched in
the random greedy maximal matching of Gf: - To do this, we use the algorithm of [34] which has a running
time of 5(711_7) for a random vertex. However, for each vertex that this algorithm recursively makes a
query, we have to classify if it is in A or B since we do not explicitly construct Gf; - As we discussed at the
beginning of this overview, this task can be done in 55(711*5) time. For each maximal matching, the running
time for this case is O (n2+<~7). Therefore, the total running time is O.(n2t<~7/2) for all n?/? maximal
matchings which is sublinear if we choose « sufficiently larger than €.

Note that if we are not in one of the above cases, almost all edges of n?/? maximal matchings have at
most one endpoint in A (as a result of not being in Case 1), and almost all edges of the maximum matching

of G[A] have at least one endpoint matched by all nY/? maximal matchings (as a result of not being in Case
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2). Thus, if we consider a vertex in A, almost all of its incident maximal matching edges go to set B. For

this case, we now describe how it is possible to estimate the matching of G[A].

(Case 3) Almost every edge of maximum matching of G[A] has at least one of its endpoints
matched by almost all M ;: In this case we will show that we can efficiently remove many B-vertices,
and then repeat the algorithm and and analysis of Cases 1 and 2 (using fresh samples of M7 5. Because we
can’t keep removing B-vertices indefinitely, eventually we have to end up at either Case 1 or 2.

Our goal is henceforth to efficiently identify many B-vertices. Suppose that we sample a vertex and check
if it is in A or B. If the sampled vertex is in A and is one of the endpoints of maximum matching of A,
most of its incident edges in M}z, M2%g, ..., Mk, are connected to vertices of B. Therefore, we are able
to find k = ©(n"/?) vertices of the set B by spending 0. (n'*) to find a vertex in A. Hence, if we sample
é(nlﬂ/ 2) such vertices, we are expecting to see a constant fraction of vertices of B; we can remove these
vertices and run the same algorithm on the remaining graph again. One challenge that arises here is that
some of the neighbors of the sampled vertex might be in A. To resolve this issue, we choose a threshold
7 and only remove vertices that have at least 7 maximal matching edges that are connected to sampled A
vertices. This will help us to avoid removing many A vertices in each round. Since initially the size of B
and A is roughly the same (up to a constant factor), after a few rounds, we can estimate the size of the
maximum matching of A. The total running time of this case is also 6E(n2+5 ~7/2) which is the same as the
previous case.

In what follows, we present the formal algorithm (Algorithm 17) and formalize the technical overview

given in previous paragraphs.

Analysis of Running Time

We analyze each part of Algorithm 17 separately in this section and at the end, we put everything together.
Before starting the analysis of the running time of Algorithm 17, we first restate the following result on the

time complexity of estimating the size of the maximal matching by Behnezhad [34].

Lemma 3.3.21 (Lemma 4.1 of [34]). There exists an algorithm that draws a random permutation over the
edges of the graph and for an arbitrary vertex v in graph G, it determines if v is matched in the random
greedy mazimal matching of G in 6(62) time with high probability, using adjacency list of G, where d is the

average degree of G.

Claim 3.3.22. Let MYy be as defined in Algorithm 17. The running time for constructing MY g for all
1 <i <k, takes O(n*+37/2) time for all T iterations of the algorithm.

Proof. Fix an iteration in the algorithm. Since we sample 6k = n'*37/2 pairs of vertices and we have k
buckets of equal size, each bucket can have at most § edges. For each of the buckets, in order to construct
the maximal matching we need to iterate over the edges of the bucket one by one which takes O(dk) time
for all buckets. The proof follows from 7" = O(1). O

Claim 3.3.23. The total preprocessing time before all iterations of Algorithm 17 is 65(712_83).

Proof. Algorithm 17 uses subroutine of Lemma 3.3.20 to query if a vertex is matched in (1 — ¢)-approximate
matching of G” during its execution. Thus, by Lemma 3.3.20, the total preprocessing time needed for the
algorithm is O (n2~<"). O
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Algorithm 17: Better Than 2/3-Approximate Matching Algorithm in Adjacency List and Matrix

1 Parameter: ¢, ~.
2 11+ 72log® n, o < 288log® n, r3 < 10n1=7/2logn.
3 T + 200, < 10710 k < 48n "7V log? n, § < n't7, k < n?/2, ¢ + 1016,
4 Let 11 be the output of Algorithm 15 on G with parameter . Also, let 8, H, Ey, and
G' = (V, Eg U Ey) be as defined in Algorithm 15.
5 1« FEL.
6 Let Vigw = {v|degy(v) € [0,0.28]}, Vinia = {v|degy(v) € [0.43,0.65]}, and G := G'[Viow, Vinid]-
7 Let 11 be an estimate with an additive error of o(n) for the size of (1 — ¢)-approximate matching of

G by sampling O(1) vertices and running the algorithm of Lemma 3.3.20.
8 for jinl...T do

9 Sample k§ pairs of vertices of V4 and partition them into k buckets of equal size. Let MY 5 be
the greedy maximal matching on the sampled edges of bucket 1.
10 foriinl...kdo
11 // Beginning of case 1
12 Sample 7 random edges e1, ..., e, of MYp.
13 Let Xy be the indicator if neither endpoint of ey is matched in the (1 — )-approximate
matching of G” by running algorithm of Lemma 3.3.20.
14 Let X < > ,., Xy and ﬁgz%— TTogT
15 if o > capy then return gy + fo ;
16 // End of case 1
17 // Beginning of case 2
18 Let Gy p be the same as subgraph G[Viniq \ V(MY )], except that we connect each vertex in
B\ V(MY ) to  singleton vertices.
19 Sample o random vertices vy, ... ,v,, of vertex set A\ V(M p).
20 Let Y, be the indicator if vy is matched in the random greedy maximal matching of G 5
(algorithm of [34]).
21 Let Y + >}2, Y, and ﬁgz%—m;’gn.
22 if i3 > cap; then return g + i3 ;
23 // End of case 2
24 // Beginning of case 3
25 Sample r3 vertices uy, ug, ... ur, of vertex set A.
26 Define Gy, = (Vmid,UiC Mig).
27 Let C' C Vi be the set of vertices that has at least n neighbors in G, among r3 sampled
vertices of A. > C vertices likely in B
28 Vinid < Vimia \ C. > Remove those vertices
29 // End of case 3

30 return [
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Claim 3.3.24. FEvery time that Algorithm 17 calculates jio, it takes 55(n1+5) time. Furthermore, the total

running time for computing fi2 in the whole process of algorithm is 0. (n1+5+7/2) time.

Proof. By Lemma 3.3.20, each query to see if a vertex is matched in (1 — €)-approximate matching of G”,

takes O, (n'*¢) time. Since we sample O(1) vertices, we get the claimed time complexity. O
Lemma 3.3.25. Subgraph G|V \ V (M'g)] has a mazimum degree of 6n'~7 logn with high probability.

Proof. Consider a vertex v that is not matched in M? 5 and has a degree larger than 6n!=7logn in G[Vina\
V(MY 5)]. The only way that v remains unmatched is that none of its incident edges in G[Vinia \ V(MY 5)]
get sampled in n'*? pairs of vertices we sampled. The probability that we sample one of these edges is at
least 6n'~7logn/n?, since there are at most n? possible pairs of vertices. Thus, the probability that none

of these edges sampled in n'*? samples when constructing M’ 5 is at most

1 Y ity
1 6n "7logn (1 6logn < 6
oz U =

Taking a union bound over all vertices of the graph completes the proof. O

Claim 3.3.26. Ewvery time that Algorithm 17 calculates ps, it takes 65(n2+5’7) time. Furthermore, the
total running time for computing ps in the whole process of algorithm. is 55(n2+5_7/2) time.

Proof. By Lemma 3.3.25, the maximum degree of subgraph G% 5 is O(n'~7) with high probability. Thus,
by Lemma 3.3.21, indicating if a vertex is matched in the random greedy maximal matching of G%, 5 takes
5(711_7) time. Moreover, for each vertex in the process of running a random greedy maximal matching local
query algorithm, we need to distinguish if it is a vertex in A or B since we build subgraph G% 5 on the fly
(we cannot afford to build the whole graph at the beginning which takes ©(n?) time). By Lemma 3.3.20,
each of these queries takes 0. (n'*€) time. Therefore, it takes 0. (n?*°77) time to calculate fi3 each time.
Combining with the fact that r, = O(1), we have O(n?/2) maximal matchings, the size of set A is a constant

fraction of Vj,;4, and T'= O(1) implies the claimed running time. O

Claim 3.3.27. Updating vertex set Vy,,q at the end of case 3 in Algorithm 17 takes 65(n2+5_7) time.
Furthermore, the total running time for computing Vi..q in the whole process of algorithm s 6€(n2+5’7)

time.

Proof. Each time that we sample a vertex, we need to test if it is a vertex in A. This takes O, (n*€) by
Lemma 3.3.20. Since we need to sample r3 = 5(111’7/2) vertices of A and the size of set A is a constant
fraction of Vin;q by Lemma 3.3.19, we need to sample at most 5(111_7) vertices of V,,;4. Hence, it takes
55(712"’5_7/2) time to find vertices uq,ug,...,ur € A. Each of the vertices has at most k neighbors in all
maximal matchings MY 5, M2, ..., M% ; which implies that we need to spend O(n) time to find and remove

vertices of set C' which completes the proof since T' = O(1). O
Now we are ready to complete the analysis of the running time of Algorithm 17.
Lemma 3.3.28. The total running time of Algorithm 17 is O.(max(n2+e=7/2 p2=¢" pl+37/2 pltetr/2)),

Proof. The proof follows from combining Lemma 3.3.20, Claim 3.3.22, Claim 3.3.23, Claim 3.3.24, Claim 3.3.26,
and Claim 3.3.27. O
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Analysis of Approximation Ratio

In this section, we assume that /i < (2 +a)-u(G) and we prove with this assumption, the algorithm outputs
a better than 2/3 approximation in one of T iterations. The proof for the other case where i > (% +a) u(G)

is trivial since the algorithm outputs an estimation which is at least .

Approximation analysis of Case 1: Many A-vertices matched in some M’

Lemma 3.3.29. If io > capiy, then i1 + iz is an estimate for u(G) up to a multipleative-additive factor of
(2 4+ a,0(n)) with high probability.

Proof. First, we prove that i3 +pi2 < p(G). Let X be as defined in Algorithm 17. Note that %EX] < u(GJA])
since it counts the number of edges in M’ that have both of their endpoints in A. Since X is the sum of

r1 independent Bernoulli random variables, using Chernoff bound we have

Pr[|X — E[X]| > v/18 E[X]logn] < 2exp <_18E[X]10g”) _ 2

3E[X] nb’

Thus, with a probability of at least 1 — 2/n®,

aX omm (E[X] + /ISE[X]log n) n
2 S S Tlogn = 21
1 ogn 1 ogn
< w(GLA]) + \/ mrepGlAen B (since "2 < u(Gla))
< u(G[A]) + n4i§g6;[:]) - 21:gn (Since r; = 72log®n)
< w(G[A]) (Since p(G[4]) < n).

Moreover, we have that 1 < pu(G”). Since G[A] only contains vertices that are not matched in the matching
that we found in G”, we get 1 + 12 < p(G). On the other hand, by Lemma 3.3.19, we have p; >

(1—¢)- (% —120/a)u(G) — o(n). Thus,
i+ (L calin > (14 ea) (1-0) (5~ 1201@) () - o))
> (1+ca) (; 120V - ga) (@) = o(n)
> <§ — 120y/a — %s + %ca — 120cav/a — gcae) - u(G) - o(n)

> (; + a> w(G) — o(n),

where the last inequality holds by our choice of ¢, a, and if we choose ¢ sufficiently small enough, which

leads to our claimed approximation ratio. O
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Approximation analysis of Case 2: Large matching in G[A\ M’3] (for some M p)

Lemma 3.3.30. If i3 > capiy, then i1 + iz is an estimate for u(G) up to a multipleative-additive factor of
(2 + a,0(n)) with high probability.

Proof. Note that since we connect each vertex of B\ V(M%) to k = O(n!~7) singleton vertices, most of
the vertices of B\ V(M) will be matched to singleton vertices when running random greedy maximal
matching. Let v € B\ V(MYz). The first incident edge of v in the permutation of edges is not an edge to
singleton vertices with a probability of at most (6n'=7logn)/(k +6n'~7logn) since the maximum degree of
subgraph G[Vy,ia\ V(MY )] is at most 6n'~7 logn by Lemma 3.3.25. We denote the vertices of B\ V(M)

that are not matched with singleton vertices by R. Hence, we have the following bounds,

1—v 11—~
B[R <n- 6n'~7logn <n. 6n"~7logn __n ’
k4 6nl=7logn K 8logn

6n'~7logn 6n'~7logn n
ERI>n- | ——————— ) >n- = .
IRl 2 n (K:+6n1—710gn> =" ( 2K 16logn
Therefore, using a Chernoff bound, we can show that |R| < ﬁ with a high probability.
Now, we prove that 111 + 3 < u(G). Let Y be as defined in Algorithm 17, then we have "5[:/] <

1(G[A]) + | R|, since it counts the number of edges in output of random greedy maximal matching with both
endpoints in A and there are at most |R| vertices of B can match to vertices of A. Also, each edge is counted

at most twice since it has two endpoints in A. Thus,

b

Pr]|Y — E[Y]| > \/I8E[Y]logn] < 2exp <_18]*3[Y]10<‘%") _ 26
n

3E[Y] nb
since Y is the sum of independent Bernoulli random variables. Therefore, with a probability of at least

1—2/n%,

~<nY n
M3*2r2 2logn

o (E[Y] + /ISE[Y]log n)

- 279 B 2logn

< u(GIA]) + R| + \/ (A (R oen_ 2 (since S < (L)) + )
< w(G[A]) + |R| + \/n (M?ESI[(EQ): IR _ 21:gn (Since 75 = 2881og® n)
< w(GlA]), (Since u(G[A]) < n and |R| < 41(:;”)

which implies that /iy + i3 < p(G) with the same argument as proof of Lemma 3.3.29. Now we are ready to

finish the proof since

fir + iz = (14 ca)pn = (1 + ca) ((1 —e) (; - 120\/&> W(G) - o(n))

> (14 ca)- (; — 120y — zs) - 1(G) — o(n)
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2 2 2 2
> (3 —120v/a — 3¢ + gea 120can/a — 36(18) - 1(G) — o(n)

> @ n a> w(@) — on),
O

Approximation analysis of Case 3: Almost every edge of maximum matching of G[A] has at

least one of its endpoints matched by almost all M’

Lemma 3.3.31. Before the start of the i-th iteration of Algorithm 17 for i € [1,T]: if the algorithm has not
terminated yet, then it holds that p(G[A]) > (1 — (i — 1) - (10%a)) - u(G).

Proof. In the beginning of the section we assumed that i < (% + ) - u(G). Note that A contains vertices
that are not matched by the matching of estimation ji;. Therefore, before the first iteration of the algorithm,
by Lemma 3.3.19, set A must contain a matching of size larger than (1 — 800a) - (G) > pu(G)/4 where the
inequality follows from our choice of «.

We use induction to prove the lemma. Suppose that the algorithm has not terminated before the i-th
iteration for ¢ > 1. Note that since the algorithm has not terminated in the previous iteration for any of
the maximal matching M’ 5, the total number of maximal matching edges between vertices of A is at most

cafiyn?/? < cap(G)n?/?, which implies that the average degree of a vertex in Gy, ,[A] is at most

v/2 v/2
cap(G)n < — _CO‘M(G)Z (By induction hypothesis)
A (T (- 2)(10°)) - u(G)
cau(G)n”ﬂ . 20 1
bl ik Sl AL <T and 10Ta < —
1/6 - u(G) et =gy
= 6can?/?.

Let Z be the number of edges of G[A] that are in one of the maximal matchings. Since we sample r3 =

10n'=7/2logn vertices of A, we have
E[Z] < 60canlogn.

Since each vertex of A have at most n7/? neighbors in A (because we have k = n7/? maximal matchings),

then by using Hoeffding’s inequality, we obtain

2 (10n'=/2] - (12an/? 1
Pr[|Z — E[Z]| > 30canlogn] < 2exp (— (10n ogn) - (12an )) < =5
n

n”y

Therefore, with high probability, there are at most 90can logn edges of maximal matchings of sampled
vertices with both endpoints in A (*).

Now we show that at most 102°au(G) vertices of A are removed in Line 28 (of Algorithm 17) in the
previous iteration. For the sake of contradiction, assume that more than 102°au(G) are removed in the

previous iteration. Then, we have at least

logn
102a(Q) - n = 102au(@) - [ 2
ap(G) -n ap(G) 1007,
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9 nlogn . ~
ZlO%W«D'CUM«h> (Since i1 < 1u(G))

= 100canlogn (Since ¢ = 10'9)

edges of maximal matching between vertices of A since each removed vertex must have at least n neighbors
in the sampled vertices, which is a contradiction to (*). By induction, before iteration i — 1, we have
w(G[A]) > (3 = (i — 1) - (10%°)) - u(G). Also, at most 102°au(G) vertices of A can be removed in the
previous step which implies the claimed bound for iteration 7. O

Corollary 3.3.32. Before the start of the i-th iteration of Algorithm 17 for i € [1,T): if the algorithm has
not terminated yet, then it holds that |A| > £ u(G)

Proof. By Lemma 3.3.31, we have that

H(GlA]) > (5 — (i~ 2)(10%a)) - 4(G) > 24(G),

where the last inequality follows from our choice of a and T'. We finish the proof by the fact that the number

of vertices of a graph is larger than its matching size. O

Observation 3.3.33. Suppose that Algorithm 17 does not terminate in iteration i. Then, it holds |B| >
w(@)/5 before iteration i.

Proof. Consider maximal matching M} ;. Since the algorithm has not terminated in iteration i, at least
w(G[A]) = 2cafiy edges of u(G[A]) are blocked by maximal matching edges since the algorithm does not find
more than 2caji; edges of matching p(G[A]) in case 1 and 2. This means that at least one endpoint of these

edges is matched with a vertex in B. Thus, we have

1B] > p(G1A]) — 2c07ia > (§ — (i~ 1)(10%) 80) - p(G) > £ - u(C),

o]

where the second inequality follows from Lemma 3.3.31 and pi; < pu(G), and the last inequality follows by
the choice of T', o, and c. O

Lemma 3.3.34. Suppose that the Algorithm 17 does not terminate in iteration i. Then, at the end of this

iteration, the algorithm removes at least 0.01 - | B| vertices of B.

Proof. Since the algorithm does not terminate in iteration i for any of k = n?/? maximal matchings, at least
((G[A]) — 2cap(G)) -n"/? edges of (G[A]) are blocked by each of maximal matchings. This means that at

least one endpoint of these edges is matched with a vertex in B. Thus, there are at least

(W(GIA) —2e0 w(@) -7/ > (5 — (i~ 1)(10%%) — 2e0) - (@) > £ - (@)™

ot =

edges with one endpoint in A and one endpoint in B in all maximal matchings. Hence, the expected average

degree of a vertex in B in the subgraph G, is at least

% (G /2
B
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where the inequality is because |B| < u(G”) < u(G). Let Z be the number of edges of G, , with one
endpoint in A that is among 3 sampled vertices and one endpoint in B. Since we sample 10n'=7/2logn

vertices of A, we have
E[Z] > 2nlogn.

With the same argument as proof of Lemma 3.3.31, each vertex of A can have at most n?/? neighbors in B,

then by using Hoeffding’s inequality, we get

Si

1
nio’

2. (10nt—/21 S(Lpy/2
Pr[|Z — E[Z]| > nlogn] < 2exp (— (10n ;gn) (gn""7)

which implies that with high probability, there are at least nlogn edges of maximal matchings with one
endpoint in sampled A vertices and one in B.
Next, we prove for each vertex in B, the number of sampled A vertices in Gas,, is small with high

probability. Note that each vertex in A is sampled with a probability of 10"‘114_‘7/2. Moreover, each vertex in

B can have at most n7/? neighbors in Gy, ,. Let W, be the expected number of sampled A vertices that

are connected to v in G, for v € B. Therefore,

< 10nlogn < 50nlogn.

S TR (e

where the last inequality holds because of Corollary 3.3.32. Then, by Chernoff bound

25nlogn 625n logn 2
Pr |[W, — E[W,]| > 222280 <o 2RI o 2
R e } eXp( 150u(G)> =

Using a union bound on all vertices of B implies that with high probability, each of the vertices of B has at
most 75n logn/u(G) neighbors in Gy, , among sampled A vertices.

For the sake of contradiction, suppose that the algorithm removes less than 0.01|B| vertices of B at the
end of the iteration. This implies that the maximum number of edges between vertices of B and sampled A

vertices is

75n 1 1 75n 1 I
0.01B] - (W) - 0.99B| - (nogn) <0.011B|- <W> 0.9 B| - (Mgﬂ)
WG) 10072, fi1 100721

< 0.76|B|~- nlogn
M1
< 0.76nlogn,
where the first term is the total number of edges of removed vertices of B and the second term is the total
number of edges of vertices of B that are not removed. Since we proved that with high probability, there are

at least nlogn edges, then the above upper bound on the number of edges is a contradiction that completes
the proof. O]

Putting it all together: Beating two-thirds

Lemma 3.3.35. If i < (3 + ) - u(G), then the Algorithm 17 terminates in one of T iterations.
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Proof. Suppose that the algorithm does not terminate in any of 7' rounds. By Lemma 3.3.34, in each iteration,
the algorithm will remove 0.01|B| vertices of B. Thus, after T = 200 iterations, none of the vertices of B will
remain in the graph. However, plugging 7' = 200 in Lemma 3.3.31, we have u(G[A4]) > %,u(G). Therefore,
either 1o > cagi; or piz > capy in iteration 200, since there is no vertices of B to block the matching of
G[4]. O

Lemma 3.3.36. The output of Algorithm 17 is a (% + a,0(n)) estimate for mazimum matching of G.

Proof. If 1 is not a (% +a, 0(n)) estimate for maximum matching of G, then by Lemma 3.3.35, the algorithm
terminates in one of the rounds. Therefore, by Lemma 3.3.29 and Lemma 3.3.30, the output is a (% +a,0(n))

estimate for maximum matching of G. O

Theorem 3.3.17. For an absolute constant o, there exists an algorithm that estimates the size of the
maximum matching in 6(712’9(1)) time up to a multiplicative-additive factor of (% + a,0(n)) with high

probability in both adjacency list and matriz models.

Proof. By Lemma 3.3.36, we obtain the claimed approximation ratio. Also, since we choose ¢ to be smaller
than + in Algorithm 17, the running time is O, (n2_53) by Lemma 3.3.28. O

Multiplicative Approximation for Adjacency List: With the same argument as the multiplicative
approximation for the adjacency list in the previous section, we can assume u(G’) = Q(n%%).
if 1 < (2/3 4+ @)u(G), we have u(G[A]) = Q(n%9) by Lemma 3.3.19. Therefore, with the exact same

argument as previous section, using a standard Chernoff bound, for getting multiplicative approximation,

Hence,

we can use ;. = O(n%%) and ro = O(n%%!) samples for estimation of fio and fi3. Note that the running
time of Claim 3.3.24 and Claim 3.3.26 will increase to O (ntTe+7/2+0.01) ynd O, (n2+e=7/2+0.01) regpectively
because of the larger number of samples. However, if we choose 7 larger than 0.02 4 2¢ + 2¢3, the running

time of the algorithm will remain 6(n2_53) by Lemma 3.3.28.

Theorem 3.3.18. For an absolute constant o, there exists an algorithm that estimates the size of the

270(1))

maximum matching in 5(71 time up to a multiplicative factor of (% + «) with high probability in the

adjacency list model.



Chapter 4

Lower Bounds for Sublinear Time

Maximum Matching

In this chapter, we study the sublinear matching problem from a lower bound perspective. In Section 4.2,
we establish the first superlinear (in n) lower bound for this problem, showing that at least nt2=°() queries
in the adjacency list model are required to obtain a (2 4 €(1))-approximation of the maximum matching
size.

In Section 4.3, we turn to the bounded degree regime and prove that any LCA computing a matching
that is within an additive error of en from the maximum matching in an n vertex graph of maximum degree
A must take at least A?(1/€) time. As a corollary, for sublinear time algorithms, our techniques imply that
any algorithm estimating the size of the maximum matching up to an additive error of en must also take
A2(/2) time.

This bounded degree lower bound forms the backbone of the main result of this chapter: in Section 4.4,
we prove that for any fixed 6 > 0, there exists a corresponding ¢ = £(§) > 0 such that estimating the size
of the maximum matching within an additive error of en requires Q(n?~?%) time in the adjacency list model.
Finally, in Section 4.5, we focus on the adjacency matrix model and extend the result of Section 4.4 to this

setting as well.

101
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4.1 Introduction

4.2 First Super Linear Lower Bound

In this section, we give the first super-linear in n lower bound for the sublinear matching problem. More

specifically, we show that any better than 2/3-approximation requires at least nt2=o() time.

Theorem 4.2.1. For any fized o > 0, any (possibly randomized) algorithm obtaining a (2/3 + «)-

1.2—o0

approzimation of the size of mazimum needs to make at least n () adjacency list queries to the graph.

This holds even if the graph is bipartite and has a matching of size ©(n).

Our proof of Theorem 4.2.1 relies crucially on correlation decay. To our knowledge, this is the first
application of correlation decay in proving sublinear time lower bounds. We give an informal overview of our
techniques in proving Theorem 4.2.1 in Section 4.2.1, and discuss why correlation decay is extremely helpful

for us. The formal proof of Theorem 4.2.1 is then presented.

4.2.1 Technical Overview

An insightful, but broken, input distribution: Let us start with the lower bound. Consider the
following input distribution, illustrated in the figure below. While we emphasize that this is not the final
input distribution that we prove the lower bound with, it provides the right intuition and also highlights
some of the challenges that arise in proving the lower bound.

There are four sets of vertices, A, B, S,T with |A| = |B| = |S| = N and T = eN. The T vertices are
“dummy” vertices, they are adjacent to every other vertex in AU B US. While this increases the degree
of every vertex in AU B U S to at least eN, the T vertices cannot contribute much to the output since
|T'| = eN. The important edges, that determine the output are among the rest of the vertices. In particular,
there is always a perfect matching between the B vertices and the S vertices. Additionally, there is a random
Erdés-Renyi graph between A and B for a suitable expected degree d = N®). Now in the YES distribution,
we also add a perfect matching among the A vertices (the red matching) but in the NO distribution, we do
not add this matching. Observe that in the YES case, we can match all of B to S and all of A together,
obtaining a matching of size at least 3N. However, in the NO case, it can be verified that the maximum
matching is only at most (2 + ) N. Thus, any algorithm that beats 2/3-approximation by a margin more
than £, should be able to distinguish whether we are in the YES distribution or in the NO distribution.

e

(000000000 | XXXy

L~
! N [T

1]

v

o—— O
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A 6000000000 | |
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Suppose now that we give away which vertices belong to S and T for free with no queries, but keep it
secret whether a vertex v € AU B belongs to A or B. To examine whether a vertex v belongs to A or B,
the naive approach is to go over all of its neighbors, and see whether we see an S neighbor or not. But
because the degree of each vertex is Q(eN) due to the edges to T, this requires at least Q(eN) = Q(N)
time. But this is not enough. To separate the two cases, one has to actually determine if there are any edges
among the A vertices or not. Here, the naive approach is to first find a vertex v € A which can be done in
O(N) time, and then go over all neighbors u of v in AU B, and examine whether u belongs to A. Since v
has d = N neighbors in A U B, this naive approach takes N'*2(1) time. We would like to argue that
this naive approach is indeed the best possible, and that any algorithm distinguishing the two distributions
must make N2 = p1+2(1) queries to the graph. Unfortunately, this is not the case with the distribution
above as we describe next.

Consider the following algorithm. We first start by finding an A vertex v in O(n) time. Then we go over
the neighbors of v in a random order until we find the first neighbor u that belongs to AU B. Note that this
takes O(n/d) time. We then do the same for u, finding a random neighbor to another vertex in AU B. Since
each step of this random walk takes O(n/d) time, we can continue it for 2d steps in O(n) total time. Let w
be the last vertex of the walk. We now examine whether w belongs to A or B in O(n) time. We argue that
by doing so, there is a constant probability that we can distinguish the YES case from the NO case. To see
this, observe that in the NO distribution, every A vertex goes to a B vertex and every B vertex goes to an A
vertex with probability one. As such, since the walk continues for an even number of steps, the last vertex
w must belong to A with probability 1. But in the YES distribution, there is a constant probability that we
go through an A-A edge exactly once. In this case, the last vertex w of the random walk must belong to
B. Repeating this process a constant number of times allows us to distinguish the two distributions with

probability 0.99 in merely O(n) time!

Correlation Decay to the Rescue: To get around this challenge, we add ed edges also among the B
vertices (while modifying the size of A and B slightly to ensure that the degrees in A and B do not reveal any
information — see Figure 4.1). Observe that this completely destroys the algorithm above. In particular, it
no longer holds that any B vertex goes to an A vertex with probability 1. Rather, there is a probability e
that we go from B to B. Hence, intuitively, whether the last vertex w of the random walk belongs to A or
B does not immediately reveal any information about whether an A-A edge was seen or not. We show that

indeed, this can be turned into a formal lower bound against all algorithms via correlation decay. First, we

show that for suitable d, the queried subgraph will only be a tree. We then show that conditioning on the
queries conducted far away from a vertex v, the probability of v being an A or B vertex will not change, and

use this to prove that the algorithm cannot distinguish the YES and NO distributions.

4.2.2 The Lower Bound

In this section, we prove the lower bound of Theorem 4.2.1. To prove Theorem 4.2.1, we first give an input
distribution. We then prove that any deterministic algorithm which with probability at least .51 (taken
over the randomization of the input distribution) returns a (2/3 + a)-approximation of the size of maximum
matching of the input must make at least n'2=°(1) queries to the graph. By the ‘easy’ direction of Yao’s

minimax theorem [175], this also implies that any randomized algorithm with success probability .51 over
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worst-case inputs must make at least n'-2=°(1) queries to obtain a (2/3 + a)-approximation.

4.2.3 The Input Distribution

We start by formalizing the input distribution. Let ¢ := «/100, where « is as in Theorem 4.2.1, let N be a
parameter which controls the number of vertices and let d = N'/%. In our construction, we assume N, N,
d, and ed are all integers; note that this holds for infinitely many choices of N. For n := 6N, we construct

an n-vertex bipartite graph G = (V, U, E). We first categorize the vertices in G, then specify its edges.

The vertex set: The vertex set V' is composed of four distinct subsets Ay, By, Sy, Ty and similarly U
is composed of Ay, By, Sy, Ty. Throughout, we may write A, B, S, T to respectively refer to sets Ay U Ay,

By U By, Sy U Sy, and Ty UTy. In our construction, we will have
|[Av| = |Au| = (1 —¢)N, |Bv| = |Bu| = |Sv| = |Su| =N, Ty| = |Tv| =eN.

We randomly permute all the vertices in Ay and use v;(Ay ) to denote the i-th vertex of Ay in this permu-
tation. We do the same for Ay, By, By, Sy, Sy.

The edge set: For the edge-set F, we give two distributions: in distribution Dygs the maximum matching
of G is sufficiently large, and in distribution Dyo the maximum matching of G is sufficiently small. The final
input distribution D := (%DYES + %DNO) draws its input from Dygs with probability 1/2 and from Dyo with
probability 1/2. The following edges are common in both disributions Dygs and Dyo:

e All vertices in Ty (resp. Ty ) are adjacent to all of Ay, By, Sy (resp. Ay, By, Su).

e For any i € [N], we add edges (v;(Bv),vi(Sv)) and (v;(Bv),v;(Sv)) to the graph. In words, there are

perfect matchings between By and Sy and between By and Sy.

e Let R(By, By) be the set of all (ed—1)-regular graphs H between By and By such that for all ¢ € [N],
(vi(By),v;(By)) ¢ H. We draw one regular graph R(By, By) from D(By, By) uniformly at random
and add its edges to G.

o Let R(Avy, By) be the set of all graphs H between Ay and By such that degy(v) = d for all v € Ay,
degy(u) = (1 —e)d for all u € By, and for all i € [(1 —&)N], (v;(Av),v;(By)) ¢ H. We draw one
regular graph R(Ay, By) from R(Ay, By) uniformly at random and add its edges to G.

e Let R(By, Ay) be the set of all graphs H between By and Ay such that degy (v) = d for all v € Ay,
degy(u) = (1 —€)d for all u € By, and for all ¢ € [(1 — ¢)N], (v;(By),vi(Ay)) € H. We draw one
regular graph R(By, Ay) from R(By, Ay) uniformly at random and add its edges to G.

e Forallie {(1—¢)N+1,...,N} we add edge (v;(Bv),v;(Bv)) to G.
The following edges are specific to Dygs and Dyo respectively:
e In Dygs, we additionally add edges (v;(Av ), v;(Ay)) and (v;(By ), v;(By)) for all i € [(1 — ) N].

e In Dyo, we additionally add edges (v;(Av),v;(By)) and (v;(By),v;(Ay)) for all i € [(1 —e)N].
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Figure 4.1: The common edges in both Dygs and Dyo distributions. For simplicity, we have not illustrated
the edges of Ty and Ty (which are adjacent to all vertices on the opposite side). See Figure 4.2 for edges
specific to the two distributions.

[ 90900000000 |5 [ 9000000000 |5

U

A, (9000000 0] [ 6000000000 |, A,

EHEEXXXXXX [ 0000000000 |5, A,

EXXXXXXXXXIrS [ 0000000000 |5,

Yes distribution No distribution

Figure 4.2: In addition to the common edges in distributions Dygs and Dyo that were illustrated in Figure 4.1,
we have a special perfect matching between vertices Ay UBy and Ay U By. In distribution Dygs, this perfect
matching matches all of Ay to Ay. But in distribution Dyo, none of the edges of this matching go from Ay
to Ay. This ensures that the maximum matching of G in the YES case is (almost) 1.5 times that of G in
the NO case.

This concludes the construction of graph GG. We also emphasize that the adjacency list of each vertex
includes its neighbors in a random order chosen uniformly and independently.

Finally, we note that we give away the bipartition V, U of the graph for free. Additionally, we also give
away which of the sets S, T, A U B any vertex belongs to. What is crucially hidden from the algorithm,
however, is whether a vertex v € AU B belongs to A or B.

4.2.4 Basic Properties of the Input Distribution

The following bounds on vertex degrees follows immediately from the construction.
Observation 4.2.2. For any graph G drawn from Dygs or Dno with probability 1 it holds that:
1. deg(v) =eN+d+1 forallve Ay, Ay, By, By.
2. deg(v) =eN +1 for allv € Sy, Sy.

3. deg(v) = (3—¢)N forallveTy,Ty.
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Since for any vertex v, we know which of the sets Sy, Sy,Tv,Ty, Ay U By, Ay U By it belongs to,
Observation 4.2.2 implies we know the degree of every vertex in the graph before making any queries. Thus,

there is no point for the algorithm to make any degree queries.

Lemma 4.2.3. Let Gygs ~ Dygs and Gno ~ Dno. Then it holds with probability 1 that
1(Gyes) > 3—e)N  and  u(Gno) < (2+2¢)N.

This, in particular, implies that any algorithm satisfying the condition of Theorem 4.2.1 must be able to
distinguish whether a graph G drawn from distribution (%DYES + %DNO) belongs to the support of Dygs or
Dno with probability at least .51.

Proof. For Gygs, we take edges (v;(Av),vi(Ay)) for 1 < i < (1 —¢)N, (vi(Bv),vi(Sy)) for 1 < ¢ < N,
and (v;(Bv),vi(Su)) for 1 <4 < N. Since none of the edges have the same endpoint, the union creates a
matching with size (3 — ) N which implies p(Gyes) > (3 —¢)N.

For Gno, we take By U By U Ty U Ty as a vertex cover. Note that there is no edge in the induced
subgraph between vertices of Ay U Ay U Sy U Sy. The proof follows by Kénig’s Theorem since there exists
a vertex cover with (2 + 2¢)N vertices.

Furthermore, if @ > 0 be a constant, since (2 + 2¢)/(3 —¢) < 2/3 + « (if we choose ¢ sufficiently smaller
than «), any algorithm satisfying the condition of Theorem 4.2.1, must be able to distinguish whether a
graph G drawn from distribution (%DYES + %DNO) belongs to the support of Dygs or Dyo with probability
at least .51. O

Remark 2. Note that our construction can be slightly modified to have a perfect matching in Dygs. We can
add a perfect matching between vertices of Ty and Ty to have a matching of size 3SN. Therefore, our lower

bound also holds for the case that the Dygs has a perfect matching.

4.2.5 Queried Edges Form a Rooted Forest

Here and throughout the rest of the proof, we use G’ to denote the induced subgraph of G excluding all
the dummy vertices in Ty U Ty. Our main result of this section is that any algorithm that makes at most

0(n5/5) queries to graph G, only discovers a rooted forest in G':

Lemma 4.2.4. Let A be any algorithm making at most K = o(n%/%) queries to graph G ~ D. Let Fy be
the empty graph on the vertex set of G', and for t > 1 let Fy be the subgraph of G' that A discovers after
t queries. The following property holds throughout the execution of A with probability 1 — o(1): For any t,
if the t’th query is to the adjacency list of a vertex v and returns edge (v,u) then either (v,u) &€ G’ or if
(v,u) € G’ then u is singleton in Fy;_1. Equivalently, this implies that each F; can be thought of as a rooted
forest where Fy \ Fi_1 may only include one edge (v,u) and if A discovered (v,u) by querying v, then u

becomes a leaf of v in Fy.

Remark 3. Our proof of Lemma 4.2.4 crucially relies on the fact that the adjacency list of each vertex is
randomly permuted in the input distribution. However, we emphasize here that our proof holds even if the
internal permutation of the G'-neighbors of a vertex v in the adjacency list of v is adversarial. This implies,
in particular, that if we condition on the high probability event of Lemma 4.2.4, the internal permutation of

the G'-neighbors will still be uniform.
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To prove Lemma 4.2.4, we first bound the number of edges of G’ that we see with K = o(n5/) queries.

Claim 4.2.5. Any algorithm A that makes K = o(n%/®) queries to G, discovers at most o(n*/®) edges of G’
with probability 1 — 1/ poly(n).

Proof. Since we assume A makes at most K = o(n%?) queries, there will be at most o(n'/®) vertices for
which the algorithm makes more than e N/2 = (n) adjacency list queries. For each of these o(n'/%) vertices,
we assume that we discover all their neighbors in G’ that is at most d+1 = O(n'/?), which in total is o(n?/?)
edges.

Now let V’ be the set of vertices for which .4 makes at most eN/2 queries. For each new query to a vertex
v € V', since there are eN edges to Ty UTy in G and that we have already made at most e N/2 queries to v,
the new query goes to G’ with probability at most degq. (v)/(degeq (v) + eN —eN/2) = O(d/n). Next, let
X; be the indicator of the event that the :’th query to V' discovers a G’ edge. From our earlier discussion,
we get E[X;] = O(d/n). Moreover, these X;’s are negatively correlated. Hence, denoting X = > X;, we get
E[X] < O(Kd/n) and can apply the Chernoff bound to obtain that with probability at least 1 — 1/ poly(n),

X <E[X] + O(VE[X]logn) = O(Kd/n) = o(n*?),

concluding the proof. O

Next, we show that conditioning on the fact that we can discover at most o(n?/) edges, the probability
of having an edge between any pairs of vertices is at most O(1/n*?). To give an intuition of why this
claim holds, assume that instead of the regular graphs between By and By (similarly between Ay and By,
and Ay and By ), we have an Erdos-Renyi with the same expected degree as the regular graphs. Since the
degree of each regular graph is O(d), then the probability of having an edge between a pair of vertices must
be O(d/n) = O(1/n*/5) since the existences of edges are independent. However, since we draw a random
O(d)-regular graph, edge realizations are not independent the same argument does not work. But using

careful coupling, we prove that the same claim holds for this construction.

Claim 4.2.6. Let us condition on the high probability event of Claim 4.2.5 that the algorithm has discovered
at most o(n*/®) edges in G'. Then for any pair of vertices u,v such that (u,v) is not among the discovered

edges, the probability that (u,v) is an edge in G’ is at most O(1/n*/?).

Proof. Let A= Ay U Ay and B = By U By . Also, assume that by index of a vertex we mean the index in
the permutation of its corresponding subset in the construction. There are three possible cases for the type

of subsets that v and v belong to:

(Case 1) u,v € A: note that since the algorithm makes at most o(n%?) queries, using Chernoff bound,
it is easy to see that at least a constant fraction of perfect matching edges in the induced subgraph of A
remains undiscovered. If u and v both belong to A, the probability of having an edge between the pair is at
most O(1/n) since we only have a perfect matching between vertices with the same indices in Ay and Ay
for Dygs, and vertices are randomly permuted.

For the other two cases, we bound the probability of having an edge between u and v by considering two
possible scenarios. First, the probability that both w and v have the same indices is equal to 1/n. Next,

assume that u and v have different indices. Let G, be the set of all graphs in D such that all of them have
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the edge e = (u,v). Also, let G, be the set of all graphs in D with no edge between pair (u,v). In the next
two cases, we use coupling to show that conditioned on discovered edges, we have |G.|/|G.| < O(1/n*/?)

which implies that the probability of having an edge for a pair (u,v) is at most O(1/n*/?).

(Case 2) u,v € B: without loss of generality, assume that u € By and v € By. First, note that with
a probability of O(1/n), the index of u and v is the same, which implies that there is an edge between u
and v. Let i, denote the index of vertex x. Now assume that i, # i,. We claim if there exists edge (u,v),
then there are at least Ned/2 edges (w, z) such that z € By, w € By, {iy, v, iw, 9.} = 4, and the induced
subgraph of these four vertices only has two edges (u,v) and (w, z).

Since the number of incident edges of u to By is at most ed, then there are at least N — ed vertices
in By that are not connected to u. Also, we exclude the vertex with index i, in By from this set. Let
Q@ be the set of such vertices in By. Hence, |Q| > N — ed — 1. Furthermore, by the construction, each
vertex w € @ has at least ed — 3 neighbors in By with an index not in {4, iy, %, }. Hence, there are at least
(ed—3)(N —ed—1) edges between vertices of @) and By with endpoints having different labels. Moreover, at
most €2d? of these edges are incident to an edge that one of its endpoints is v. Therefore, there are at least
(ed — 3)(N —ed — 1) — €2d® > Ned/2 edges (w, z) that satisfy the claimed properties where the inequality
follows by the choice of d.

Now assume that we remove all edges that we discovered so far. Since we discover at most o(nz/ %) edges,
by removing these edges we still have O(ned) edges (w, z) with mentioned properties. Let (w, z) be such an
edge where w € By and z € By. We construct a graph by removing edge (u,v) and (z,w), and adding edges
(u,w) and (v, z). If the original graph is in Dygs (Dno), the new graph is in Dygs (Dno) according to the
construction since we only change the random regular bipartite graph between By and By without changing
the degrees. We construct a bipartite graph where each vertex of the first part represents a graph in G, and
each vertex in the second part represents a graph in G.. For each vertex in the first part, we connect it to
the vertices of the second part that can be produced by the above operation. Thus, the degree of vertices in
the first part is at least O(ned). On the other hand, each vertex in the second part is connected to at most
O(g2d?) vertices of the first part since the degree of each u and v is at most ed in the induced subgraph of

B. Counting the edges from both sides of the constructed bipartite graph yields

6. _ O®) _ (=d\ _, (1
6. = o) °\v) =% \E )

(Case 3) u € A,v € B or u € B,v € A: without loss of generality, assume that w € Ay and v € By.

With the same argument as the previous case, the probability that both u and v have the same index is
O(1/n). Moreover, since the degree of the induced subgraph of Ay U By differs from the previous case by
a constant factor, with the same reasoning as the previous part, the probability that there exists an edge
between u and v is at most O(1/n%/?).

Therefore, conditioning on the discovered edges, the probability of having an edge (u,v), is at most
O(1/n*/%) O

Now we are ready to complete the proof of Lemma 4.2.4.

Proof of Lemma 4.2.4. First, we prove that for any ¢ > 1, if two vertices u,v are non-singleton in F; and

(u,v) & Fy, then there is no edge between u and v in graph G’. This will imply that any time that we discover
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a new edge of a non-singleton vertex in Fy, it must go to a vertex that is singleton in F;. We prove this by
induction on t. For Fjy, the graph is empty and so the claim holds. Suppose that there are no undiscovered
edges among the non-singleton vertices of F;_1. We prove that this continues to hold for Fy. If F;\ F;_1 = 0,
i.e., if we do not discover any new edge of G’ at step ¢, then the claim clearly holds. So suppose that we
query some vertex v and find an edge (v, u) at step ¢. It suffices to show that in this case, u will not have
any non-singleton neighbors in F;_; other than v. To see this, recall by Claim 4.2.5 that there are at most
0(n?/%) non-singleton vertices in F,_;. Fixing any such vertex w with w # v, we get by Claim 4.2.6 that the
conditional probability of (u,w) being an edge in G’ is at most O(1/n*/°). By a union bound over all o(n?/?)
choices of w, we get that the probability of u having an edge to any of the non-singleton vertices of F;_1
is o(n?/®) - O(1/n*®) = o(1/n?/?). Finally, since by Claim 4.2.5 there are at most O(n?/®) steps where we
discover any edge of G’, the failure probability over all the steps of the induction is O(n?/®)-0(1/n?/%) = o(1).
Hence, the claim is true throughout with probability at least 1 — o(1).

We proved above that by querying an already non-singleton vertex v, its discovered neighbor v must be
singleton w.h.p. We will now prove that this also holds if v itself is singleton. As discussed, the number of
non-singleton vertices in F} is o(n*/®) by Claim 4.2.5. For each of these vertices u, the conditional probability
of v having an edge to u is at most O(1/n*/%) by Claim 4.2.6. Hence, the expected number of edges of v to
non-singleton vertices is o(1/n%/®). Since v has Q(n) edges in G and its adjacency list is uniformly sorted,
the probability of discovering one of such edges of v is at most o(1/n%/%)/n = o(1/n7/%). A union bound
over all o(n%/®) queries of the algorithm implies that with probability 1 — o(1), any time that we query a

singleton vertices of F}, its discovered edge will not be to another non-singleton vertex of Fy. O

4.2.6 The Tree Model

In our proofs, we condition on the high probability event of Lemma 4.2.4 that F} for any ¢ forms a rooted
forest. Under this event, we prove that the algorithm cannot distinguish the YES distribution from the NO
distribution.

Recall that from our definition in Lemma 4.2.4, every vertex in F}; for any ¢ is a vertex in set AUBUS.
Given the forest F;, we do not necessarily know for a given a vertex v in Fy whether it belongs to A or B
(but if it belongs to S we know this since recall all the S vertices are given for free by the distribution).
Inspired by this, we can see each vertex v in F; as a random variable taking one of the values {4, B, S}.
Importantly, depending on the value of v we have a different distribution on what values its children in the
tree will take. This distribution is also different for the YES and NO distributions. For example, in the NO
distribution all children of any vertex v € A will be B vertices whereas in the YES distribution there is a
small chance of seeing an A child. We prove that although these distributions are different for the YES and
NO distributions, no algorithm can distinguish (with a sufficiently large probability) whether the observed
forest F; was drawn from Dygs or Dyo.

The proof consists of multiple steps. First, we prove a correlation decay property on the tree. Then
equipped with the correlation decay property, we are able to show the probability of seeing the same forest
by the algorithm in a Dygs and Dyo is almost the same which implies that the algorithm cannot decide if

the graph is drawn from Dygs or Dyo.
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4.2.7 Correlation Decay

Lemma 4.2.7 below is our main result in this section. Before stating the lemma, let us start with some
definitions. Consider a tree T'(v) of any arbitrary depth rooted at vertex v. We say T'(v) is ¢-S-free if no
vertex in T'(v) with distance at most £ from the root belongs to S. We also use Q(T'(v),¢) to denote the
total number of vertices of distance at most ¢ from the root v in T'(v). With a slight abuse of notation, we
may also use T'(v) to denote the event that the sub-tree of F} rooted at vertex v by the end of the algorithm

(i.e., when t = K) is exactly the same as T'(v).

Lemma 4.2.7. Let v be any verter, £ > 20(log®n)/e, and let T(v) be any (-S-free tree. Let P(v) and P'(v)
each be an arbitrary outcome of v from {A, B} and the entire forest Fy(v) excluding the sub-tree of v. Letting
Q :=Q(T(v),¢) and assuming that Q = o(d), we have

Pr (1) | P)] < (14 5)7 Pr (1) | 0]

Dyes

and

prirw) | P < (14 5) prir) | P

Proof. Call a vertex u € T(v) an internal vertex if it has distance at most ¢ from v. Note that @ is the
number of internal vertices in T'(v). We say a subset of internal vertices uy, ..., u form an internal path in
a tree T if for any 1 < i < k — 1, u; is the parent of u,11 in T, and additionally each u;, for ¢ € [k], only has
one child in T

We use the following two auxiliary Claims 4.2.8 and 4.2.9 to prove Lemma 4.2.7.

Claim 4.2.8. Suppose that every vertex in T(v) has at least one non-internal descendant. Then T must
have an internal path of length at least 10logn/c.

Proof. Suppose for contradiction that T'(v) does not have any internal path of length ¢. Construct a tree
T’(v) by contracting all maximal internal paths of T'(v) (of any length). Since every vertex in T'(v) has a
non-internal descendant, which is of distance at least ¢ from the root by definition, and every contracted
path has a length less than ¢, every vertex in 7”(v) must have a descendant of distance at least £/¢ from
the root. Furthermore, every vertex in 7”(v) must have at least two children. As such, we get that 7"(v)

must have 2¢/¢ > p vertices, a contradiction. O]

The proof of Claim 4.2.9 below is involved; we state it here and present the proof later.

Claim 4.2.9. Let (ug,...,up) be an internal path in T (v) of length ¢ > 10logn/e such that each u; is the
parent of u;y1. Let T'(u) be the sub-tree of T'(v) rooted at vertex w and let P(uy) and P'(u1) be any two

events on the vertices outside uy’s sub-tree. Then

Pr [T(ug) | P(u1)] < (1 + %)O([) Pr [T(ug) | P'(u1)],

Dyes Dyes

and
1\0@) ,
Pr(T(ue) | Plun)] < (1+2) " Pr(T(u) | P(w)]:
Dno d Dno
We are now ready to present the proof of Lemma 4.2.7. Given the tree T'(v), to measure the probability

of T'(v) actually happening we start by querying from v the same tree topology. That is, if some vertex u
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has z children in T'(v), we reveal x children of u from the distribution and measure the probability that
the resulting tree is exactly the same as T'(v). First, let us measure the probability that the resulting tree
is indeed ¢-S-free. That is, no internal vertex in the queried subtree is an S vertex. To do this, take an
internal vertex w in T'(v). Conditioned on either of P(u1) or P’(uy), the probability of u being an S vertex
is at most O(1/d) since every vertex in G’ has at most one S neighbor, has degree d + 1, and its adjacency
list is uniformly sorted. On the other hand, since the total number of internal vertices in T'(v) is Q, by a
union bound, the probability of seeing at least one S vertex is at most O(Q/d). Let us condition on the
event that we see no internal S vertex. This only multiplies the final probability of T'(v) occuring by some
14+0(Q/d) < (1+1/d)°@) factor.

Conditioned on the observed tree being ¢-S-free, note that if some internal vertex u in the tree has no
non-internal descendants, then indeed its sub-tree exactly matches T'(v). So let us peel off all such sub-trees,
arriving at a tree where every internal vertex has at least one non-internal descedntant. From Claim 4.2.8, we
get that there must be a an internal path uy,...,up of length at least ¢ > 10logn/e in this tree. Applying
Claim 4.2.9, the probability of T'(us) happening remains the same up to a factor of (1+1/d)°?“) | no matter
what we condition on above u;. Thus, we can peel off the whole sub-tree of u; and repeat. Assuming that
we repeat this process K times until we peel off all vertices, we get that the probability of T'(v) occuring
under P(v) and P’(v) is the same up to a factor of (141/d)°@ x (1+1/d)*'K = (1+1/d)°@*+'K)_ Finally,
note that /K = O(Q) since every time we peel off the sub-tree of an internal path, we remove ¢’ internal
vertices in the path, and so K x ¢ is at most the number of internal vertices. This completes the proof of
Lemma 4.2.7. O

Correlation Decay on Internal Paths: Proof of Claim 4.2.9

In this section, we present the proof of Claim 4.2.9, which as discussed implies correctness of Lemma 4.2.7.

Proof of Claim 4.2.9. For any i € [¢'] we define
b, = Pr[u; € B | P(u)], a; = Prlu; € A| P(u)].

We claim that for both distributions Dygs and Dyo, and for any i > 1,

2 2 aj—
b; € (1:|: Ed) (ebi—1+a;—1), a; € (1:|:€d> (1—e)bj—1 £ zdl. (4.1)
To see this, let us first focus on b;. We have
Pr[ui €eB | P(u)] = PI‘[U,‘ €eB | U;j—1 € B,P(u)] -PI‘[ui_1 €eB ‘ P(u)]
+ PI‘[’U@ eB | Ui—1 € A,P(u)] -Pr[ui,l €A | P(’U,)]
= PI‘[’LLZ €B | Ui—1 € B7P(U)]bi,1 + PI'[’U,Z €B | Uij—1 € A,P(u)]ai,l. (42)

Let us now examine Pru; € B | u;—; € B, P(u)]. Given that u;—1 € B, vertex u;_; has exactly d + 1
neighbors in graph G’. Among them, either ed or ed — 1 neighbors of u; are in B. Additionally, since u;_1
has exactly one child (by definition of internal paths) then the conditional event P(u) may only reveal the

A/B-value of one neighbor of w;_1, which would be its parent. Since the adjacency list of vertex w;_; is
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randomly sorted, its discovered child u; belongs to B with probability at least 5’{7_2 > (1- %)5 and at most

d
£ = ¢&. Thus,

2
Priu; € B |u;—1 € B,P(u)] € (1 £ a)a

On the other hand, since every vertex in A has at least d and at most d 4+ 1 neighbors in A,

1
Pr[ui €eB | U;—1 € A,P(u)] € (1 + E)
Replacing these two bounds in (4.2), we indeed arrive at the recursion of (4.1) for b;.

The calculation for a; is similar. In particular, as in (4.2), we have
Priu; € A| P(u)] =Pru; € A ui—1 € B, P(u))bj—1 + Prlu; € A | u;—1 € A, P(u)]a;—1.

We have Prlu; € A | u;—1 € B,P(u)] € (14 2)(1 —¢) since almost (1 — ) fraction of neighbors of each
B vertex go to A, and we have Pr{u; € A | u;—1 € A, P(u)] < 1/d since each A vertex has at most one A
neighbor among its d 4+ 1 neighbors. Replacing these into the inequality above, implies the recursion of (4.1)
for a;.

The following claim gives an explicit (i.e., non-recursive) bound for b; and a; as a function of just a; and
b1.

Claim 4.2.10. Let ) )
;o (I=e)*(ar+b1) — (e = 1) (a1 — (1 = e)b1)

a; = ,

(2-g)(1-¢)

and

y oo (L=e)a+b)+(e—1)(a1 — (1 —e)by)
i 2-e)1-¢) ’

2 2% 2 21
bie(ligd> b;, ai6<1:|:€d> a;.

Proof. First, we note a couple of useful properties of b, and a} that all can be verified from their definitions:

Then for any i > 3, we have

ay = as, b = by, b, =eb,_, +a;_, a; = (1—e)b,_,. (4.3)

To prove the stated bounds on b; and a; we use induction on . For the base case ¢ = 3, directly applying
(4.1) we get

>
[

m
—
H

(€b2 + ag)

{s (<1j: :d) (by +a1)> + (<1i €2d> (1-e)by + ‘2)]

{€2b1 +ear +(1—e)by £ %]

H
H_
gl Qe 2w 2fw
~
[\v]

m

w

m
H-

m
A/?/—\/—\
H

[(1 —e+ 82)b1 + Eal]
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2\? 2\°
=14+ — b 1+ — bl
( sd) 36( ed) g

Similarly, we have

S}
w
m
—
H-

a
(1 —E)bg + 32

(1-¢) <<1j: ;) (eby +a1)> ié <<li :d> (1—e)by £ ‘;1)

(1 — E) (Ebl + al)

3 2 6

We now turn to prove the induction step for ¢, assuming that it holds for i — 1. Let us start with b;. We

w

m
H-

N— " —

m
7 N N7 N

—_ —_

H H

Qo Rl 2l

have
2
b; € <1 + d> (ebi—1 +a;—1) (From (4.1).)
€
9 9\ 26-1) 9\ 26-1)
€ (1 + 5d> (1 + d) by + (1 + €d> a;_q (By the induction hypothesis.)
2
€ 1+ €7d ’L 1 + a/l 1)
2 /
1+ 7d (By (4.3).)
Moreover, for a; we have
c(1+2 (1 — )by + =1 (From (4.1).)
ed 1T om A
2(i—1)+1 9 2(i—1) a
€ ( > (1—e)b,_, £ <1 + d> gl (By the induction hypothesis.)
€
€ (1 + ) (1—¢)b;_, (Since af_; < b}_,/e for i > 4.)
€ (1 ) a. (By (4.3).)
This completes the proof of Claim 4.2.10. O

Observe that a; + by = 1 since u; € S and so either u; € A or u; € B. Combined with Claim 4.2.10, we
get that

2\ (1—e)(ay +b1) + (e — 1) (a1 — (1 — £)by)
b€ (1iecZ) @-aa-9) 1

2\ 1 — e+ (e —1)10087/(q; — (1 —e)by)
(1iecZ) CEBED)

€ (Since ¢’ > 10logne.)
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20 +1 .
c(1+2 _1-e
ed (2-¢)(1—¢)
o)
1 1
< d) 2—¢

Observe that the conditioning P(u) determines the values of a; and b;. However, for large enough ¢, as we

see above, the dependence of by on a; and by vanishes. In other words, by changing the conditioning P(u;)
the value of by for ¢ > 10logn/e only changes by a (1 £ 1/d)°“) factor. The same also holds for as. As
such, whether vertex uy belongs to A or B is essentially independent of the events above the root vertex u;.

To see why this implies Claim 4.2.9, take for example the Dygs distribution and note that

Pr (T(ur) | P(un)] = Pr fur € A| Pluy)] - Pr [T(uf) | up € 4]

Dyes

JrDPr [ug € B| P(u1)] - Pr[T(uy) | ue € B]

YES . Dves
=ap Pr[T(up) | up € Al + by Pr[T(uy) | up € B.
DYES DYES
Since ay and by remain the same up to a (1+1/d)°¢) factor by changing the conditioning P(u;) to P’ (uy),
we arrive at the desired inequality of Claim 4.2.9 for the Dygs distribution. The proof for Dyg is exactly the

same. O

4.2.8 Limitation of the Algorithm

Let us define E4 to be the set of all discovered edges of G[A] by the algorithm. Also, let V4 = {v | (u,v) €

E 4}, where here (u,v) is directed and u is the parent of v in the forest of discovered edges.

Claim 4.2.11. With high probability, any algorithm A that makes at most o(n8/5/log® n) queries, discovers
at most o(d/ log? n) of edges in subgraph G’ with one endpoint in S.

Proof. The proof is similar to the proof of Claim 4.2.5. Since we assume A makes at most 0(716/5/10g2 n)
queries, there will be at most o(n!/®/log? n) vertices for which the algorithm makes more than eN/2 = Q(n)
adjacency list queries. For these vertices, we assume that A finds its edge in G’ with one endpoint in S (note
that the degree of S vertices in G’ is one and each vertex of G’ is connected to at most one vertex of S).
Now let V' be the set of vertices for which A makes at most eN/2 queries. For each new query to a
vertex v € V', since there are eN edges to Ty U Ty in G and that we have already made at most eN/2
queries to v, the new query goes to a vertex in S with probability at most O(1/n). Hence, by applying the
Chernoff bound, with probability at least 1 — 1/ poly(n), there are at most o(d/log®n) edges in subgraph
G’ with one endpoint in S. O

Lemma 4.2.12. Suppose that the algorithm A has made t queries for some t < O(n%/°/log?). Then with
probability of 1 — o(1), all the following hold:

(i) A has found at most o(d) vertices in total for all subtrees T'(v) for v € Va up to a distance 20(log® n)/e

from root v.

(ii) A has not found any edge in G' with one endpoint in S in subtree T(v) up to distance 20(log®n)/e

from root v, for all v € Vy.
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(iii) Conditioning on what A has queried so far, the probability of each edge in F; belonging to G[A] is
O(1/d).

Proof. We prove the lemma using induction. For ¢ = 0, trivially the statement is true. Now assume that the
lemma holds for t — 1 and A makes a new query. If the new queried edge is an edge to Ty UTy, we are done
since none of the conditions in the lemma statement will change. So we assume that the newly queried edge

is in G’. We prove each of the three claims separately.

Induction step for (ii): if the newly queried edge is between B and S, the probability that one of its
201og® n/e most recent predecessors is an edge in G[A] is O(log? n)/d) using the induction hypothesis (iii).
Since A can discover at most o(d/log?n) edges in G’ with one endpoint in S by Claim 4.2.11, then with

probability at least 1 — O(IOgd2 Ly long o

) = 1—0(1), the statement of (ii) remains true throughout all the steps

of the induction.

Induction step for (i): the probability that at least one of the 20 log? n/e most recent predecessors of
the newly queried edge is an edge in G[A] is O(log®n/d) using the induction hypothesis (iii). Since A

discovers at most o(n?/5/log®n) = o(d?/log®n) edges of G’ by Claim 4.2.5, then with probability at least

log? n d?
1- O( dz " logZn

) =1—o0(1), the statement of (i) remains true throughout all the steps of the induction.

Induction step for (iii): let (u,v) be a discovered edge in the forest (u is parent of v). First, we
condition on u € A, otherwise, the probability of (u,v) being an edge in G[A4] is zero. Note that u has at
least d neighbors in G’ that are not the parent of u in the forest F;. By Claim 4.2.11, A discovers at most
o(d) edges in subgraph G’ with one endpoint in S. Hence, at most o(d) of neighbors of u in G’ have an edge
with one endpoint in S in their subtree. Furthermore, by Claim 4.2.5, at least ©(d) neighbors of v in G’,
have at most o(d) vertices in their subtree. Also, note that by proof of Lemma 4.2.4, neighbors of u in G’
that are not adjacent to u in the forest are singleton vertices in the forest. Let vy, vo,..., v, be the union of
(1): children of u in the forest such that each of them has no edge with one S endpoint in their subtree up
to distance 20log® n/e, and each of them has o(d) vertices in their subtree up to distance 20log®n/e, (2):
the neighbors of v in G’ that are singleton in the forest. Hence, we have r = ©(d).

By (i) and (ii), if v € A then there are at most o(d) vertices in subtree T'(v) up to distance 20log®n/e
from root v, and there is no edge in subtree 7'(v) with one endpoint in S up to distance 20 log®n /e from the
root. Thus, if v ¢ {v1,v,...v,}, then (u,v) is not an edge in G[A]. Now assume that v € {v1,va,... v, }.
Note that in Dyo, there is no neighbor of u with label A and in Dygs, there is exactly one neighbor in A.
Therefore, for Dyg, the probability of v € A is zero. Now assume that the graph is drawn from Dygs. Hence,
exactly one of vi,ve,...,v, is in A (if parent of u is A then the probability of (u,v) being in G[A4] is zero).
We prove that each of v; can be in A with almost the same probability using a coupling argument.

Let ¢; be the subset that vertex v; belongs to (¢; € {A, B}). We say C = (c1,¢2,...,¢) is a profile for
labels of vertices vq,...v,.. Therefore, exactly one of ¢; is equal to A and all others are equal to B which
implies that there are r different possible profiles. Assume that C' and C’ are two different profiles. Let
v; be a vertex with label A in C' and v; be a vertex with label A in C’. By Lemma 4.2.7, the probability

)O(Q(T(vi),f))

of sampling subtree below v; with label B is the same up to a factor of (1 + é . Similarly, the

probability of sampling subtree below v; with label A is the same up to a factor of (1 + %)O(Q(T(Uj)’z)). Since
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Q(T(vj),£) = o(d), then the probability of having profile C' and C” is the same up to a (1 + o(1)) factor.
Therefore, the probability of having one specific v; to be in A is O(1/d) since r = ©(d). O

4.2.9 Indistinguishability of the YES and NO distributions

We define a bad event to be the event of A discovering more than o(d) vertices in total for all subtrees T'(v)
for v € V4 up to a distance 20log® n/e from root ¢, or A has found at least one edge in G’ with one endpoint
in S in subtree T'(v) up to distance 201log® n/e from root v for at least one v € V4. By Lemma 4.2.12, the

bad event happens with probability o(1). For the next lemma, we condition on not having a bad event.

Lemma 4.2.13. Let us condition on not having the bad event defined above. Let F be the final forest found
by algorithm A on a graph drawn from Dygs after at most O(nﬁ/f’/log2 n) queries. Then, the probability
of querying the same forest in a graph that is drawn from Do is at least almost as large, up to 1+ o(1)

multiplicative factor.

Proof. First, we define n hybrid distributions Dy, D1, ..., D,_1 as follows. Distribution D; can be obtained
by sampling from Dygs until the i-th level in any tree in the forest, and then sampling from Dyo below the
i-th level. Hence, Dy is exactly the same as Dyo and D,,_; is the same as Dygs. Our goal is, starting from a
forest sampled according D,,_; = Dvygs, to inductively show that we can switch from D; to D;_; with only
negligble total decrease in the probability.

To formalize our coupling argument, recall the notion of special edges from the input distribution: In
Dyes, edges in G[A] are special; in Dyo, every vertex in A has one special edge to B all forming a matching.
We also extend the definition of bad events to Dno and hybrid distribuitons to include bad events in subtrees
originating from special edges.

Consider the forest I found by algorithm A on a graph drawn from Dygs, and let F'<? denote the forest
as well as any choice of its special edges in all levels < i (arbitrarily, conditioning on not having a bad event).
We compare the probability of seeing F<? when making the same queries when the oracle samples its answers
from D; vs D;_1. We can couple the sampling for the two distributions so that it is identical for everything
in levels < i (including the choice of special edges), and also for levels > i in all the sub-trees that are not
descendants of special level-i edges.

For each special edge (u — v) in the i-th level, the label of vertex v is A when sampling from D; and
B when sampling from D;_;. Below this vertex (aka levels > i), both distributions D; and D;_; sample
according to Dno. Thus, by Lemma 4.2.7, the probability of sampling the subtree below v is the same
regardless of the label of v, up to a factor of (1 + é)O(Q(T(vi)’m.

Let V4 ; denote the set of vertices pointed to by i-th level special edges. By the argument in the previous

paragraphs, we have

1\ Zoeva, OQ(T@).0)
> . (4.4)

Pr[FSYFSt ~ D;_y] > Pr[FSHFSt ~ Dy <1 -

Let G=¢ denote the event of having no bad events corresponding to level-(< i) special edges. Summing

over (4.4) for all valid choices of special edges, we have the following:

Pr[F AGSTYF ~ D 4] > Pr[F AGSYF ~ D;_4]
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1>z,,em O(Q(T(v).0))

> Pr[F AGSYF ~ Dy <1 -2

We can now bound the total distribution shift across all hybrid steps:

n—1 1\ Sveva, OQT(©).0)
Pr[F|F ~ Do) > Pr[F AG="'|F ~ D, 4] [| <1 - d)
=0
y 1\ Zeev, OQ(T(0),0)
=Pr[FAGS"YF ~D, 4] (1 — d)
1 o(d)
>Pr[FAGS" Y F ~D, 4] (1 - d) (By Lemma 4.2.12.)

>Pr[FAGS"HF ~D,_1]- (1 —o(1)).

This completes the proof of Lemma 4.2.13. O

Proof of Theorem 4.2.1. Note that the probability of having the bad event that we defined is o(1). Condi-
tioning on not having the bad event, by Lemma 4.2.13, the distribution of the outcome that the algorithm
discovers is in o(1) total variation distance for Dygs and Dyo. Therefore, the algorithm is not able to dis-
tinguish between the support of two distributions with constant probability. According to our construction,
the size of the maximum matching of both Dygs and Dyo is ©(n), and in both cases, the input graph is
bipartite. O

4.3 Lower Bound for Bounded Degree Graphs

In this section, we prove a lower bound for the bounded degree regime. In the sublinear time model,
Yoshida, Yamamoto, and Ito [176] showed there exists an A9/ E2)/52 time algorithm providing a (1,en)-
approximation of maximum matching size. Whether there exists a poly(A/e) time algorithm has remained
open for more than a decade. Theorem 4.3.1 negatively resolves this question by showing that A®(1/€) time

is necessary.

Theorem 4.3.1. Let ¢ < 0.01. For any choice of log*n < A < nf, there is an n-vertex bipartite graph
G of mazimum degree A such that any randomized algorithm that with probability at least 0.51 provides
a (1,en)-approzimation for the size of the maximum matching in G must make A2O/9) gdjacency list

queries.

Theorem 4.3.2. Let e < 0.01. For any choice of log* n < A < nf, there is an n-vertex bipartite graph G
of mazimum degree A such that any LCA that with probability at least 0.51 computes a (1, en)-approzimate

mazimum matching of G must make at least A/ queries to G.

Compared to prior lower bounds, several substantially new ideas are needed in the proof of Theorem 4.3.1.
The main novelty of our proof is a new notion of delusive vertices. These are a total of O(en) vertices in
the graph decomposed into O(1/¢) levels of O(e?n) vertices each that essentially do not participate in a

(1, en)-approximate maximum matching, but distinguishing them from those vertices that do participate in
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Figure 4.3: Core of the construction when k = 3.

the matching turns out to require a large number of queries. We present a detailed overview of these delusive

vertices and our techniques in Section 4.3.1.

4.3.1 Technical Overview

In this section, we present a high-level and informal overview of our lower bound of Theorem 4.3.2, deferring

the formal proofs to the forthcoming sections.

The Input Graph

We start by describing the input distribution. As the final construction might seem strange at the first glance,
we present it step by step, gradually adding all the ingredients that are needed for the final proof. Note that
the degree of construction outlined in the technical overview differs slightly from the actual construction,

but this overview contains all the essential ideas.

Step 1 — The Core: The first step is simple and intuitive. The “core” of our input graph consists of a
set S of vertices of degree 1. The core, in addition, has k = ©(1/¢) vertex subsets A;, B; for i € [k]. There
are two types of edges in the core as illustrated in Figure 4.3 for kK = 3. There are ‘dense blocks’ of d-regular
graphs between A; and B; for any ¢ € [k]. Additionally, there are ‘special edges’ perfectly matching S to By,
A; to By for any i € [k — 1], and Ay to Ag.

Note that the special edges combined form a maximum matching of the core. Importantly, any (2k+1/ 2

2k+1
1 — O(e))-approximate maximum matching of the core must include a constant fraction of the special edges

going from Ay to Ax. Our goal is to hide these special edges and show that finding each one of them requires
at least d*~°() queries to the graph. To do this, it is important not to give away the layer of a vertex.
Towards this, our first idea is to assign a random ID to each of the vertices of the core and sort the adjacency
lists randomly.

The nice thing about the core is that the local neighborhoods of all the vertices in higher levels are
symmetric. In particular, it is not possible to distinguish an A vertex v from a B}, vertex without reaching
an S vertex in its neighborhood, which are all at distance at least 2k from v. Note that while there are
indeed Q(d*) vertices in the 2k-hop of a vertex v € Ay, an LCA is not obligated to explore the whole
2k-hop of v. In fact, a random walk starting from any vertex v reaches an S vertex in just O.(d) steps in
expectation. Moreover, the distribution of the length of such a random walk until reaching S (which can
be approximated sufficiently well with some O.(logn) repetitions) is enough to determine the layer of its

starting vertex correctly with high probability. Therefore, we need more ideas to hide the layers of the core.
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Step 2 — Delusive Vertices: Delusive vertices are a key component of our construction. Their main
purpose is to guarantee what we showed the core cannot do on its own: hiding its layers. In our final
construction, we will have a hierarchy of delusive vertices. But let us start with one level and see how it
helps. We add a set D of ©(75;n) delusive vertices to the graph. We connect every vertex in {A;, Bi}icx
to ed delusive vertices in D.! This can be done in a way such that all the A;, B;, D vertices have the same
degree d’ = d+¢ed + 1 overall, and each vertex in D has the same number of edges to all of the A;, B; layers.

It turns out that adding these delusive vertices is enough to kill the random-walk based algorithm outlined
above. Indeed, because ¢ fraction of neighbors of each A;, B; vertex goes to D, the random walk is expected
to hit D every ©(1/¢) steps. As this is much smaller than the Q(d) expected steps to hit an S vertex, the
random walk, w.h.p., sees a D vertex before reaching S. On the other hand, the moment that we hit D, we
completely lose information about where the random walk started. This is because conditioned on having
reached a delusive vertex u € D, all the layers have the same probability of being u’s predecessor in the walk
as u has the same degrees to all the layers.

While one layer of delusive vertices kills the random walk algorithm, it does not yet imply that ¢*—°(1)
queries are needed for determining the label of Ay vertices. In fact, it is still possible to determine the label
of any vertex in just 5(d2) time! To see this, observe first that it is possible to determine whether a vertex
is a By vertex in O(d) time by simply scanning its neighbors and checking whether there is an S vertex
among them. Now suppose that our task is to determine whether a vertex v belongs to D. Since only the
vertices in D have € fraction of their neighbors in B;, we can random sample 6(1) neighbors of v, check
which ones belong to By, and report v € D iff this fraction is sufficiently close to €. Now that we can check
if a vertex belongs to D in 5(d) time, we can modify the random walk algorithm, ensuring that we never
step on a D vertex by running this test on each vertex that it visits. This only multiplies the running time
of the random walk algorithm by a O(d) factor, thus it takes O(d?) time to determine the core layers with

one level of delusive vertices.

Step 3 — A Hierarchy of Delusive Vertices: In our final construction, instead of just a single layer of
delusive vertices, we have a hierarchy of k = ©(1/¢) levels of delusive vertices Dy, ..., Dy. We ensure that
the total number of vertices in Dy, ..., Dy is O(¢2n) so that adding them to the graph does not drastically
change the maximum matching of the core. As illustrated in Figure 4.4, for any i, vertices in D; are made
adjacent to A;, B; for all j > 4 and to all D; for j > 4. Intuitively, while we can still check whether v € D; in
é(d) time by examining what fraction of its neighbors belongs to By, the same cannot be done for Dy, Dy, . ..
as they do not have any direct neighbors in B;y. In particular, determining whether a vertex v belongs to D;

(or even A;, B;) will require d*~°(") queries in the neighborhood of v which effectively hides the core layers.

Step 4 — Binomial Degrees: The 4" and last step of our construction is more of a technical modification
to the construction discussed above that is important for our proofs. In the graph illustrated above, each
vertex has a fixed number of edges to every layer. Take a vertex v € By for example. It has one neighbor in
S, d neighbors in Ay, and ed neighbors in D;. In our final construction, we want every neighbor of v € B; to
belong to Ay, D1, S independently from the rest of neighbors of v. To achieve this, we first draw the number

of edges of v to each of Ay, D1, S from a suitable binomial distribution with the right expected value and

1We note that after connecting the D vertices to all of A;, B;, the resulting graph will no longer be bipartite. Minor
modifications will be needed to convert the graph into a bipartite one.
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Figure 4.4: This figure shows how the k levels of delusive vertices are made adjacent to the core. For
simplicity, this figure does not show the edges of the delusive vertices, but all the edges of each D, vertex
goes to the vertices in the smallest blue box enclosing it.

then try to satisfy these drawn degrees. A challenge that arises is that the drawn degree sequences of all
vertices might not be realizable simultaneously. For instance, if the sum of degrees of B; to D; is not the
same as the sum of degrees from D; to By, then clearly the graph is not realizable. Nonetheless, we show
that by modifying the drawn degrees of a small number of “broken vertices”, the resulting degree sequence
will be realizable using a theorem of Gale-Ryser (see Proposition 2.2.7). We also show that the algorithm
will, w.h.p., never see a broken vertex. Effectively, this implies that the layers of the neighbors of any vertex

that the algorithm sees will be independent.

Formalizing the Lower Bound: The Label Guessing Game on Trees

Up to this point, we have presented a high-level overview of our input graph and have also explained why a
certain random-walk based algorithm cannot find a (1, en)-approximate matching of it with less than ae/e)

queries. In this section, we overview how we prove this lower bound against all algorithms.

The Label Guessing Game on Trees: We reduce our lower bound to a clean “label guessing game” on a
Markovian tree (see Figure 4.5). In this problem, we have a tree T which initially only involves a single vertex
v that is going to be the root of T throughout. At each step, the algorithm can adaptively pick a vertex
u € T of its choice. Doing so will add a direct child below u. Each vertex added to T' will have a hidden label.
The goal is to guess the label of the root vertex v while querying a few vertices in its subtree. The hidden
labels correspond to the vertex subsets of our input distribution. That is, each vertex has one label that is
either S or A;, B;, D; for some i € [k]. The labels of the children of each vertex u are drawn independently
from a distribution that depends only on the label of their parent u. These transition probabilities come
from our input distribution. For example, each A; vertex in our input graph has d expected neighbors in By,

ed expected neighbors in Dy, and 6(1) expected neighbors in By. Thus, once we open a child w for a vertex
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Figure 4.5: An example of the label guessing game. The tree on the left is what the algorithm sees. In
particular, all the labels except for the S labels are hidden from the algorithm. On the right, we have two
possible realizations of the labels leading to the same observed tree. The algorithm must pick its queries in
such a way that it can guess the label of the root.

u whose hidden label is Ay, its child w takes label By with probability 1 — ©(¢), label D; with probability
O(e), and takes label By with probability é(l /d) independently. The only information that the algorithm
is given is whether the label of each vertex in the tree is S or not. Figure 4.5 shows an instance of the label

guessing game and two of its possible realizations.

The Reduction to the Label Guessing Game: We show that any LCA for (1, en)-approximate match-
ing for our input construction leads to an efficient label guessing algorithm in the tree model. To show this,
we prove that any LCA that queries d°(1/¢) entries of the graph, with high probability, only sees a (rooted)
forest. The proof relies heavily on the fact that the edges of the input graph G are sufficiently random (even
conditioned on satisfying the degree constraints and conditioned on the previous d°(*/¢) queries) and thus
expand well. Once we prove this, we are immediately done: conditioned on the high probability event that

the LCA does not discover a cycle, the problem becomes exactly the same as the label guessing game.

Lower Bounds for the Label Guessing Game: Lower bounding the number of queries needed to solve
the label guess game is the crux of our analysis. Our proof consists of two parts. In the first part of the proof,
we show that any algorithm that solves the label guessing game must find a path from the root to an S vertex
that does not go through a certain subset of delusive vertices that we call mixer vertices (Definition 4.3.15).
To formalize this, via a careful coupling argument, we show that if every path from the root to an S vertex
contains a mixer vertex, then the label of the root is equally likely to be, say, Ay or By. In the second part
of the proof, we prove that to discover a path from root of level k to S that does not contain any mixer
vertex, the subtree below the root must include at least d*~°() vertices. The proof of this is close (but more

general) than the arguments we discussed above for why the random-walk based algorithm does not work.
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4.3.2 Input Distribution and its Characteristics

In this section, we describe the input distribution of our construction. We have two types of input graphs
where the first graph has an almost perfect matching and for the second graph, only (1—¢) fraction of vertices
are matched in the maximum matching. We prove that any deterministic LCA which with probability at
least 0.51 computes a (1, en)-approximate maximum matching of graphs drawn from this distribution, must
spend at least A®(1/2) time. From Yao’s minimax theorem [175], we thus get that any randomized LCA
that computes a (1, en)-approximate matching for all inputs with success probability at least 0.51 must also
spend at least A2(1/¢) time per query.

Let N be a parameter that controls the number of vertices in our input distribution. Moreover, in

our construction, let d < n/3 be a parameter that controls the degree of vertices. Graphs in our input
distribution have n = (1/2+1/e +¢ —2/2)N vertices. We first describe the vertex set of the graphs in our
distribution.
The vertex set: The vertex set consists of disjoint subsets A}, B}, A2, B? for each i € [1/¢] as well as two
subsets S' and S2. Each of these subsets except A%/E, Af/e, S1, and S2, has exactly N/4 vertices. Each of
A%/E and A%/E has (1 — e?)N/4 vertices. Also, each of S' and S? has N/4 vertices. Moreover, the vertex
set consists of subsets D; of delusive vertices for i € [1/g], where each of these 1/e subsets has exactly 2N
vertices. So we have

N 1
Al =42 = Bl = BY| = Vie[--1],

N N
|B%/E‘Z‘B%/s|:13 ‘A%/E‘Z|A%/s|:(17€2)1a

N
1) 2]

1
|D;| = 2N Vic [g]~

Hence, the total number of vertices in each graph of our input distribution is n = (1/2 4 1/e +& —£?/2)N.

The edge set: For the edge set, we have two different distributions; Dygs and Dyo. In Dvgs, the graph
has an almost perfect matching. On the flip side, a maximum matching of Dyo leaves at least en vertices
unmatched. In our input distribution, we draw the graph from Dygs with probability 1/2 and from Dyo
with probability 1/2.

Let X,Y € U;ﬁ{A},A?,B},B?,Di} U {S', 52} be any two vertex subsets. We use degk (v) to denote
the number of vertices of subset Y that are adjacent to a single vertex v € X. First, we show how the
degree of vertices will be determined in Dygs and Do, then we describe how to construct a graph with
the corresponding degree sequence. Each vertex except vertices of S has exactly d' = d + e3d + log* N
neighbors. Also, all vertices of S have log* N neighbors. For a vertex u € X, the type of its neighbor v € Y
is determined independently at random according to the following binomial distribution for both Dygs and

Dno (it helps to recall Figure 4.4 of Section 4.3.1):



4.3. LOWER BOUND FOR BOUNDED DEGREE GRAPHS 123

e Vertices of 7 have log* N neighbors and the neighbors only can be B{ for j € {1,2}.

. IfX:B{ for j € {1,2}:

. log* N ; d
PI‘[Y:S‘]]:T, PI‘[Y:A{] = 57
e3d
PT[Y = Dl} = 77
o If X =D/ forje{l,2}and 1 <i<1/e:
p log* N o d
Prly = A ] = 7 Pr[Y = Aj] = 7
1/e —i+1)et
PI‘[Y:Dl]:—( /E Z+ )E d’
d/
4d
Pﬂyzz%p:%f for k < .
o If X = A for j € {1,2} and 1 <i < 1/e:
log* N J d
PrlY = Bl,\] = ——, Py = B]] =,
(1/e —i+1)etd
Pr[Y = D;] = 7 ,
44
Pﬂyzzhpz%f for k < .

e If X =D, forie[l/e—1]

(1 — 2¢ + 2ie? — 562 /2 + 3e%)d + log* N

Pr[Y = D;] = w :
4
PﬂY:l%L:%# for j # 1,
_ 2 4
Pr[Y:Ajl/E] (sdi/s)d for j # 1,

(1/e —i+1)-€2d/4
d/
for j € {1,2},

PrlY = A]] = Pr[Y = B]] =
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; ; ; e2d/4
PrlY = 4] = PrlY = B]] = Pr[y = B], ] = ==

for je{l,2} andi <k <1/e.

e f X =D, fori=1/e:

(1 —5e2/2 4 3¢Y)d + log* N

PI‘[Y = Dz] = d, )
4
Pr[Y = D] = Ed—/d for j # 1,
~ (e2 —et)d )
Prly = Ajl/e} =g for j € {1, 2},
j €2d/4 )
PrlY =B, ] = 7 for j € {1,2}.

Distribution of neighbors of vertices in A{/E and B{/a for j € {1,2} is different in Dygs and Dno. The

following binomial distribution is the distribution of neighbors in Dygs:

o If X = B _ for j € {1,2}:
: log* N 4 (1—¢e2)d
PI‘[Y = Ajl/a—l] = T, PI'[Y = A{/E] = d/ s
iy e2d
Prly = B}, /] = 7
44
Pr[Y = Dy] = % for k < 1/e.
o If X = Af _ for j € {1,2}:
3—j 1Og4N j d
Pr[Y:Al/E]: T Pr[Y:Bl/E}:E,
etd
Pr[Y = Dg] = T for k <1/e.

The following binomial distribution is the distribution of neighbors in Dyo:

o If X =B’

1/ for j € {1,2}:

; log* N
PrlYy = Ajl/sfl] T
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(1 —€?)(d +1log* N)

PI‘[Y = Ajl/s] - d/ )
2 4 4
3_i;  &*(d+log” N)—log" N
Prly = B}, /] = 7 ;
4
d
Pr[Y = Dy = Ed, for k < 1/e.
o If X = A} _for j € {1,2}:
: d+log* N
PI‘[Y = B{/E} = T,

4
Pr[Y = D] = ed—/d for k < 1/e.

Note that for two different subsets X and Y, we only described how to determine deg§ (v). Unfortunately,
it may not be possible to construct a graph with the resulting degree sequence. As described in Section 4.3.1,
if the sum of degrees from A} to Bj is different from the sum of degrees from B{ to A}, then no graph can
satisfy this degree sequence. Nonetheless, we prove that by ignoring the degrees of at most O(v/nd - logn)
vertices, which we call broken vertices, the degrees of the rest of the vertices can be satisfied with high
probability. The following Lemma 4.3.4 is useful in showing how we add the edges according to the degree

sequence.

Definition 4.3.3 (Broken Vertices). Take a vertex v in our input graph. We say v is a broken vertex if its

degree in the final graph is different from the degree initially drawn from the binomial distribution.

Lemma 4.3.4. Let a1 > a2 > ... > ax, and by > by > ... > by, be two sequences of non-negative integers
where a; is drawn from a Binomial distribution with ny trials and success probability p1, and b; is drawn
from a Binomial distribution with ne trials and success probability po for all i, and suppose Zfl a; > Zfz b;.
Also, assume that kimipy = kanapa, mpr = Qlog*n), mp2 = Qlog*n), mp1 = O(d), nap2 = O(d),
k1 = O(n), and ke = ©(n). Then, with high probability, there exists a sequence of non-negative integers
ay >ah>...> a;h such that all the following hold:

e 0<a;—a, <10/mp1logn for alli,

(ah,as,...,ay, ) and (b1, ba, ..., by,) is a bigraphic pair of sequences (see Definition 2.2.6), and

there are at most O(v/kinip1 -logn) elements in the sequence where a; # a;.

Proof. First, note that since both sequences are drawn from a binomial distribution, by applying a Chernoff
bound, with a probability of at least 1 — 2n=5, we have a; € (91p1 £ 5/N1p1 - logn) (resp., b; € (n2ps &
5./M2p2 - logn)). Thus, using a union bound, with a high probability this event holds all for a;’s and b;’s.
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Similarly, using the Chernoff bound, we get that with high probability,
k1
Zai € (k1771/71 + O(v/kimp: - log n)) ,
k2
Z b, € <k2772p2 + O(\/ kamap2 - log n)) .

Let D = Zfl a; — 252 b;. Since kim1p1 = kanaps, by the above bounds, D < O(v/kim1p1 - logn). We
construct a degree sequence a’ = (ay,aj,...,a ) in D iterations. Initially, we set a; = a; for all i. At each
iteration, we choose the maximum «a} and reduce its value by one. In the end, we sort ¢’ in decreasing order.
Note that according to the construction, we have Zfl a; — Zfl a; = D < O(v/kimp1 -logn). Furthermore,
the maximum of a’ cannot be less than 71p1 — 5,/71p1 - logn, as otherwise, Zfl a; should be significantly
less than k1m1p1 — O(v/Einip1 - logn) which is a contradiction. Thus, 0 < a; — af < 10,/f1p1 - logn for all
1 <4 < k. Therefore, it remains to show that (a},a5,...,aj ) and (b1,bs,...,bx,) is a bigraphic pair of
sequences.

For this aim, we use Gale-Ryser theorem in Proposition 2.2.7. We need to show that the conditions in this

theorem hold for the pair of sequences. Formally, for each 1 < r < ky, we claim that )} a} < Ziﬁ min(b;, r).
If r > nopa + 5y/N2p2 - logn, then

ko ko T
Zmin(bi,r) = Zbi > Za&

where the first equality follows by the high probability event of having b; < n9p2 + 5,/n2p2 - logn for all
1<i <k If r <mopy+ 5y/M2p2 - logn, then

> ah <7 (mpi+5yiipn - logn)
7

k2
<O <n< Zmin(bhr),

3

which completes the proof. O

Corollary 4.3.5. Let (a1, as,...,a,) be the degree sequence that is produced by the construction. Then,
there exists a graph with sequences (by, ba, ..., b,) such that there exists at most O(v/ndlogn) broken vertices

in the constructed graph.

Proof. Proof follows by applying Lemma 4.3.4 for the degree sequence of induced subgraph for all pairs
(X,Y) such that X,Y € (S'US2) U (JL5{AL A2, B!, B2, D;}). O

(3

Remark 4. Note that there are edges inside D; for each i € [1/c], hence, we cannot use Lemma 4.3.4 to
put edges in G|D;| since the graph is not bipartite. However, we can assume that the number of vertices in
each D; is even, and there are two parts in each D; where vertices of each part are only connected to the

other part. With this small modification, we can use Lemma 4.3.4 for G[D;].
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Edges of the graph: We use Corollary 4.3.5 to construct a graph with the given degree sequence that we
determined before. By Corollary 4.3.5, there are at most O(\/m logn) broken vertices. Distribution Dygs
(resp., Dno) picks a graph uniformly from the set of all possible graphs that satisfy the modified degree
sequence corresponding to Dygs (resp., Dno).

Now we observe some properties of the input distribution that are immediately implied by the construction

and important for the proof.

Observation 4.3.6. For any graph that is drawn from the input distribution, with high probability, there
exists at most O(v/ndlogn) broken vertices.

Proof. The proof follows by Corollary 4.3.5. O
Claim 4.3.7. With high probability, all the following hold:

1. There exists a matching of size (1 — e3)N/4 between vertices of S7 and B{ for all j € {1,2} for all
je{1,2}

2. There exists a matching of size (1 — e3)N/4 between vertices of A{ and sz+1 for alli € [1/e — 1] and
Jje{1,2}.

3. If the input graph is drawn from Dygs, then there exists a matching of size (1 —2e2)N/4 between A%/E

and A%/E.

Proof. Let v e A’ U B! 1~ Degree of vertex v in G[Al, B! 1] is concentrated around log* N with 10log® N
error since the expected degree is log* N, we can show that using a standard Chernoff bound, the error is
at most 10log® N with high probability. Furthermore, by Lemma 4.3.4, the degree of a vertex can decrease
by 1Olog3 N additive value when we put edges in the graph using Lemma 4.3.4. Thus, the degree cannot
be smaller than log* N — 201log® N and larger than log* N + 10log® N. We construct a fractional matching
such that for each edge e in G[Ag7 Bf_H], we set fo = 1/(log* N + 10log® N). Since the degree is at most
log* N + 10log® N, this fractional matching is feasible. Let E(v) be the set of edges incident to v in
G [Af , Bg 1], then due to the integrality gap of the fractional matching polytope in bipartite graphs, we have

o log* N — 201log® N
G[Al, B, .]) > e 2
u(G[A7, B, 1]) 2 Z Z fez Z log? N + 101log® N

vEA] e€E(v) vEA]
N 40
> (1—
— 4 log N
N
>(1—e%)—
= (=)

concluding the proof for statement (2).2 A similar argument also works for statement (1) since the degrees
and sizes of subgraphs are the same.

Proof of the third statement is similar to the second statement since the degree of vertices in G[A%/E, Af/s]
is concentrated around log* N with 10log® N error. Let E(v) be the set of edges incident to v in G[A%/E, Af/s].

2In the proof of this lemma, we need ¢ to be constant. However, we might use a slightly modified version of the result by
[92] to show that there exists a perfect matching in G[A?, Bf+1] and G[A%/E,A%/s]. With this change, we do not need the
assumption for € to be constant.
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If we construct the same fractional matching, then we get

M(G[Ai/E’A%/a]) > Z Z .fe
UeAi/E e€E(v)

Z log* N — 201log® N
log* N +10log® N

'UGA%/E
_ 2
S (1—e’)N 1 40
- 4 log N
N
> (1—-2¢%)—
> (1227,
concluding the proof for statement (3). O

Lemma 4.3.8. Let Gygs ~ Dygs and Gno ~ Dno. Then, with high probability,
o u(Gygs) > (2/e +1 — 4e?) %7
o u(Gno) < (2/e+4e) .

Proof. Consider the graph Gygs. For each i € [1/e — 1] and j € {1,2}, by Claim 4.3.7, we have a matching
between AZ and Bgﬂ that matches (1 — &3)N/4 vertices of each part. Also, for each j € {1,2}, we have
a matching between S7 and B! that matches (1 — e3)N/4 vertices of each part. Moreover, there exists a
matching between A{ /e and A‘I’;EJ that matches (1 — 2e2)N vertices of each part. Since the vertex sets are

disjoint, by taking the edges of all these matchings, we have

1 o N N W N
>2(=— — = 4+ = - —
,U(GYES)_Z(S 1)(1 )T 5 -2

2 N
> <+1—3€2) —.
£ 4

Now consider Gyo. First, we show that u(GnolV \ Uzlﬁ D;]) < N/(2¢). To see this, note that Gno[V \
Ulli 7 D;] is a bipartite graph which implies that the size of the vertex cover of this graph is equal to the size
of the maximum matching by Ko6nig’s Theorem (Proposition 2.2.1). Since there is no edge in the induced

graph G[Ugii,je{l,Q} ATU{S!, §2}], we take Uzg’/je{m} B! as the vertex cover of this graph. Furthermore,

since | Ulli 1 D;| = eN, the number of maximum matching edges that have at least one endpoint in | Ulli 5 Dl

is at most eN. Thus, we have

1/e
w(Gno) < p | Grno |V U D;| | +eN

i=1

N
< —+eN
2e

2 N
(—!—45) —. ]
5 4

Corollary 4.3.9. Let £ < 0.07. Any algorithm that estimates the size of mazximum matching of a graph G

that is drawn from input distribution within a factor of (1,en/7) with probability at least 0.51, must be able
to distinguish whether G belongs to Dygs or Do .
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Proof. Note that we have

N
1(Gves) — 1(Gno) > (1 — 4e — 4¢?) R
Moreover, since ¢ < 0.07,
N N
1—de—4e?) — > —.
( £ —4e?) 7%
Combining with the fact that N > 6/7 - (en), we obtain the claimed bound. O

4.3.3 A Reduction to a Label Guessing Game on Trees

In this section, we prove that any algorithm that makes o(dl/ ¢) queries, cannot discover any cycle and only
sees a rooted forest with high probability. This effectively reduces the problem to the label guessing game

on trees that we outlined in Section 4.3.1. The following lemma formalizes the main result of this section.

Lemma 4.3.10. Let A be any algorithm that makes at most o(d*/¢) queries. Let Fy be the empty graph
before the algorithm makes any queries, and fort > 0, let Fy be the subgraph that A discovers after t queries.
The following property holds throughout the execution of A with probability 1 — o(1): Suppose that the t-th
query is made to the adjacency list of vertex u and edge (u,v) is returned. Then, vertex v is a singleton

vertex in Fy_q.

Remark 5. Lemma 4.3.10 implies that the discovered forest can be thought of as a rooted forest. In other
words, if edge (u,v) is discovered by the algorithm at step t and v is the singleton vertex, then v is the leaf
Of Ft .

The main technical part to prove Lemma 4.3.10 is to show that at any time during the execution of the
algorithm, for any pair of vertices (u,v) that A has not discovered an edge yet, the probability of having
an edge (u,v) is at most O(d/n). To see this, note that if v and v belong to two blocks in the construction
that there is no edge between them, then the probability of having an edge between them is zero. Now if
they belong to two blocks that we put edges between them, then since we put almost regular graphs with a
degree of at most O(d) between any two blocks, the probability of having that edge is O(d/n). This is not

a formal argument and in order to formalize this intuition, we use a coupling argument.

Lemma 4.3.11. Let (u,v) be a pair of vertices that the algorithm has not discovered an edge between them.
Then, the probability of having the edge (u,v) in G is O(d/n).

Before proving Lemma 4.3.11, first we show how we can complete the proof of Lemma 4.3.10 using
Lemma 4.3.11.

Proof of Lemma 4.3.10. The proof consists of two parts. First, we show that during the execution of the
algorithm at any time ¢, if u and v are two non-singleton vertices, then there is no edge between u and
v. We use induction on t to prove this claim. For ¢ = 0 this claim clearly holds. At time ¢ > 0, suppose
that A finds an edge (u,v) such that v is a singleton in F;_; (similarly, u can be a singleton vertex). Now
we need to show that v does not have any edge to non-singleton vertices in F;_1 except v. Note that the

probability of having an edge between v and any of non-singleton vertices in Fy_; is O(d/n). Since A make
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at most o(d'/¢) queries, there are at most o(d'/¢) non-singleton vertices in F;_;. Thus, by union bound, the
probability of having an edge between v and non-singleton vertices of F;_; is o(d'/¢)-O(d/n) = o(d"/**1 /n).
Moreover, the induction has o(d'/¢) steps since the algorithm makes at most o(d'/¢) queries. Therefore, the
probability of failure over all steps is at most o(d'/¢) - o(d'/¢*' /n) = o(1) because d = n/3.

Second, we show that if we query the adjacency list of a singleton vertex w and the algorithm discovers
edge (u,v), then v is also a singleton vertex. Fix a singleton vertex u. By Lemma 4.3.11, the probability of
having an edge between u and each of the non-singleton vertices in the forest is O(d/n). Hence, the expected
number of edges between u and non-singleton vertices is at most o(d'/¢*! /n) since there are at most o(d'/*)
non-singleton vertices. Furthermore, u has Q(d) neighbors according to the construction and the adjacency
list of u is randomly permuted which implies that the probability of the first neighbor in the adjacency list to
be non-singleton is o(d'/¢ /n). Since the algorithm makes at most o(d'/¢) queries, the probability of seeing an
edge between a singleton vertex and non-singleton vertex when the algorithm queries the singleton vertex’s

adjacency list is at most o(d'/¢) - o(d'/¢ /n) = o(1) by union bound, which completes the proof. O

Proof of Lemma 4.3.11

Suppose that w € X and v € Y, where X and Y show the subset in the construction that v and v belong to.
If there is no edge in the construction between two subsets X and Y, then the probability of having edge
(u,v) is zero. Now we consider two possible scenarios for the types X and Y: 1) one of X or Y is of type S*
or §%, 2) none of X or Y is of type St or S2.

In the first case, without loss of generality assume that X € S! and Y € Bi. Let v € B}. According to
the binomial distribution of neighbors of v, the expected number of S* neighbors of v is log* N. Thus, using
the Chernoff bound, the total number of edges between B and S} is not larger than % log? N with high
probability, which implies that there are at least % log* N vertices of S1 that have a degree equal to zero.
Now let G be the set of all graphs in the input distribution that have edge (u,v), and G be the set of all
graphs in the input distribution that does not have edge (u,v). For a graph in G, we can remove the edge
(u,v) and add edge (w,v) for a vertex w € S} that has degree zero. Since there exists O(nlog® n) such w,
we can couple the initial graph to Q(n log4 n) graphs in G. On the other hand, each graph of G is coupled to
at most O(log? n) graphs in G since the degree of v is at most O(log? n). Hence, we have |G|/|G| < O(1/n),
which concludes the proof for the first case since the number of graphs in the input distribution that have
the edge (u,v) is O(1/n) fraction of graphs that does not have the edge (u,v).

For the second case, we use a more complicated coupling argument. Suppose that the expected degree of
a vertex in X in the subgraph of G[X,Y] is d; and the expected degree of a vertex in Y is d in G[X,Y]. By
Lemma 4.3.4 and using Chernoff bound, the degree of all vertices X is in the range d; £ d;/2 in subgraph
G[X,Y]. Similarly, the degree of all vertices Y is in the range dy & d2/2 in subgraph G[X,Y]. We define
G and G similar to the previous case. The key idea for this case is that if edge (u,v) exists in a graph, we
can find many edges (z,y) such that x € X, y € Y, edge (x,y) is not discovered by the algorithm, and
there exist exactly two edges (u,v) and (z,y) in G[{u,v,z,y}]. Then, by removing edges {(u,v), (z,y)} and
adding edges {(u,y), (z,v)} we can obtain a graph that does not have edge (u,v), its degree sequence does
not change, and satisfy all properties of input distribution (if the initial graph is in Dygs, the final graph is
also in Dygs. The same statement hold for Dyo).

Suppose that H is a graph that has edge (u,v). Since u has ©(d;) neighbors in Y, there exist O(n — d;)
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non-adjacent vertices of Y to u. Let Cy denote the set of non-adjacent vertices of Y to u. Each vertex in
Cy has at least ©(dy) neighbors in X. Therefore, there ©((n — dy)dz) candidate vertices for x. However,
some of these edges from y are already discovered by the algorithm. Note that the number of discovered
edges is o(n) at any point during the course of the algorithm because of the choice of d in the construction.
So by removing these o(n) edges, there are still ©((n — dy)dz) candidate for x. Furthermore, at most ©(d3)
of the edges from a vertex of Cy to candidates for z, have an incident edge such that one of their endpoints
of the incident edge is v. Therefore, there are at least ©((n — dy)ds — d3) induced subgraphs of four vertices
with the required properties.

Note that according to the construction, either d; = ©(d) and dy = O(d), or d; = O(log" n) and
dy = O(log* n) which implies that ©((n — d; )ds — d3) = ©(nds). We couple subgraph H to all ©(nds) graphs
that are obtained by removing edges {(u,v), (z,y)} and adding edges {(u,y), (z,v)}. On the other hand,
each graph of G is coupled with O(d1dz) graphs in G since degree of u is ©(d;) and degree of v is O(dy).
Therefore, we have |G|/|G| < O(dy/n) which completes the proof.

The Label Guessing Game on Trees

Claim 4.3.12. Any algorithm A that makes at most Q = o(d*/¢) adjacency list queries, does not discover
any broken vertex with high probability.

Proof. By Observation 4.3.6, there are at most O(v/ndlogn) broken vertices. Therefore, if we choose a
random vertex, the probability of being a broken vertex is at most O(\/E logn/y/n). Also, by the same
2-switch technique as the proof of Lemma 4.3.11, we can show that when we query a neighbor of a ver-
tex, the probability of being broken is almost the same as when we choose a vertex uniformly at ran-

dom. Since the algorithm makes at most o(dl/ €) queries, the total probability of finding a broken vertex is

O(dY=v/dlogn/\/n) = o(1). O

Corollary 4.3.13. Let us condition on the high probability event of Claim 4.5.12 that none of the broken
vertices has been queried by the algorithm. Suppose that the algorithm makes a query to the adjacency list
of vertex v that is in subset X and wu is the answer to the query. Then, the subset Y that u belongs to is

determined by the binomial distribution that is defined in the construction.

Proof. Fix a vertex v. Note that the type of neighbor of v that is connected to v by a non-broken edge is

determined by a binomial random variable that is defined in the construction. O

By conditioning on the high probability event of Lemma 4.3.10 that the queried edges make a rooted
forest and the properties of the input distribution, by Corollary 4.3.13, we can assume that we are in a tree
model where each vertex has a label according to the subset that it belongs to and the distribution coming
from the following transition probabilities. This is exactly the label guessing game outlined in the technical

overview of Section 4.3.1 (see Figure 4.5).

Labels of vertices: We use S as the label of vertices in subset S and S2%, A; for vertices in subset A}

and A2, B; for vertices in subset B} and B?, and D; for vertices in subset D; for i € [1/¢].



4.3. LOWER BOUND FOR BOUNDED DEGREE GRAPHS 132

Transition probabilities: Suppose that we condition on the high probability event that the algorithm
does not query any broken vertex. Let (u,v) be an edge in the forest that is queried by the algorithm and
u is the parent of v. Then, if u has label X and v has label Y for X,Y € Uzlfl{AZ, B;,D;} U{S}, then the
transition probabilities from label X to label Y is according to the binomial distribution for neighbors of X
in Section 4.3.2.

4.3.4 Indistinguishability of the Label of the Root

In this section, we show that if the result of the queried edges is a rooted tree of size () = o(dl/(%)), then
the algorithm can distinguish the label of the root with probability at most 5(@2/d1/5) if the label of the
root is in {A; /., By/e, Dy/c}. Our proof consists of two parts. First, we show that when we have o(d"/(22))
queries in the tree, with probability at least 1 — 5(@2/d1/5)7 all paths that start from the root and reach an
S vertex must contain a mizer vertexr that we define later in the section. We define mixer vertices such that
if a path contains such a vertex, then the algorithm does not learn anything about the label of the root from
this path. For this, we prove a stronger claim that starting from the root of the tree, there is no path that
contains more than 1/ — 1 special edges before crossing a mixer vertex.

Second, conditioning on the above event, we prove that the algorithm will see the same tree if the root is in
{A1/e, B1/, D1 <}, which implies that the algorithm cannot distinguish the label of the root with probability
at least 1 — O(Q2/d"*).

Definition 4.3.14 (Special Edges). We call an edge (u,v) special, if one of the following holds:
e ueEB;andveE A1, oru€ A1 andv € B; for 1 <i<1/e,
eucSandveE By, oru€ By andv ES,

o Let p = (1 — 2 + 2ie? — 562/2 + 3¢Y)d + log* N. For each vertex in D;, each of its neighbors to D;
has a probability of log? N/p to be special (in other words, we can assume that there is log* N regular

graph of special edges in each D; ),
o (u,v) is among edges that only exists in exactly one of Dygs or Dno.

Definition 4.3.15 (Mixer Vertices). Let T be a rooted tree and u be its root. Suppose that we are given that
u € {Ay/e, Bije, D1y} Let v be a vertex in T and suppose that there are k special edges on the path between

wandv. If k <1/e —1, we say v is a mizer vertez if and only if v € U;fl_k_l D;.

The following observation is directly implied by the Definition 4.3.14, Definition 4.3.15, and the construc-

tion of the input distribution.

Observation 4.3.16. Let T be a rooted tree that is queried by the algorithm and u be its root where u €
{A1)e, B1je, Dyyc}. If there exists a path from u to an S vertex that does not contain a mizer vertex, then it

contains at least 1/e — 1 special edges.

The intuition behind defining mixer vertex this way is that if the root of the tree is a level 1/e vertex

and on a path that the algorithm queries, if there are k special edges, then all vertices with a level of at least

1/e — k, have the same probability of having neighbors among vertices of Ujli Efkfl D

if the path crosses one of those mixer vertices, then the algorithm cannot distinguish the label of the root

; which implies that

using that path.
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Lemma 4.3.17. Let A be any algorithm that makes at most o(dl/g) queries and T be one of the rooted trees
queried by the algorithm. Moreover, assume that the root of the tree is a vertex with level 1/e. Then, with
probability at least 1 — O(|V(T)|/d*/==Y), all paths between the root and a vertex that does not contain a

mizer vertex, have at most 1/e — 2 special edges on it.

Proof. First, we prove that each path that A finds to a vertex v that contains 1/ — 1 special edges on it, has
a probability of 5(1 / av/ ¢=1) of not having any mixer vertex on it. For a mixer vertex v such that v € Dy,
we use j to show the indez of the mixer vertex. Assume that we have an oracle that each time the algorithm
finds a path with 1/e — 1 special edges, it either returns the path that does not contain a mixer vertex or
returns the mixer vertex on the path that has the lowest index among all mixers on the path.

Consider a path from the root to an S vertex and a time ¢ that the algorithm has not queried the whole
path yet. Suppose that the algorithm has found at most 1/ — 2 special edges until time ¢. This implies that
this path does not reach level 1 or an S vertex yet according to the construction and Observation 4.3.16. By
the transition probability of the tree model, the probability of querying a D; vertex from a vertex of level 2
or larger is constant, however, the probability of querying a special edge is 5(1 /d) which implies that with
probability O(1/d) the path crosses the (1/e — 1)-th special edge before crossing a mixer vertex of level 1.
Thus, among all paths that cross at most 1/¢ — 2 special edges and are going to reach the next special edge,
only O(1/d) fraction of them do not pass through a mixer vertex of level 1. Therefore, O(1/d) of all paths
that have 1/e — 1 special edges, do not contain a mixer vertex of level 1.

Now consider all paths that do not contain a mixer vertex of level 1. With the same argument, for each
of these paths, the probability of crossing (1/e — 2)-th special edge before crossing a mixer vertex of level 2 is
5(1 /d). Therefore, since the oracle only reveals the mixer vertex with the lowest index, then the probability
of having a path with 1/ — 1 special edges that do not contain a mixer vertex is O(1/d'/=~1). Since there

are at most |V(T)| paths from the root, we obtain the claimed bound. O

Corollary 4.3.18. Let A be any algorithm that makes at most o(d*/*~") queries and T be one of the rooted
trees queried by the algorithm. Moreover, assume that the root of the tree is a vertexr with level 1/e. Then,
with probability at least 1 — O(|V(T)|/dY/*=Y), all paths between root and S vertices in the tree contain a

maizer vertex.

Proof. Note that if there exists a path between the root and an S vertex that does not contain a mixer
vertex, it must contain at least 1/e — 1 special edges. To see this, the only way that a vertex from level 4
can reach level ¢ — 1 is to either cross a mixer vertex or a special edge. Combining with Lemma 4.3.17 we
get the claimed bound. O

Corollary 4.3.19. Let T be a set of root trees such that the roots of all its trees belong to level 1/e. Also, let
7= rer |V(T)|, and assume that we have r = o(d'/*='). Then, with probability at least 1 — O(r/d/==1),
all paths between the roots of trees and a vertex that in the same tree that does not contain a mizer vertex,

have at most 1/e — 2 special edges on it.

Proof. Let 11,15, ..., Ty be all trees in F. By Lemma 4.3.17, for each tree T;, the probability of having such
a path is at most O(|V (T})|/d*/~1). Hence, using union bound, the probability of having no path with more

1/e — 2 special edges without any mixer vertex is at most 6(r/ dv/ ¢~1) which completes the proof. O
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Lemma 4.3.20. Let T be a tree that is queried by an algorithm A on a graph that is drawn from input
distribution, where the root belongs to level 1/e. Also, suppose that on each path from the root of the tree to
a vertex in the tree, if there are at least 1/e — 1 special edges, then there exists at least one mizer vertex on
the path. Then, the probability of seeing the same tree is equal for all possible roots in {Ay /e, Byje, D1/c} up
to (1 + o(d"/ @+ n)T multiplicative factor.

Proof. The proof is involved and we begin by identifying some properties of input distribution that are useful
in the proof. Let G = (V, E) be the input graph that is drawn from the input distribution. Note that for all
vertices in the graph except S vertices, when A queries a new edge, the probability of the edge being special

is the same.

Observation 4.3.21. Let u be an arbitrary vertex in a graph that is drawn from input distribution. Also,

let (u,v) be a new queried edge by A. Then, the probability of (u,v) being a special edge is log* N/d'.

Proof. The proof follows by the transition probability of the tree model and the way we defined special edges
in Definition 4.3.14. O

Let L; = {A;, B;, D;} for i € [1/e]. Also, let Eg be the set of all special edges defined in Definition 4.3.14.
Let G; = G[Ujlfl Lj]. Let v and v be two different vertices in G;. One important property of our input
distribution is that if we query a neighbor of u and v and the queried edge is not a special edge, then the

probability that the queried neighbor is a vertex in G; is equal for both u and v.

Claim 4.3.22. Let u,v € V(G;) for some i € [1/e]. Also, let (u,u’) and (v,v") be two edges that are queried
by A and both are not special edges. Then, Pr[u’ € V(G;)] = Prlv’ € V(G;)].

Proof. By the construction of distribution, there is no edge between {u,v} and U;;ll A; U B;. Furthermore,
if A queries an edge of a vertex in V(G;), with probability ed/d’ the neighbor is in D; for j < i. Thus, the
probability of the neighbor being in U;;ll Dj is (i — 1)e*d/d’. Therefore, we have Pr[u’ € V(G;)] = Pr[v’ €
V(Gi)). O

Now we are ready to complete the proof. Let £1,¢> € {A; /., B/, D1/} be two different labels for the
root of the tree T. The proof is based on a one-to-one coupling argument that for each tree that is queried
by the algorithm if ¢; is the label of the tree, A will see the same tree with an equal probability if it starts
from label /5.

For a vertex u in tree T' such that there exists no mixer vertex on its path to the root, we define the
notion of progress of a vertex, i.e. p,, which shows the number of special edges on the path of root to u.

Because of the assumption in the lemma statement, we have 0 < p, < 1/e — 1 for all u € T.

Observation 4.3.23. Let T be a tree that is queried by A and its root is in level 1/e. Also, let u be a vertex

such that there is no mizer vertex on the path of u to the root. Then, we have u € V(G1/c—p,)-

Proof. Note that according to the construction of the input distribution, if there is no mixer vertex on the
path, each special edge can be used for going at most one level down in the input graph. Therefore, if there

are p, special edges on the path, then v € V(G1/._p, ). O
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Observation 4.3.24. Let u be a vertex in T such that there is mo mixer vertexr on the path of u to the
root. Suppose that A queries the adjacency list of w and let £ be the label of the neighbor. Then, for each
j € [1/e — py — 1] it holds that Pr[¢ = D;] = e*d/d'.

Proof. By Observation 4.3.23, we have u € V(G1/.—p,). According to the transition probabilities of the
tree model, for a vertex in Gi,._,, the probability of seeing a neighbor with label D; is etd/d for j €
[1/5 = Pu — 1]' O]

Let £, be a labeling for T that A sees when it starts from a root with label ¢;. Let e = (u,v) be an edge
in T such that u is the parent of v. There are three possible types for e if there is no mixer vertex on a path
between the root and u: 1) the edge is a special edge, 2) v is a mixer vertex, 3) e is an edge in Gy /._p, \ Es.
We give a labeling Lo for the same tree where the root has label £5 and all S vertices have label S and the
probability that A sees this labeling is equal to the probability of seeing £;. We maintain the invariant that
the progress of each vertex is the same in both labeling £; and Ls.

Now we start to process edges one by one according to the ordering that A makes queries. If the queried
edge e = (u,v) is of type (2), suppose that the label of v is D; for some j € [1/e — p, — 1]. We assign the
same label D; to v in L. By Observation 4.3.24, because of the invariant that v has the same progress in
both labelings, the probability of seeing label D, is the same for both labelings. Moreover, for the subtree
below v, we assume that all the labels are the same since the label of v is the same at this point in both £
and L. Also, the invariant still holds.

If the queried edge e = (u,v) is of type (1), i.e. is a special edge, we assume that in labeling Lo, the
edge is also a special edge and determine the label accordingly. Note that v cannot have label S in £
since in this case there is no mixer vertex on the path to v which is a contradiction Corollary 4.3.18. By
Observation 4.3.21, the probability of querying a special edge is the same in both labelings. Furthermore, the
invariant still holds since p, = p, + 1 in this case and the progress of vertex w is the same in both labelings.

Finally, if the queried edge e = (u,v) is of type (3), we assume that v has a label that is drawn from
crossing an edge of Gy/._,, \ Es. By Claim 4.3.22, the probability of crossing the edge of type (3) is the
same for both labelings. Also, the invariant still holds since we did not add a special edge, which completes
our coupling argument. It is also important to note that by the proof of Lemma 4.3.10, the probability
that the vertex with a new label is among non-singleton vertices is at most o(d'/(2)+1/n). Since the total
number of steps is at most |T|, the probability that the new labeling is also a forest is almost equal within
(1 + o(d"/ )1 /p))ITI multiplicative factor. O

4.3.5 Indistinguishability of Crucial Edges

Since the algorithm can make o(d/(3¢)) queries, it might discover several edges that only appear in Dygs
because é(l /d) fraction of total edges is specific to the Dygs. However, we show that no algorithm can
distinguish those edges with high probability. More specifically, we prove that the probability of seeing the
same forest in Do is the same as Dygs up to a 1+ o(1) multiplicative factor.

Let By = {(u,v)|(u,v) € E,u € Ai/s,v € Af/a}, and E¢ be the subset of Fy that the algorithm
discovers. Moreover, let Vég = {v | (u,v) € Ey} where u is the parent of v in the queried rooted forest by
algorithm A. Also, assume that we remove all vertices of Vé? that have at least one ancestor in the forest
which is in V? .
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Claim 4.3.25. Let F be a forest that is queried by an algorithm A using at most Q = o(dl/(QE)) queries.
Then, with probability at least 1 —6(@2/d1/5), all paths between the vertices of Vég and a vertex in its subtree

that have more than 1/e — 2 special edges, contain a mizer verte.

Proof. Since the algorithm makes at most o(d'/(39)) queries, then we have |V;2| < Q < o(d'/()). Moreover,
for each vertex in Vé? , its subtree contains at most o(d'/(?®)) vertices. Hence, the total number of vertices
in all subtrees with root in V? is at most Q% = o(d'/¥). Therefore, by Corollary 4.3.19, with probability
at least 1 — O(Q?/d'/¢), there exists a mixer vertex on all paths between vertices of Vé? and vertices of its

subtree before crossing 1/¢ — 1 special edges. O

We define a bad event to be the event that A finds a path between a vertex in Vé) and a vertex in its
subtree that has more than 1/ —2 special edges without any mixer vertex. By Claim 4.3.25, since we assume

that the algorithm makes o(d'/(29)) queries, the bad event happens with probability o(1).

Lemma 4.3.26. Let us condition on having no bad event as we defined above. Let A be an algorithm that
makes at most QQ = o(dl/(zs)) queries and F be a rooted forest that is discovered by A on a graph that is
drawn from Dygs. Then, the probability of querying the same forest in the graph that is drawn from Do is
equal to Dygs.

Proof. We say an edge is crucial in Dygs, if the edge is in induced subgraph G[A%/E, A%/E]. In other words,
in Dygs, edges of Ey that we defined in this section are crucial edges. We extend the definition of crucial
edges to have all edges that are specific to the Dygs. Also, for Dyo, we define crucial edges to be the set of
edges that only exists in Dyo. Note that ignoring the crucial edges, if we query an edge, the probability of
the neighbor is the same in both distributions.

Let the height of an edge in the forest be the distance of its closest endpoint to the root of the tree
that belongs to. We prove this lemma using coupling between Dygs and Dyo. We iterate over the height
of the tree in decreasing order and inductively we show that we can switch from Dvygs to Dno. Consider
height 7 in all trees. If the edge is not crucial, both distributions will sample similarly according to the
construction. Since crucial edges are between vertices of level 1/¢, since we condition on not having a bad
event for vertices of Vé? , the subtree below the crucial edges are the same regardless of their labels up to a
factor of (14 o(d*/(?$)*1 /n))ITl by Lemma 4.3.20 if |T'| shows the size of the subtree. Since the total number
of vertices in all these subtrees are at most o(dl/ €), and d = n/3, the probability of discovering the same

forest in both distributions is equal up to a 1 + o(1) multiplicative factor. O
Now we are ready to finish the proof of Theorem 4.3.1.

Proof of Theorem 4.3.1. By Claim 4.3.25, the probability of having a bad event is o(1). If there is no bad
event in the forest that the algorithm queries, the algorithm will discover the same forest with almost equal
probability in both Dygs and Dyo, by Lemma 4.3.26 with 14 0(1) multiplicative factor. Therefore, combining
with Corollary 4.3.9, any algorithm that computes a (1,en/7)-approximate maximum matching, must make
at least d'/(2¢) queries. Also, by Remark 4, we can assume that each D; consists of two parts where one of
them is connected to label B vertices, the other one connected to label A, and there is no edge inside the
induced subgraph of each of the two copies which implies that the graph is bipartite. Choosing ¢’ = ¢/7 and
combining it with the fact that A < 2d concludes the proof. O
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Proof of Theorem 4.3.2. Suppose for the sake of contradiction that there exists an LCA that computes
(1,en)-approximate maximum matching of G' with running time of A°(/ ). We sample ¢ random vertices in
the graph, and run this LCA on the selected vertices. Let ¢ be the number of samples that the LCA returns
a match for. We return (¢'/t) - n/2 as our estimate for the size of maximum matching. A simple Chernoff
bound (see e.g. [34, 176]) shows that setting t = ©(1/e?) suffices for an estimation that is accurate up to
an additive error of en. From this, we get that there must exist an algorithm that runs in (1/£2) - A°(1/9)
time and (1, 2en) approximates the size of maximum matching. Since we ruled out the existence of such an
algorithm in Theorem 4.3.1, there exists no such LCA. O

4.4 Approximating Maximum Matching Requires Almost Quadratic
Time
In this section, we prove the following theorem.

Theorem 4.4.1 (Main Result). For any § > 0 there is an ¢ = €(§) > 0 such that any (randomized)
algorithm that (with probability at least 2/3) estimates the size of mazimum matching of an n-vertex graph

up to an additive error of en has to make Q(n?~°%) adjacency list queries to the graph.

Furthermore, this holds even if the graph is bipartite and is promised to either have a perfect matching or

a matching that leaves ©(en) vertices unmatched.

The prior lower bound analysis of Section 4.2 and Section 4.3 work in a certain tree model and rely
crucially on the fact that the algorithm cannot discover any cycles. It turns out that this assumption
completely breaks when the algorithm is allowed to make w(n+/n) queries. This is the main conceptual and
technical obstacle that our lower bound of Theorem 4.4.1 overcomes. In Section 4.4.1, we elaborate more on
the cycle discovery barrier, its importance in the literature of sublinear time algorithms and lower bounds,

and our techniques to bypass it for approximating maximum matchings.

4.4.1 Technical Overview
Background on Existing Lower Bounds in Previous Sections

High degree dummy vertices. The first basic idea for proving query complexity lower bounds in the
adjacency list model, also common in earlier lower bounds [159, 43], is to add en dummy vertices and make
them adjacent to the rest of vertices. The dummy vertices do not contribute significantly to the maximum
matching as there are few of them, but increase the number of edges to Q(en?), effectively congesting the
adjacency lists with redundant calls. We henceforth refer to the non-dummy part of the graph as the core.
That is, non-dummy vertices are core vertices and edges between core vertices are core edges.

Parnas and Ron [159] gave a linear lower bound of Q(n) for any constant approximate algorithm by taking
the core to be (essentially) either a random perfect matching or the empty graph. Intuitively, because of
the dummy vertices, it takes the algorithm Q(n) adjacency list queries to even hit one edge of the matching
edges in the core. This argument breaks when the goal is to prove super-linear lower bounds. Note that

if the algorithm is able to make nk queries, then it can random sample k vertices and query all of their
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adjacency lists, therefore at least (k) edges of the maximum matching of size ©(n) will be revealed to the

algorithm.

Camouflage the good matching. As discussed above it is impossible to hide the maximum matching
edges in the sense that some of them will be revealed to the algorithm. The approach pioneered by the work
of Behnezhad, Roghani, and Rubinstein [42] to overcome this challenge is to introduce a special construction
which camouflages the edges of the maximum matching, in the sense that they are statistically indistinguish-
able to the algorithm from the rest of the edges in the core that do not participate in a maximum matching.
This is the key feature of the new construction in [42] that obtains the first super-linear query lower bound
of Q(n'-?) for approximating maximum matching.

In a little more detail, it was shown in [42] that so long as the average degree in the core is not too large
(say smaller than n%2) and the algorithm does not conduct too many queries (say smaller than n'-2?), then
the discovered edges of the core will form a forest. This enables [42] to argue that the algorithm cannot
distinguish the edges of the maximum matching from the rest of core edges by reducing the problem to a

label guessing game on trees.

The Cycle Discovery Barrier

The assumption that the algorithm cannot discover any cycles in the core completely breaks when the
algorithm is allowed to make w(n'-%) queries, making it particularly challenging to prove such lower bounds.
To provide some intuition about this, suppose that we take a vertex v and run a BFS from it (discarding
dummy vertices) until discovering ©(/n) vertices of the core. Note that this takes only O(n+/n) queries even
if we query the whole adjacency list of each encountered core vertex. Informally speaking, if we run this BFS
from two random starting vertices, then by the birthday paradox, we expect their discovered descendants to
collide, therefore forming cycles.

At first glance, this may seem like a limitation of existing lower bounds proofs rather than a strength of
these algorithms. However, we remark that there is indeed an algorithm running in 5(n\/ﬁ) time that solves
the construction of [42]. Tt is also worth noting that the cycle discovery threshold does indeed represent the
correct bound for other problems in the sublinear time model. For instance, Goldreich and Ron [107] first
gave a lower bound of Q(y/n) for bipartite testing, using also the assumption that faster algorithms cannot
discover cycles. Later, in a follow up work, they showed that there is indeed an algorithm running in 6(\/5)
time for this problem [106].

To recap, the approach in previous work [42] was to camouflage the edges of the good matching. The
limitation of the previous approach is that once the algorithm gets n'-® queries, it can discover at least v/n
core edges, at which point the algorithm discovers cycles. And cycles break the camouflage of the edges on

the cycle.

Our Key Contribution: Bypassing the Cycle Discovery Barrier

Our key novel idea in this work to bypass the cycle discovery barrier is to camouflage the entire core instead
of just the maximum matching. How do we camouflage the entire core? Roughly the same way that previous
work camouflaged the good matching! This (in hindsight) inspires our construction: we have a recursive

construction of L levels; the i-th level is similar to the entire construction of [41], with the main difference
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being that we replace the hidden good matching with the (i — 1)-level construction. To provide more details,

let us first overview the base of the construction due to [41].

The base (due to [41]): Consider the graph illustrated below with 2r + 1 subsets of vertices Ay, ..., A,
By,...,B,, and S, where r is a parameter of the construction (it is instructive to take r = 1/¢). For any
i € [r], there is an n?*-regular bipartite graph between A; and B; that we call a block. There is a perfect
matching from A; to B; 1, a perfect matching from S to By, and a perfect matching from A, to A, (which

may or may not exist). We call the edges of these perfect matchings special edges.

S B A B A B A A B A B A B S

1 1 2 2 3 3 3 3 2 2 1 1
o-—0 ¢ —-_——— o—0
o\—0 (¢ -_———— oH—e
o—=0 (¢ -_———— oH—e

It is not hard to see that any algorithm achieving better than a (1 — approximation must verify

51)
whether the A,-A, matching exists. Therefore, it suffices to show that near quadratic queries are needed to
determine this.®> To do so, we would like to argue a vertex v does not know which of its edges are special,
thus it has to do a BFS of depth r = 1/¢ to reach the S vertices, exploring Q((n%*)") = Q(n?) edges. The
problem, however, is exactly the cycle discovery problem. The birthday-paradox argument discussed earlier

can be used to test in O(n!-5~2%)

time whether two vertices u and v are in the same block. Therefore, a
vertex can find its special edge in just O(n'572¢) . O(n?¢) = O(n'®) time by running this test on all of its

n?¢ neighbors. Continuing along these special edges, we reach S in just O(rn'-%) = O.(n'-%) time overall.

The recursion (new to this work): To resolve this problem, we give a recursive construction. In
particular, we will define a sequence of input constructions denoted as G*, ..., GF, where G is (essentially)
the construction discussed above. The construction of G is the same as our construction for G, except
that we replace the special edges (i.e., the perfect matchings) with the graph of the previous level G*~!. The

figure below illustrates this.

A

2

) Bl Al BQ Az Bs A:} A:} B:} BQ Al Bl S
i GZ—I t ‘ Gé—l : : GZ—I : : Gl—l ‘ i Gé—l ! i Gé—l i ‘ Gé—l t

Figure 4.6: Construction of G* based on G~

Let us use n?~% to denote the number of queries that the algorithm makes and use n® to denote the
degrees in the regular blocks of graph G*. The key to our analysis is to show that while we discover some
cycles which “spoil” the camouflage of some edges, the number of cycles, and hence also the number of

spoiled edges, decreases by an n%~7 factor at each level. With a sufficiently large number of levels, we can

3We remark that in our final construction, we ensure that the A, vertices have the same degrees as vertices in other layers
no matter whether the A,-A, matching exists. We hide these details here for our informal overview of our lower bound.
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ensure that the total decrease in the number of spoiled edges is significant. This ensures that at the bottom
level G, we cannot discover any cycles at all. Consequently, we can safely camouflage the edges of the good
matching and prove our lower bound using the previously known techniques when there exists no cycle.
Throughout the remainder of this technical overview, our main focus is to provide a high-level intuition for

why this decrease in advantage occurs when we move one level down in the construction.

Decrease in the Advantage of the Algorithm in Discovering Camouflaged Edges

To understand this decrease in the algorithm’s advantage in detecting camouflaged edges, examine the highest
level in the recursive construction, denoted as G. For the remainder of this section, we say that an edge
discovered by the algorithm is directed from u to v if it is obtained by querying the adjacency list of u.

We claim that each vertex has a probability of O(1/n) to be the answer to each adjacency list query.
First, note that the gadgets that we are using in our construction are random regular graphs. Consider a
pair of vertices (u,v) in the core construction that is not among the edges discovered by the algorithm. Let
x and y be the number of undiscovered core edges of u and v, respectively. Using a coupling argument, we
can show that there exists an edge between u and v with a probability O(min(z,y)/n) (see Lemma 4.4.17).
Combining the above argument and the fact that the adjacency list of vertices is ordered uniformly at
random implies that when the algorithm queries the adjacency list of vertex u, given that this vertex has
x undiscovered edges, the probability of the answer to this query being a specific vertex v is bounded by
O(1/n) (see Claim 4.4.20). Applying this observation, we obtain several properties of the subgraph queried

by the algorithm. We mention a few of these properties that are useful in our proof:

(P1) Each vertex in the core has O(logn) incoming edges: Consider a vertex v in the core. If
we query the adjacency list of vertex w in the core, the probability of obtaining a directed edge
(u,v) is bounded by O(1/n). Given that a fraction of O(n?/n) edges of the whole input graph are
in the core, the algorithm is going to discover at most O(n'=9%7) < O(n) edges of the core (see
Claim 4.4.16). Hence, the expected number of incoming edges for each vertex is less than one. Using
a concentration inequality, we can show that with high probability, v has at most O(logn) incoming
edges (see Claim 4.4.21).

(P2) Most edges in the core do not close a cycle: As discussed in (P1), the algorithm can discover at

1=0+7) edges of the core. Therefore, at any time during the execution of the algorithm, there

most O(n
are at most O(n'~%%7) vertices with at least one edge in the core. This implies that the probability
that the answer to each new query made by the algorithm is a vertex for which the algorithm has
previously found an incident edge in the core is O(n°~?). This suggests that the majority of edges in

the core do not close a cycle, with only a fraction of O(n?~?) closing cycles.

(P3) Local directed neighborhood of most vertices in core is a small tree: For a vertex v in core, let
the shallow subgraph of v, denoted T'(v), be the set of vertices that are reachable from v using queried
directed paths of length at most O(logn) with edges in the core. Now consider all the edges in the
core. Using a stronger argument similar to (P1), we can show that each queried edge by the algorithm
belongs to at most poly log(n) different shallow subgraphs. Therefore, we have > |T'(v)| < O(nt=9+7),

We say a shallow subgraph is small if it has less than n®—2°

1726+30)

vertices, and large otherwise. By our bound

on Y |T'(v)|, we can have at most O(n large shallow subgraphs. On the other hand, only
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O(n~%)-fraction of the core edges close a cycle by (P2), aka there are at most O(n!=20+27)

1—26+2<T)

such edges.

Consequently, there are at most 6(n shallow subgraphs that have a cycle. As a result, the

local directed neighborhood of most of the vertices is a tree of size O(n?~27).

For formal proof of (P2) and (P3), we encourage readers to see Lemma 4.4.28. Suppose that we define
vertex labels similarly as discussed, i.e. vertices can have labels Aq,...,A,, Bi,...,B,. For a vertex with
property (P3), referred to as an unspoiled vertex, we can demonstrate that the algorithm is incapable of
distinguishing the vertex’s label. The technical proof for this part is mostly borrowed from [41] and uses the
fact that in each level of our construction, the graph is very similar to the construction of [41]. Finally, we
can argue that for all edges with unspoiled endpoints, the algorithm has a negligible bias in the probability
of the edge belonging to a lower level (gadget between A, and A,.). More formally, considering the bound

1=20+47 gpoiled vertices. Consequently, there are at most n'=20+57

obtained in (P3), there are at most n
edges for which the algorithm has a significant bias in the probability that they belong to a lower level (see
Lemma 4.4.30). We encourage readers to refer to the warm-up presented in Section 4.4.4, as many of the
ideas mentioned here are discussed in more detail there, and it contains many key ideas essential to our
proof.

Assume that the degree of vertices for inner level GF~1 are asymptotically smaller, i.e. n where ¢/ < o.

Exclude the edges—amounting to n'=20+57

—that the algorithm distinctly identifies as belonging to a lower
level due to a significant bias in probability. For all remaining edges, due to the minor bias, the probability
of the edge belonging to level L — 1 is at most O(n"/_”). Intuitively, this implies that a majority of the
edges belong to a higher level, and the algorithm is unable to form large connected components of the
inner level using unbiased edges. To observe this contrast in the size of connected components, consider the
following simple and intuitive example. At the highest level, the algorithm can concentrate all its queries

1=0+7  Now, let us suppose the algorithm is executing a BFS

to create a single large component of size n
from an arbitrary vertex in the graph to create large components of inner edges using unbiased edges. In
each step, the algorithm queries all neighbors during BFS. It is noteworthy that each edge belongs to the
inner level with a probability of O(n"l*"). Consequently, the size of the largest component with inner
edges is O(n(”//a)(l_‘”‘”)) < O(n'=%*+7). The decrease in the size of the connected components aids in
demonstrating that, in the lower level, the count of vertices proximate to cycles is considerably smaller.
By recursively applying this step, ultimately, we can reach the base level where we can prove, with high
probability, the absence of cycles.

We point out that the informal outline above oversimplifies several important parts of our proof. Firstly,
the construction discussed above as stated can be solved efficiently with a random-walk based argument. To
resolve this, we add a number of delusive vertices (introduced before by [41]) to each level of the recursion
where roughly speaking ¢ fraction of edges of each vertex go to these delusive vertices. Secondly, the degrees
of the regular blocks and the number of blocks in each level of the recursion have to be balanced carefully.
In particular, we need to ensure that the blocks in G* are sufficiently denser than those in G~ to be able to
argue that we see fewer cycles in G~! than in G*. But having smaller degrees in G*~! requires increasing the
number of blocks in G*~! to keep it essentially as “difficult” to solve as G*. Finally, the queries conducted
at level G* reveal some information about the labels in the previous level G‘~!. This has to be quantified

carefully in order to formalize the intuitive argument that the algorithm sees fewer cycles in G*~1.
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4.4.2 Table of Parameters

In this section, we present a table of variables (Table 4.1) employed in this proof. We assume that the algo-
rithm makes O(n?7%) queries. The table below provides definitions of these variables and their dependency
on §. While there is no imperative need to read this section, we have already introduced these variables
in the relevant sections. We include this table to facilitate readers’ comprehension of the interplay between

these parameters in the context of the technical proofs.

4.4.3 Input Distribution and its Characteristics

In this section, we describe the construction of our input distribution. We will have two types of input
distributions both on n vertices, which we denote by Dygs and Dno. Any graph drawn from Dygs will have
a perfect matching which matches all n vertices. On the flip side, any maximum matching for a graph drawn
from Do will match at most (1 — e)n vertices. Our final input distribution D := (Dygs + Dno)/2 draws its
graph either from Dygs or Do, each with probability 1/2. We show that any deterministic algorithm that
can distinguish between a graph that is drawn from Dygs and Dyg, has to spend at least Q(n2_5) time. We

fix the dependency of § on € later in the proofs. Our main result will be the following:

Lemma 4.4.2. Let G be drawn from D. Any deterministic algorithm that provides an estimate i of the

size of the maximum matching of G such that
Eq(ji] > u(G) — en,

will have to spend at least Q(n>~%) time.

Plugging Lemma 4.4.2 into Yao’s minimax theorem [175], we get our main result for randomized algo-

rithms.

Proof of Theorem 4.4.1. Let X be the set of all possible inputs for the problem and A be the set of all
possible deterministic algorithms. Also, let ¢(a,2) > 0 be the running time of the algorithm a on input
r. By Lemma 4.4.2, we have minge 4 E[c(a,D)] > Q(n?7%). Therefore, using Yao’s minimax principle

(Proposition 2.3.6), we have

E[c¢(A, z)] > minE[c(a, D)] > Q(n?°
max Efc(4, z)] 2 min Ele(a, D)] 2 Q(n"°)
which implies that any randomized algorithm that estimates the size of the maximum matching with an

additive error of en must spend at least Q(n?~°%) time. O

For both Dygs and Dyg, our construction consists of L recursive levels of hierarchy. The level i graph is
constructed by combining several graphs of level ¢ — 1 plus extra edges to increase the difficulty in distin-
guishing the edges of the level ¢ — 1 graphs. The high-level goal is to hide some of the edges of (one of) the
level 1 graphs in the construction, which consists of a constant fraction of the maximum matching edges of

the graph.
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Parameter Value Definition
s Parameter that controls the running time of the algorithm. More
specifically, the algorithm has O(n?~?) running time.
Number of levels in the recursive hierarchy for the construction
L 4/6 . A
of input distribution.
, ( m)L—&-l Number of layers in the base construction (and in each level of
s the hierarchy).
Dyes - Distribution of graphs that have a perfect matching.
D Distribution of graphs that at most (1 — &) fraction of their
NO vertices can be matched in the maximum matching.
i Distribution of level ¢ graphs in the construction hierarchy that
YES have a perfect matching.
i Distribution of level ¢ graphs that at most (1 — ¢) fraction of their
NO vertices can be matched in the maximum matching.
D 1Dves + 3Dno Final input distribution.
o (%)L+17i Parameter that controls the degree of vertices in graphs of level i.
d; O(n) Parameter that controls the degree of vertices in graphs of level 3.
¢ 1/r? Fraction of vertices that are delusive in each level.
13 1/r? The gap between size of A, and B, in the base construction.
~y 1/r3 Degree to delusive vertices is vyd.
T (20r3)~L Number of dummy vertices is 7n.
N; N; =n;—1/(2¢) | Parameter that controls the number of vertices in graphs of level i.
n; (84+16r+4(r)N; Total number of vertices in a graph of level ¢.
Total number of vertices in a graph that is drawn from the final
n (14+7)-ng Lo
distribution.

Table 4.1: Variables used in the input distribution and proofs.

For each level i, there are two types of graphs which we call D@Es and Dl,'\,o. Similar to the Dvygs and

Dno, the two types of graphs for level i have different sizes of maximum matching. Also, each level of the
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hierarchy consists of  layers. First, we show how we construct our level 1 graph (base level of the hierarchy).
Next, we demonstrate how we can construct the core using a recursive process. Finally, we add some dummy
vertices which are a small constant fraction of vertices in the graph and we connect them to all vertices in
order to increase the cost of adjacency list queries. Our Dygs will be D&ES plus the dummy vertices and Dyo
will be ’Dﬁo plus the dummy vertices. It is also noteworthy to mention that all graphs in our constructions

are bipartite.
Base Level of the Hierarchy
Let N7 and d; be two parameters that control the number of vertices and degree of vertices in the induced

subgraph of the base level.

Vertex set: the vertex set of the base level consists of disjoint subsets of vertices A7 and B! for i € [r]
and j € {1,2}. Also, for each i € [r], the base level consists of subsets of vertices D; which we call delusive
vertices. Finally, there are two subsets S' and S? in the construction. We have the following properties for
the size of the subsets that we defined:

57| =[A]| = |B]|=N1  Vie[r—1 & je{L.2},
Bl =B} = N1, |4 =A}=(1-M

|D1‘ :CNl Vi € [7"]
Let ny be the total number of vertices in the base-level construction. Thus,

ny =S+ (8% + Y Al +|B!|+ ) IDi| = 2Ny +4rNy 4 (riNy
1€[r] i€[r]
Jje{1,2}

=(24+4r+1/r)N; (Since ¢ = 1/r?).
Furthermore, we assume that all subsets have even size.

Edge set: the edge set of Digq and D,{,O are slightly different such that DYgg contains a perfect matching,
however, a small fraction of vertices of graphs in D,{,o are unmatched in its maximum matching. The edge
set consists of several biregular graphs between different subsets of vertices. Let X and Y be two different
subsets of vertices. We use deg(X,Y) to show the degree of vertices of X in the induced regular graph
between X and Y. In what follows, we determine the degree of vertices for different choices of X and Y.

We have the following biregular graphs in both D\I(ES and D,{IO:

e Edges of vertices in S7 for j € {1,2}:

deg(S7, B}) = 1.
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Edges of vertices in B for j € {1,2}:

deg(B{,Sj) =1 deg(B{’Ajl) = dy, deg(vaDl) = T'Ydl-

Edges of vertices in A for i € [r — 1] and j € {1,2}:

deg(A!, B) =dy,  deg(Al,B/.,) =1,  deg(A],D;) = (r—i+1)yd,
deg(A?, Dy,) = ~vd, for k < i.

Edges of vertices in Bg for 1 <i<randje{l,2}:

deg(B?, A7) = dy, deg(BJ, AT_) =1, deg(B?, D;) = (r — i+ 1)vd,
deg(B/, Dy,) = vdy for k < i.

Edges of vertices in D,.:

deg(Dy, D) = di + 1+ ydi (1 — 4/¢ +2£/¢),
deg(Dy, Al) = (1= &)ydi/¢,  deg(Dy,B]) =~di /¢ for j € {1,2},
deg(D,., D;) = ~vd; for i € [r —1].

Edges of vertices in D; for i € [r]:

deg(D;, D;) = dy + 1+ ydy — 2vdy (4 — 8i — £ +2)/C,

deg(Dy, Al) = (r—i+1)ydr /¢, deg(Di, B]) = (r—i+1)ydr /¢ for j € {1,2},
deg(D;, Di) = vd; for k # 1,

deg(D;, AL) = ~vdy /¢, deg(Dy, B]) = vd /¢ fori<k <randje€ {1,2},
deg(D;, AL) = (1 = &)ydi /¢, deg(Dy, B]) =~di/¢  je{1,2}.

Neighbors of vertices AZ and BJ for j € {1,2} are slightly different in Dygs and Dyo. In Dygs, we add
a random perfect matching between Al and A2. Also, there exists a biregular graph between A7 and B
such that the degree of vertices in AZ is d; and the degree of vertices in B is (1 — £)d;. Finally, we have a

bipartite (£d;)-regular graph between vertices of B} and B2. Hence, the degrees are as follows in Dygs:

e Edges of vertices in Bj:

deg(BJ, Al) = (1 — €)d,, deg(BI, AL ) =1, deg(B!, B379) = ¢dy,
deg(BJ,Dy) =~dy k€ [r].

e Edges of vertices in AZ:

deg(AJ, BI) = dy,  deg(Al, A>7) =1,
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deg(AZ, Dy) = vdy ke [r].

In Dyo, we remove a (1 — £)N; edges of a perfect matching of subgraph between B! and B2. Let Ei and
2

r

Ei be the set of vertices that are endpoints of the perfect matching in B} and B, respectively. Also, we
do not have a perfect matching between vertices of AL and A2. Instead, we add a perfect matching between
vertices of A7 and EZ; for j € {1,2}.

Note that for each of the regular bipartite subgraphs that we used in our construction, we choose one
uniformly at random graph among all possible biregular graphs with specific degrees. Also, we assume that
upon querying a vertex by the algorithm, if it belongs to S or S?, we immediately reveal the label of the
vertex. What is hidden from the algorithm is whether the vertex belongs to subset A, B, or D and the layer
it belongs to. Now, we proceed to prove some characteristic properties of our base-level construction. The

following observations are immediately implied by the construction.

Remark 6. To maintain the graphs bipartite, it is necessary to have two subsets within each D; because
there are edges within each subset D;. However, for the sake of simplicity in our construction, we omitted
this aspect. It is possible to assume the presence of two subsets within each D; and add edges between these

subsets to preserve the bipartite property of the graphs.
Observation 4.4.3. Let v € S' U S%. Then, the degree of v in the base-level construction is 1.

Observation 4.4.4. Let v ¢ S*US?. Then, the degree of v in the base level construction is dy +rydy +1 =
O(dy).

Based on the two aforementioned observations, the degrees of all vertices are identical at the base level,
except for vertices in S' U S2. Additionally, as « is a small constant, we can assume that all vertices have
approximately O(dy) neighbors at the base level. Next, we will demonstrate the contrast in the size of the

maximum matching between a graph drawn from Dygs and one drawn from Dyo.

Lemma 4.4.5. Let Gigg ~ Digs and Glo ~ Dyg. Then, we have

ni

M(G\l/Es) =5

ny
5 and  u(Gyo) < 5 Nj.

Proof. First, we prove that Gigs contains a perfect matching. There exists a perfect matching between the

following subsets of vertices:

S7 and B for each j € {1,2},
K]

o A7 and B;H for each i € [r — 1] and j € {1,2},

o Al and A2

induced subgraph of D; for each ¢ € [r] since the induced subgraph of vertices in D; is a bipartite

regular graph.

Therefore, we have u(G\l(ES) = n1/2. On the other hand, for Gﬁ,o, combining one part of the bipartite graph

of vertices in D; for all ¢ € [r] and UZ:I,je{lﬂ} B/ results in a vertex cover of the graph. Hence, using Konig’s
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Theorem, we get

r

pGro) < > IBI+ ) IDil/2=2rN; +

i=1,je{1,2} i=1

r¢Ny (2r + 1 n

The Recursive Hierarchy

In this subsection, we show how we obtain our final construction from the base-level construction using a
recursive procedure. We construct Dégg and Dfq from DﬁEé and Dﬁ,al for 1 < ¢ < L. Similar to the base

level construction, each level has r layers of vertices. Similarly, we have subsets A}, A?, B} and B? for

7

i € [r]. Moreover, we have two subsets S1, S2. However, instead of having one subset D; for i € [r], we have
four subsets D{ for 1 <j<4. Welet D; = szl Df We let A; denote Al U A? (resp. B; denote B} U B2
and S denote S' U S?). Henceforth, when we mention a vertex’s membership in subset X at level ¢ of the
hierarchy, we are referring to X one of the sets A;, B;, D;, or S.

Let N, and dy be two parameters that control the number of vertices and degree of vertices in the graph
of level £. We have that Ny = ny—_1/(2¢). We have the following properties for the sizes of the subsets that

we defined:

59| = |AJ| = |B/|=4N, Vie[r—1] & je{1,2},
|BY| = |B?| = 4N,,  |Al| = |A2| = 4N,

ID]|=(Ne  Vielr] & 1<j<4,
Let ny be the total number of vertices in level £ of construction. Thus,

ne =[S + |5 + Z |AJ| +|B!| + Z |D;| = (8 + 167 + 4¢r) N,
1€[r] i€[r]
je{1,2}

=(4/C+8r/C+2r)ny—1  (Since Ny = ny—1/(20)).

We can also write the number of vertices in level £ in terms of Ny, which is the parameter that controls the

number of vertices in the base level.
Observation 4.4.6. It holds that ng = (2 +4r + (r) - (4/C +8r/¢ +2r) 1 - Ny.
Observation 4.4.7. ny < (97%) - Ny.
Proof. By Observation 4.4.6, we have
np = (2+4r+¢r)- (4/¢+8r/¢+2r) N

< @+ 8t +2rt Ny (Since ¢ = 1/r?)
< (9r3)F - Ny (Since r > 10). O
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Furthermore, we assume that all subsets have even size. The following edges are common in both DYgg
and Dfy:

e For j € {1,2}, there are 4/¢ bipartite graphs that are drawn from DéEé with disjoint vertex sets

between S7 and BY.

e For j € {1,2} and i € [r — 1], there are 4/( bipartite graphs that are drawn from Df(Eé with disjoint

vertex sets between Bf and A7 41

e For i € [r] and j € {1,3}, there exists a bipartite graph that is drawn from DﬁE; between D{ and
Dj"!‘l
il

Also, the edge set contains several biregular graphs similar to the construction of the base level. In what
follows, we determine the degree of vertices for different choices of X and Y using the same notation of
deg(X,Y).

e Edges of vertices in A7 for i € [r] and j € {1,2}:

deg(Ag, Bf) = dy, deg(Ag, D;) = (r —i+ 1)ydy,
deg(A?, Dy,) = vd, for k < 1.

e Edges of vertices in B for i € [r] and j € {1,2}:

deg(B/, A7) = dy, deg(B?, D;) = (r — i + 1)vdy,
deg(B?, Dy) =~dy  for k <.

e Edges of vertices in D; for ¢ € [r]:

deg(D;, A?) = (r — i+ 1)vdy/C, deg(Dy, Bl) = (r —i+1)vdy /¢ for j € {1,2},
deg(D;, AL) = vdy /¢, deg(D;, B]) = vdy/¢ for k > i and j € {1,2}.

Further, for ¢ € [r] and j € {1,2}, there exists a biregular graph between Df and Df” with degree
dg 4+ vdy — 4ydy(2r — 2i + 1) /¢. Also, since we have four parts in each D;, we can add edges between other
vertices and corresponding subsets in D; to keep the graph bipartite. For simplicity, we skip the detailed
degrees of this part since it is only important to keep the graph bipartite and the reader can assume that
we have a set D; and ignore about how edges are inside the set.

The only difference between D\l}Es and Dﬁ,o is the subgraph between Al and A2. In D$E57 this subgraph is
drawn from D€E§ and in Dﬁlo, this subgraph is drawn from Dﬁ,al. The following observations are immediately

implied by the construction.

Observation 4.4.8. Let G be a graph that is drawn from DéES or D,{,O. Suppose that we remove all subgraphs
that are drawn from Df@é and ’Dﬁfol during the recursive construction of G. Then, the degree of each vertex

in ST U S? is 0. Moreover, the degree of vertices that are not in S* U S? is dy + ~vdy.

Observation 4.4.9. Degree of vertices in a graph that is drawn from ’Df(Es or Dﬁ,o is O(dy).
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Observation 4.4.10. For every pair of vertices u and v, there is a unique level £ such that if there is an

edge between them at all, it must belong to level /.

Lemma 4.4.11. Let Gf(ES ~ Df(ES and G’,{,O ~ DKIO' Then, we have

(] M(GéES) = Tlg/z,
o u(Glo) < ny/2— Ny

Proof. We use induction to prove this lemma. For the base case where ¢ = 1, the proof follows by
Lemma 4.4.5. Similar to the proof of Lemma 4.4.5, we can show that Gf(ES has a perfect matching since

there exists a perfect matching between the following subsets of vertices:
e S/ and B! for each j € {1,2},
o A’ and Bf_H for each i € [r — 1] and j € {1, 2},

o Al

T

and A2,

e D! and D? for all i € [r],

3
e D? and D} for all i € [r].

All the above subgraphs are vertex disjoint and have a perfect matching because their subgraph is drawn
from Dga. Therefore, we have u(GYgs) = ne/2.
For Gfq, note that if we remove edges between Al and A2, then the size of maximum matching is at

most

T ) T 2
ST B+ D] Dil/2 = 8rN¢ + 20¢Ng = (81 + =) Ny, (4.5)
i=1,j€{1,2} i=1 r

since combining one part of the bipartite graph of vertices in D; for all i € [r] and [J;_, je{1,2} Bf results in

a vertex cover of the graph. Also, by the induction hypothesis, we have

4 4 —
H(GholA} A7) < ¢ -u(Gl) < ¢+ (TG — W) < aNe— N, (4.6)
Summing up (4.5) and (4.6), we obtain
) 2
1(Gno) < (8r + - +4)Ne — Ny = 5 ~ M- O

Adding Dummy Vertices

Finally, in both Dygs and Dyo, we add 7n;, dummy vertices to the whole graph and connect these vertices to
all other vertices in the graph. Also, we assume that 7y, is an even number and we keep the graph bipartite
after adding 7ny, vertices, i.e. half of the dummy vertices are connected to one part of the graph, and the
other half are connected to the other part. Further, we assume that there is a perfect matching between
dummy vertices in order to have a perfect matching in Dygs. The intuition behind adding dummy vertices

to the graphs in our input distribution is that they will increase the cost of adjacency list queries while the
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size of the matching does not change that much since 7 is a very small constant. Moreover, we assume that
the algorithm knows which vertices are dummy. We use core to denote the induced subgraph of all vertices

excluding dummy vertices.
Observation 4.4.12. mn; < N;/2.
Proof. By Observation 4.4.7, we have
™y < T- (97"3)L - Ny
= (20r%) "L (9r3)E - Ny (Because of our choice of 7)
< Ny /2 ]
Claim 4.4.13. Let Gygs ~ Dygs and Gno ~ Dno. Then, we have
o 1(Gves) =nr - (1+7)/2,
° /L(GN()) S TLL/2 - N1/2

Proof. Combining Lemma 4.4.11 and the fact that there exists a perfect matching in the induced subgraph
of dummy vertices implies that Gvygs has a perfect matching. Thus, u(Gyes) = nr - (1+7)/2.

If we remove dummy vertices, the size of the maximum matching in Gno is at most ny/2 — Ny by
Lemma 4.4.11. On the other hand, there are at most 7ny edges in the maximum matching of Gno with at

least one dummy endpoint. Hence,
w(Gno) <np/2—Ni+71np <np/2—N1/2,

where the last inequality follows by Observation 4.4.12. O

Lemma 4.4.14. Lete = (6/400)100/52. Any algorithm that estimates the size of the maximum matching of
a graph that is drawn from the input distribution with en additive error must be able to distinguish whether

it belongs to Dyes or Dno-

Proof. Let Gygs ~ Dygs and Gno ~ Dno. By Claim 4.4.13, we have
w(Gyes) — w(Gno) > np - (1+7)/2 —=ng/2+ N1/2 > Ny /2.
So it is enough to show that en < N /2. To see this

en=enp(l+7) < 2eny,

<2 (9r)3F . Ny (By Observation 4.4.7)
< 2- (90/(5)100/52 - Ny (Because of our choices of r and L)
< Ny /2 (Since € = (6/400)1°9/%%) O

Furthermore, we want to stress that the adjacency list of each vertex includes its neighbors in a random

order. This ordering is chosen uniformly and independently for each vertex. In the rest of the proof, we
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assume that d; = n,...,dy, = n% where oy, > o1 > ... > 01. More specifically, we have

5 L+1—3
()

for i € [L]. Also, we let oy,+1 =1 and o9 = 0.

4.4.4 Warm-Up: The algorithm cannot identify many edges that do not belong
to the top level

It is important to keep in mind that the difference between a graph that is drawn from Dygs and a graph that
is drawn from Dyo stems from the subgraph between AL and A2 of the highest level. In Dygs, this subgraph
is drawn from D\L(Esl and in Dyg, this subgraph is drawn from Dﬁa ! Thus, any algorithm that distinguishes
between Dygs and Do, should find the difference in this subgraph. In this subsection, we provide an upper
bound on the number of edges that the algorithm can identify as belonging to this subgraph. In the following
definition, we establish the notion of identifying or distinguishing an edge that belongs to the subgraph Al
and A2 in the following definition. When the algorithm queries a typical edge, because of our choices of dr,
and dy_1, we expect the probability that this edge belongs to subgraph Al and A2 to be roughly equal to
dr—1/dr, = n°L-177L. We say an edge can be identified when the algorithm has a bias on this probability
condition on the subgraph that is queried by the algorithm.

Definition 4.4.15 (pi""*" and distinguishability of an edge). Let e be an edge that is queried by the algorithm.
Also, let pi"™e™ be the probability that this edge belongs to the subgraph between Al and A2 conditioned on
all queries made by the algorithm so far and assuming either input distribution. We say the algorithm can

distinguish or identify if e belongs to the subgraph between Al and A2 if pi"™e" > 10pL-1—9L,

Note that each vertex is adjacent to O(d,) edges in our core by our choice of dy,ds, ..., dr. Further, each
vertex is adjacent to Q(n) dummy vertices that we added to the construction in order to increase the cost of
adjacency list queries inside the core. Since the adjacency list of each vertex is ordered uniformly at random,
each query to the adjacency list of a vertex results in an edge in the core with probability O(dr,/n). Hence,
we expect to have O(dr,-n'~%) = O(n'~9+L) queries inside the core since there are at most O(n?~?%) queries
in total. We prove that the number of edges that the algorithm can identify as belonging to the subgraph

1_2‘5'*‘4”). Moreover, we show that for all other edges, the

between Al and A? is upper bounded by O(n
probability that the edge belongs to the subgraph between AL and A2 is O(not-179%),
In the next claim, we give an upper bound on the total number of edges without a dummy endpoint that

the algorithm can query.

Claim 4.4.16. Any algorithm that makes at most Q = O(n*>~°) queries, identifies at most O(n'~07or)
edges of the core with high probability.

Proof. There are at most O(n'~%) vertices such that the algorithm makes more than 7ny /2 adjacency list
queries to them since the total number of queries is O(n?~?). For each vertex that the algorithm makes more
than 7ny, /2 queries, we assume that the algorithm finds all its incident edges in the core which is at most
O(dr) = O(n°t) and in total is at most O(n'=0%oz),

Now consider a vertex v with at most 7ny /2 adjacency list queries. At the beginning of the algorithm,

each query to v’s adjacency list is in the core with probability at most O(n% /n). While the algorithm has
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made at most 7ny,/2 queries, the queries made have only negligible effect on this probability, so it remains
true that each query to v’s adjacency list is in the core with probability at most O(n°% /n). Let X; be the
event that the ith query returns an edge in the core and let X = Y X;. Thus, E[X;] < O(n°c~!) and
E[X] < O(Q -n?*~!) = O(n'~9*°%). Further, random variables X;s are negatively correlated. Therefore,

using Chernoff bound we have
(61/E[X]logn)? 1
Pr||X — E[X]| > 6\/E[X] logn} < 2exp <_3E[X} <

which implies that with a probability of at least 1 — n~'?, the total number of edges in the core that is
discovered by the algorithm is O(n'=9%7z). O

Let us consider a scenario where, instead of the bipartite subgraphs found in our input distribution, we
had Erdos-Renyi subgraphs with the same expected degree as the regular graphs. In this case, for a pair of
vertices between which the algorithm has not yet discovered an edge, the probability of an edge’s existence
was upper-bounded by O(d/n), where d represents the expected degree of vertices in that subgraph. We
extend this observation and employ a coupling argument to establish a similar property, which is formally

articulated in the subsequent lemma, for the graphs generated from our input distribution.

Lemma 4.4.17. Let (u,v) be a pair of vertices in the core that is not among discovered edges by the algorithm.
Consider a time during the execution of the algorithm that w and v have x and y undiscovered core edges,
respectively; suppose further that x <vy. Then, there exists edge (u,v) in the graph with probability at most

Proof. First, if x = 0 the edge exists with probability zero. Now, suppose that z > 0. According to the
construction, if there exists an edge between u and v, it only exists in one level of the recursive construction
by Observation 4.4.10. Let X, and X, be the subsets in the construction that v and v belong to in that
level. If there are no edges between X,, and X, then the probability of having edge (u,v) is zero. Let d, be
the number of neighbors of u in X, and d, be the number of neighbors of v in X,,. Also, let g(w) be the
set of all graphs in our input distribution that have all discovered edges in the core and edge (u,v). On the
other hand let m be the set of all graphs in our input distribution that have all discovered edges in the
core and do not have edge (u,v). We prove that |G, )|/|G(u,)| = O(x/n) which implies that the probability
of existence of edge (u,v) is upper bounded by O(x/n).

To show this claim holds, for each graph G(,.) € Gu,») we find all pairs (u/,v’) such that v’ € X,
v € X,, the induced subgraph of {u,u’,v,v'} exactly has two edge (u,v) and (u',v’), and edge (uv’,v’) has
not been discovered by the algorithm. Then, by removing edges (u,v) and (v',v’), and replacing them with
edges (u,v’) and (u/,v) we get a graph in our input distribution that is in G, ..

We now argue that there are many such (u',v’) pairs. First, recall that |X,| = Q(n), | X,| = Q(n),
dy < n, and d, < n. Thus most vertices in X,, are not adjacent to u; in particular, | X, \ M (u)| = Q(n).
Let P be the set of all edges (w, z) such that w € X, \ N(u), z € X,, ((w,z) may or may not have been
discovered by the algorithm). Since each vertex in X, has d, neighbors in X,, and | X, \ MV (u)| = Q(n), we
get |P| = Q(nd,). Now let P’ be the subset of edges in P that have not been discovered by the algorithm. By
Claim 4.4.16, the total number of discovered edges by the algorithm is o(n) which implies that |P’| = Q(nd,).

It is not hard to see each pair (u’,v") € P’ satisfies all the required conditions.
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Hence, we can map each graph in G, . to at least Q(nd,) graphs in G, ,). Conversely, in the case of
each graph in G, ., it can be mapped to a maximum of xy graphs in G, ), considering that the remaining
undiscovered edges of v and v are x and y, respectively. Therefore, by double counting the edge of the

mapping from both sides, it holds

G (w0l O(zy) O(zd,) x
G|~ ndy) = Qndy) = ()

which completes the proof. Furthermore, it is crucial to mention that in this mapping, every graph in the
support of Dygs is mapped with graphs solely in the support of Dygs, and likewise, every graph in the
support of Dyo is mapped with graphs solely from the support of Dyo since both v and u’ belong to the
same subset in the construction, and similarly, v and v’ belong to the same subset in the construction as
well. O

Corollary 4.4.18. At any point during the execution of the algorithm, for any pair of vertices (u,v) in
the core that is not among the edges already discovered by the algorithm, (u,v) is an edge in the graph with

probability at most O(n°t=1).

Proof. At any point during the execution of the algorithm, there are O(n°%) undiscovered edges in the core

incident on u or v. Plugging this into Lemma 4.4.17 we obtain the claimed bound. O

Definition 4.4.19 (Direction of an Edge). Let (u,v) be an edge that is queried by the algorithm by making
a query to the adjacency list of vertex u. When we refer to the direction of edge (u,v), we are indicating that

it goes from u to v.

In the next claim, we show that for any fixed pair (u,v), when the algorithm queries u’s adjacency list the
answer is v with probability at most O(1/n), even when conditioning on the query returning a non-dummy

vertex.

Claim 4.4.20. Suppose that the algorithm queries the adjacency list of vertex u in the core. Let v be a
vertex in the core that the algorithm has not discovered edge (u,v) yet. Then, the probability of getting v as

the answer to the adjacency list query of vertex u is at most O(1/n).

Proof. Suppose that there are x remaining undiscovered edges of u at the time that the algorithm is making
a query to the adjacency list of u. By Lemma 4.4.17, the probability of having an edge between w and v is
O(x/n). Now assume that there exists an edge (u,v). Since u has x undiscovered edges and the adjacency
list of vertices is sorted in a random order, the probability of v being the first one is 1/z condition on the
edge existence. Therefore, the probability of getting v as the answer to the adjacency list query of vertex u
is at most O(1/n). O

As an application of Claim 4.4.20, we can demonstrate that each vertex in the graph has an indegree of

O(logn) because they all have a nearly uniform probability of being the answer to the adjacency list queries.
Claim 4.4.21. With high probability, the indegree of every vertez is at most 5logn.

Proof. Let k be the number of edges that the algorithm finds in the core. By Claim 4.4.16, we have
k = O(n'=%%7%). Consider an arbitrary vertex v. For i € [k], let X; be the event that ith queried edge
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in the core be an incoming edge to v. By Claim 4.4.20, we have that Pr[X; = 1] = O(1/n) for all i. Let
X = Ele X; and A = (41logn)/ E[X]. Also, 0 < E[X] < 1 and thus, A > e? for large enough n. Note that

X,’s are negatively associated random variables. Using Chernoff bound for negatively associated variables,

we have
E[X]
PriX > (1+XNE < +/\1+)\>

E[X]
< <)\> (Since A > 1)

e\ 4logn
_ (X) (Since A = (4logn)/ E[X])
< H (Since A > €?)

Since (1 4+ ) E[X] = E[X] 4 4logn < 5logn, the probability that v has more than 5logn incoming edges

is at most n~%. Using a union bound over all vertices we get the claimed bound. O

Definition 4.4.22 (Shallow Subgraph). For a vertez v, we let v’s shallow subgraph be the set of vertices
that are reachable from v using queried subgraph directed paths of length at most 10logn. We use T(v) to

denote v’s shallow subgraph.

We can utilize Claim 4.4.20 to establish a more robust proposition than what Claim 4.4.21 offers. To
clarify, we can demonstrate that the algorithm is unable to concentrate outgoing edges towards nearby
vertices. Consequently, the majority of vertices that are close together in the queried subgraph will have

only one incoming edge. As a result, each vertex will be part of 5(1) shallow subgraphs.
Lemma 4.4.23. With high probability, each vertex is in at most 6(1) shallow subgraphs.

Proof. Let v be an arbitrary vertex in the core. Suppose that we run a BFS from u in the queried subgraph
with reverse edge directions and let V; be the set of vertices that are in distance ¢ from v for ¢ € [10logn].
We show that with high probability, we have |V;| < ilog?n. We do this using induction. For ¢ = 1, the
claim is held by Claim 4.4.21. Suppose that the claim holds for all ¢’ such that i < 7. Let u € V;_;. By
Claim 4.4.20, the probability that the algorithm makes a query that is an incoming edge to u is at most
O(1/n) < logn/n for a large enough n. Also, we have that [V;_1| < (i — 1) - log> n. Hence, the probability
that a queried edge goes to one of the vertices in V;_; is at most (i — 1) -log® n/n. Let k be the total number

of edges the algorithm finds in the core. By Claim 4.4.16, we have k < n!'—0+oL

-logn.

For i € [k], let X, be the event that ith queried edge in the core be an incoming edge to V;_;. Thus,
we have that Pr[X; = 1] < (i — 1) - log® n/n for all i. Let X = Zle X; and A = (4logn)/ E[X]. Hence,
E[X] < (i —1)-log*n-n72=%. Also, 0 < E[X] < 1 and thus, A > ¢? for large enough n. Note that X;’s are

negatively associated random variables. Using Chernoff bound for negatively associated variables, we have

o E[X]
Pr(X > (1+ ) E[X]] < <(1+A)1“>
o BIX]
< <)\>\> (Since A > 1)
e\ 4logn
— (X) (Since A = (4logn)/ E[X])
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S

S

. )\ 2
- (Since A\ > e7)

which implies that |V;| < ilog®n since (14 \) E[X] = E[X] + 4logn < ilog®n. Therefore,

10logn 10logn
Z Vi| < Z i-log?n <0O(1). O
i=1 i=1

Corollary 4.4.24. With high probability, each edge that the algorithm finds in the core is in at most 6(1)
shallow subgraphs.

Proof. For edge (u,v), by Lemma 4.4.23, u is in at most O(1) shallow subgraphs. Therefore, edge (u,v) is
in at most O(1) shallow subgraphs. O

Spoiled vertices: In essence, spoiled vertices are those in close proximity to short cycles using directed
edges or having large shallow subgraphs. Later, we can prove that, for vertices distanced from short cycles
or lacking large shallow subgraphs, the algorithm cannot distinguish if their incoming edges originate from
the inner hierarchy level.

Before we formally define spoiled vertices, we define a closely related notion of spoiler vertices. Intuitively,
spoiler vertices are ones where the idealized forest structure of the queried core subgraph is violated (or

“spoiled”).

Definition 4.4.25 (Spoiler Vertex). We say a vertex u in the core is spoiler if at least one of the following

conditions holds:
(i) vertex u has more than one incoming edge,
(ii) there is an edge (u,v) that is discovered by the algorithm at a time when v already has non-zero degree.
Spoiled vertices are ones that have, or expect to have, spoiler vertices in their shallow subgraphs.

Definition 4.4.26 (Spoiled Vertex). A wvertex v in core is spoiled if its shallow subgraph contains any of
the following:

e q spoiler vertex; or
o at least n®~29L yertices.
The following observation is directly implied by the way we defined spoiler and spoiled vertices.

Observation 4.4.27. Let v be a vertex that is not spoiled. Then, the shallow subgraph of v is a rooted tree

5720'L

of size at most n . Moreover, for each edge (u,w) in the shallow subgraph of v, at the time that the

algorithm made the query, w was a singleton vertex.

Proof. At the time that the algorithm discovers an edge (u,w) in the shallow subgraph of v, vertex w should
be singleton according to Definition 4.4.25 and Definition 4.4.26. Therefore, the shallow subgraph of v is a

rooted tree. O

In the next lemma, we show that even among vertices for which the algorithm finds a core edge, the vast

majority remain unspoiled.
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Lemma 4.4.28. With high probability, there are at most O(n'=20149L) spoiled vertices.

Proof. First, note that by Corollary 4.4.24, each edge in the queried subgraph of core only appears in 5(1)
shallow subgraphs. Hence, >, |T(v)|] < O(n!=9%29¢) by Claim 4.4.16. Therefore, the total number of
vertices whose shallow subgraph contains more than n’ =27t vertices is O(n!~20+47z),

We show that with high probability, there exists at most O(n!=20+37%) gpoiler vertices in the graph.
By Lemma 4.4.23, since each vertex is in at most 6(1) shallow subgraphs, there are at most O(n!=20+47r)
spoiled vertices. Thus, it suffices to upper bound the number of spoiler vertices.

At the time that we add an edge (u,v), the probability that v has a non-zero degree in core is O(n=~?)
since by Claim 4.4.16, there are at most O(n'~%T7%) vertices with a non-zero degree in the core and by
Claim 4.4.20, each of them has a probability of O(1/n) to be the queried edge of u. For such an edge,
condition (ii) of Definition 4.4.25 holds for vertex u and condition (i) holds for vertex v. We assume that
during the process of adding edges, for such an edge we count two spoiler vertices (for both endpoints).

Let X; be the indicator of having a new spoiler vertex after adding ith edge. By the discussion above,
we have Pr[X; = 1] < O(n°t~°). Let k be the number of edges found by the algorithm in the core and
X =% X;. Thus, E[X] < O(n'~20+291) since k = O(n'~9t%). Since events are negatively correlated,

we get

Pr||X — E[X]| > 6/ E[X] logn} < 2exp <(6”E[X]10gn)2> < %,

3E[X]

which implies that there are at most O(n'=20372) different i such that X; = 1. For each edge, if the

indicator is one, we count a constant number of spoiler vertices which concludes the proof. O

Lemma 4.4.29. Let v be a vertex that is not spoiled and belongs to {Ay, B., D, }. Let L(v) and L'(v) be
an arbitrary label for v from {A,, By, D,} and the entire queried subgraph of core from all available labels of

level L excluding the shallow subgraph of v. Then, we have

Pr[T(v) | L(v)] < (1 + o(nak&))lT(v)l _

Pr{T(v) | £/(v)]

As we have proved, the shallow subgraph of an unspoiled vertex forms a rooted tree. This property
allows us to show that all paths starting from the root of this rooted tree and reaching an S vertex or a
short cycle, eventually step on a delusive vertex, which, in turn, causes a loss of information about anything
below that delusive vertex. Consequently, we can couple the labelings that the tree’s root is a vertex of A,
or B, conditioning on labels of everything outside the shallow subgraph of the root. Hence, the probability
that the algorithm queries this exact shallow subgraph no matter what the label of the root is and anything
outside of the shallow subgraph. We defer the formal proof of the above lemma to Section 4.4.7 as we extend

it to all levels of the construction.
Lemma 4.4.30. With high probability, there are at most O(n'~2957L) edges e such that pinmer > 10por-17oL,

Proof. Let E be the set of edges (u,v) (directed from u to v) such that u € A, that satisfy at least one the

following conditions:

(i) v is a spoiled vertex; or
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(ii) w has at least n?L /3 spoiled neighbors in the queried subgraph of core.

First, we show |E| < O(n'~29%591), By Lemma 4.4.28, the number of spoiled vertices is at most O(n=20+4o1),
Moreover, by Claim 4.4.21, each vertex has at most 6(1) indegree which implies that there are at most
O(n'=20+591) edges that satisfy condition (i). On the other hand, if vertex u satisfies the condition (ii), it
must have at least n?~ /4 edges (u,w) (directed from u to w) such that w is spoiled since each vertex has at
most 6(1) indegree (Claim 4.4.21). Since the total number of spoiled vertices is O(n!=20+47%)  there are at

1=204501) such u that satisfy condition (ii).

most O(n

Now, we prove that for all other edges that are not in E, we have that pi""¢" < 10nt-179L. Since
|E| < O(n'~20+592) the aforementioned claim will complete the proof of lemma. For edge e = (u,v)
that is directed from u to v, if u ¢ A,, it is easy to see that pi""*" = 0. So assume that u € A,. Let
vy = v, V1, Ve, ...,V be the neighbors of w in the core in the original graph such that v; € B,.U A, and either
v; is a singleton vertex in the queried subgraph or v; is a directed child of u that is not spoiled. Since u does
not satisfy condition (ii), then, k > n°% /2. Now we bound the probability that vertex vy belongs to A, by
using a coupling argument and Lemma 4.4.29.

Consider a labeling profile P of all vertices U = {vg,v1, ..., v} such that P(vg) = A,. By the construction
of our input distribution, since u € A, at most O(dr—1) = O(n?%-1) vertices of U are in A,. We produce
Q(n°L) new profiles P’ such that P’(vg) # A,. For each vertex v; in U such that P(v;) = B,, we construct
a new profile P’ where P(v;) = P’(v;) for j ¢ {0,4}, P'(v;) = A,, and P’(vy) = B,. By Lemma 4.4.29, the
probability of querying the same shallow subgraphs T'(vg) and T'(v;) in the new labeling profile will be the
same up to a factor of

(1+ 0= T

and
|T(v3)]

(1+ O(n”L*‘s)) ,
respectively. Since vy and v; are not spoiled vertices, |T(vg)| < n°~27% and |T(v;)| < n®~2°t by Defini-

tion 4.4.26, thus, the probability of having profile P and P’ are the same up to a factor

2n6—2oL

TEI < (14 O(no—)) <1+o(1).

(1 + O(noL—é))\T(voﬂ ] (1 + O(naL—é))

We construct a bipartite graph H = (Py, P>, Ep) of labeling profiles such that in P;, we have all profiles
P where P(vg) = A, and in the Py, all profiles P’ where P’(vg) = B,.. We add an edge between two profiles
P and P’ if we can convert P to P’ according to the above process. Therefore, degy (P) > k/2 > n?L /4 for
P € P since at least k/2 vertices of U belong to B,.. On the other hand, deg (P’) < 2nL-! for P’ € Px.
To see this, there are at most 2dy_; = 2n?L-1 vertices v; in U such that P’'(v;) = A, according to the

construction of input distribution. Hence,

OL—1

IS < (Lol [ < (14 o1)- 2

< (1+o0(1)) - 8n7t-177L < 10p7E-1 7L,

which concludes the proof. [
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4.4.5 The Algorithm Cannot Create Large Connected Components of Inner
Edges

In this section, we show that as we move downward in the recursive construction, it is harder for the
algorithm to create components of large size using edges of the inner level. According to Lemma 4.4.30, in

the highest level of the construction, for at most O(n!=20+571)

edges in the queried subgraph of the core, the
algorithm has the advantage to distinguish that these edges belong to the inner level with probability more
than 10n?L-17?L, We assume that the algorithm knows if these edges belong to the inner level or not with
probability 1. However, for all other edges that the algorithm queries, it is more likely that those edges belong
to the higher level because of the choices of degrees as formalized in Lemma 4.4.30. More specifically, each
other edge that the algorithm queries, has a probability of at most O(n?.-1792) to belong to the inner level.
Our goal is to prove a similar lemma to Lemma 4.4.30 for each level in the next two sections. Intuitively,
the following lemma shows that as we go down in the recursive construction, the number of edges that the
algorithm can distinguish if they belong to the inner level decreases. First, we extend Definition 4.4.15 for

all levels in the hierarchy.

Definition 4.4.31 (p/~"""*" and Distinguishability of an Edge). Let e be an edge that is queried by the
algorithm. Also, let pt=""™¢" be the probability that this edge belongs to the subgraph between Al and A? in
level £. We say the algorithm can distinguish or identify if e belongs to the subgraph between AL and A? if

pﬁ—inner > 10no¢-1—9¢,

Before proving Lemma 4.4.33, we need to define a function and its characteristics which are crucial to
formalize the loss in advantage of the algorithm to identify edges. For the rest of the proof, we define function

g for ¢ € [L] as follows

L L-1
g)=(L—¢+2)-6§—5 (Zcri/ai+1> -5 (Z ai>
i=t i=f
where, oy 41 = 1. Also, we let 0p = 0. We have the following observations about the function g that are
immediately implied by our choices for ¢ and o; for i € [L + 1].
Observation 4.4.32. The following statements are true regarding function g:
(i) gl —1)=g() + 6 —boy_1/0¢ — 5o¢—1 for £ € (1, L],
(7)) 1—g(l —1)—30p—1 >1—g{) — 6 +5oy_1/0¢+ 0¢—1 for £ € (1, L],
(iii) g(1) > 2,
(iv) 1 —g(€) #0 for all ¢ € [L].
Proof.  (i): By the definition of function g, we have

L L—-1
g(f—l):(L—é—f—?))(S—E)(Z Ui/0i+1>_5< Ui)
1

i=0—1 {—

= [(L—€+2)-5—5 (ZUi/UiH) =5 <Zgl>

=0 =0

+0—50¢-1/00 —bop_1
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=g(l)+6—50¢—1/00 — Hop_1.

(ii): By statement (i), we get

1—g(l—1)—30p-1=1—g(l) =6+ 50¢_1/0¢+20¢-1 >1—g(l) +50oy_1/0¢+ 0p_1.

(iii): By the definition of function g, we have

L L—-1
g(l) = (L+ 1) -6—5 <ZO’Z‘/O'Z'+1> ) (Z O'i>

L—
=(L+1)-6— (‘SZL) -5 <Z(15())L+1i> (By Table 4.1)
i=1

>(L+1)-5—(52L)—5

=2 (Since L = 4/9).

(iv): If g(¥) is zero for a particular ¢, we can perturb the parameters in Table 4.1 to meet all constraints

and make g(1) non-zero.
O

Lemma 4.4.33. With high probability, the following statements hold:

(i) If 1 — g(¢) < 0, then with probability 1 — O(n'=99), there exist no edge e such that p’="mer >
10n¢-1=9¢ Also, with high probability, there are at most 6(1) edges e such that pg_i"”” > 10n%¢-179¢,

(i) If 1 — g(¢) > 0, with high probability, there are at most O(n*=9®)) edges e such that p=i""er >

10n%e-179¢,

Note that if we replace £ = L in the above bound, we get the same bound as Lemma 4.4.30. We use
Einmer o show the set of edges that pf~mmer > 10n7¢-1=7¢. If the algorithm can distinguish the difference
between a graph from Dygs and a graph from Dyg, it should be able to distinguish between the subgraphs
between AL and A2 of level £ as other parts of the two graphs are similar. In this proof, when we mention
the inner level, we only mean the subgraph between Al and A2 of that level. In this section, we denote the
edges between Al and A2 of level £ as black edges and we denote other edges as green edges. We prove that
the algorithm cannot grow a large component of black edges. The following lemma is the main technical

contribution of this section.

Lemma 4.4.34. Let C1,Cs,...,C. be the underlying undirected connected components of black edges where

there exists at least one edge of Ei"°" in each of the components. Then, the following statements hold:

(i) If 1 — g(¢) < 0, then ¢ = 0 with probability 1 — O(n'=9®). Also, >°5_, |C;| < O(nt=1/7) with high
probability.

(i) If 1 — g(£) > 0, we have Y 5_, |Ci| < O(n'=9+50e=1/9¢) with high probability.
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We use induction to show the correctness of Lemma 4.4.33 and Lemma 4.4.34. For the base case, we
already proved that Lemma 4.4.33 holds when ¢ = L (Lemma 4.4.30). To prove Lemma 4.4.34 for a fix ¢,
we use the bound from Lemma 4.4.33 for £. Then, we use the result to prove Lemma 4.4.33 for £ — 1. In this
section, we focus on proving Lemma 4.4.34 using Lemma 4.4.33. In the rest of this subsection, we focus on
the step to prove Lemma 4.4.34.

With the same argument as Claim 4.4.16, we can give an upper bound for the number of black edges

which is formalized in Claim 4.4.35.
Claim 4.4.35. There are at most O(n'=°+7¢=1) black edges with high probability.

Proof. The proof is similar to the proof of Claim 4.4.16. We repeat the argument for completeness. For all
vertices to which the algorithm makes more than 7ny /2 adjacency list queries, we assume that it discovers
all its black edges. Since the algorithm makes at most O(n?~%) queries in total, the total number of vertices
with more than 777, /2 queries cannot be larger than O(n'~?) and therefore, the total discovered black edges
incident to these vertices is at most O(dy_1 - n'=%) = O(nt=9+oe-1),

For all other vertices, each adjacency list query is a black edge with a probability of O(d,—1/n) =
O(n%¢-1 /n). Since there are O(n?>~?%) queries in total, with high probability, the algorithm will find at most
O(n'=%+7¢-1) black edges using a Chernoff bound. O

According to Lemma 4.4.33, for all edges excluding those in E}f”"”, when the algorithm queries an edge,
it has a higher probability of being a green edge. This intuitively implies that, for any given vertex u, the
algorithm should not be capable of discovering numerous descendants that are exclusively reachable through

directed black edges, provided we disregard edges in E;""".

Lemma 4.4.36. Consider all queried black edges in the core except edges Ei"". With high probability,
each vertex has at most n®7¢-1/7¢ descendants that are reachable by directed black edges. Moreover, for each

vertez, the total number of black edges to all its descendants is at most n>7¢-1/7¢.

Proof. Fix a vertex u. First, we claim that the probability of having a directed path of length ¢ that starts
from « and ends in a vertex v is bounded by n*(@¢-1=9¢)/2 We use induction to prove this claim. For the
base case where ¢ = 1, if there is no edge between v and v this probability is 0. If there exists an edge,
by Lemma 4.4.33, this edge is black with probability of at most 10n7 1= < n(et-1=91)/2 " Suppose that
the claim holds for all i’ < i. By Claim 4.4.21, vertex v has at most 5logn indegree in the whole queried
subgraph (including all edges). Let {v1,va,...,vr} be the set of vertices that have directed edge to v. Thus,
if there exists a directed black path of length 4 to v, there must exist a path of length ¢ — 1 to one of v; and
a black edge from v; to v. Let B! be the event that there exists a directed black path of length i to vertex

w. Using a union bound,

k
Pr[B!] < ZPr[Bf};l] - Pr[(vj,v) is black]
j=1
k .
<> Pr(Bi Y- 10071 (By Lemma 4.4.33)
j=1
< k-plimDe-1=00/2 qopoi-1—o (Induction hypothesis)

< 50 - logn - plHD(oi-1=01)/2 (k < 5logn by Claim 4.4.21)



4.4. APPROXIMATING MAXIMUM MATCHING REQUIRES ALMOST QUADRATIC TIME 161

< ni(ﬂza—m)/?,
which completes the induction step.

Second, we show that there is no directed black path of length 5/0; with high probability in the graph.
To see this, the probability of having a directed black path of length 5/0; between two vertices u and v is

upper bounded by n®(?i-1=9)/(291)  Taking a union bound over all possible pairs, we obtain

Pr[3 directed black path of length 5/07] < n? - p(71-1700)/(201)

2. ,,—9/4 Si )
n (Since 071 < 10)

IN

n

< p U4

Therefore, we can assume that with high probability there is no directed black path of length 5/0; in the
queried subgraph.

Finally, suppose that we condition on not having a directed black path of length 5/0;. Since each vertex
has at most n?-* black edges in total (even not queried by the algorithm), the total number of vertices and

edges that are reachable up to distance 5/0; from a fixed vertex u is upper bounded by n®7¢-1/7¢ O

Corollary 4.4.37. Consider all queried black edges in the core except edges E{"™°". The longest directed
path of black edges has length at most 5/0y.

Proof. The proof follows by the proof of Lemma 4.4.36. O

It is important to observe that the algorithm discovers black incident edges for only a small fraction of
vertices when compared to the total number of vertices. Additionally, if we exclude E{""°", the size of the
black descendants of each vertex is constrained as indicated in Lemma 4.4.36. Consequently, we anticipate
a limited number of intersections between the descendants of vertices. This insight is further formalized in
the following claims and corollary.

Let SCC1,5CCs,...,SCCs be the strongly connected components of directed black edges that are
queried by the algorithm. For each component such that its indegree is zero (roots of the directed acyclic
graph of strongly connected components), we choose a vertex to represent the component. Let R =
{u1,ug,...,uy} be the set of the chosen vertices. Note that each vertex v ¢ R, is in a black descendent of

at least one of the vertices in R.

Claim 4.4.38. Consider all queried black edges in the core except edges E}"”GT, Let v € R. Then, the

probability that there exists a vertex u € R\ {v} such that u’descendants intersect v’s descendants is at most
O(n50271/01—5+0e71 )

Proof. By Lemma 4.4.36, vertex v has at most n°?t-1/9t descendants. Combining with Claim 4.4.20, the
probability that each new query goes to a vertex that is descendant of v is at most O(nS"’—l/ 9t /n). Since the
total number of black edges is upper bounded by O(n!~%+7-1) then the probability that there exists a vertex
u € R\ {v} such that u’descendants intersect descendants v’s descendants is at most O(n57¢-1/0¢=9+oe-1)

using a union bound. O
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inner

Corollary 4.4.39. Consider all queried black edges in the core except edges E . Let k < 500;/0,—1 and
v1,...,0 be k arbitrary vertices in R. Then, the probability that there exists a vertex w € R\ {v1,..., vk}

such that u’descendants intersect descendants of vertices in {v1, ... ,vi} is at most O(n>7t-1/o¢=0%0e1)
Proof. The proof follows the same as proof of Claim 4.4.38 and the fact that k is a constant. O

Hence, we anticipate these black connected components to have a very small size, given that the number

of descendants for each vertex is quite limited, and the chances of their intersection are low.

Claim 4.4.40. Consider all queried black edges except edges Eg”””, Let C be an arbitrary connected com-
ponent of these edges. Then, with high probability |C| < O(n5‘”*1/‘”). Moreover, each connected component
has at most O(|C|) black edges.

Proof. We construct a new graph H with the same vertex set R. We add edge (u,v) to H if black descendants
of w and v intersect. In what follows, we prove that the largest connected component of H is at most o = 10/§
with high probability. Since the number of black descendants (and black edges to its descendants) for each
vertex is at most n®?'-1/9 by Lemma 4.4.36, this claim is enough to finish the proof.

Suppose that we start the following process from vertex v € R. In the beginning, we have a set C
that only contains v. In each step, we reveal one of the edges from vertices in C' to vertices in R\ C.
Assume that this edge is (w,z) where w € C and z € R\ C. We add z to C and continue the process.
The process stops either when there is no edge from C to R\ C or when |C| > o. Let X; be the event
that there exists an edge between C and R\ C in step i of the process. By Corollary 4.4.39, we have
Pr[X; =1]| X1,...,X;_ 1] < O(n°7¢-1/7¢=0%oc-1) TLet Y, be the event that the process stops when |C| > o.
Hence,

<o
PrY,] = [ Pr[X; | X1, X2, ..., Xi_1]
i=1
<0 ((n505_1/6‘75+05_1)9)
1 .
=0 5 (Since p = 10/9).
Therefore, using a union bound over all possible v € R, with a probability of 1 —O(n %), there is no connected

component of size larger than p in H. O

Corollary 4.4.41. Consider all queried black edges except edges E}"””. Let C' be an arbitrarily connected
component of these edges that is created by the intersection of descendants of o vertices in R. Then, with
high probability 0 < 10/6.

Proof. The proof follows by the proof of Claim 4.4.40. O

We now possess all the necessary tools to establish Lemma 4.4.34. At a high level, we assume that the
algorithm has control over where to put the edges of E;""*" to maximize ) ;_, |C;|. However, we show that

even by giving this power to the algorithm, we can still prove the bound stated in the lemma.

Proof of Lemma 4.4.34. Suppose that an adversary chooses how edges of Ei""" are between the compo-
nents. Let C = {6'\1, 6'\2, ceey C/'c\/} be the connected components before adding edges E{""°" by the adversary.
First, note that |a| < O(nd7¢-1/7¢) for all i € [¢/] with high probability by Claim 4.4.40.
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Let Cy, Cs, ..., C, be the connected components after adding edges E;""*" and removing the components
that do not have any of the edges in E;""". Each edge of E{""°" can connect at most two components of
C. Therefore, the total number of components in C that have at least one edge of E{"™°" is upper bounded
by O(|E;""|). Now if 1 — g(¢) < 0, according to the statement (i) of Lemma 4.4.33, with probability
1 — On'9®) we have |Ei"™*"| = 0. Also, with a high probability |Ei"""| = O(1). Combining with
|6’\,| < O(n®7¢-1/7¢) we obtain the proof of statement (i).

If 1 — g(¢) > 0, according to the statement (ii) of Lemma 4.4.33, we have \Em”e’”| < O(n*~90) with
high probability. Combining with |C;| < O(n57¢-1/7¢), we obtain S 1Ci| < O(ntm9)F50e-1/ot) which
concludes the proof of (ii). O

4.4.6 Smaller Connected Components Results in Less Identified Inner Edges

In this section, we use Lemma 4.4.34 to show that as the size of connected components gets smaller, it is
harder for the algorithm to identify black edges. We abuse the notation to generalize the definition of spoiled

vertex and shallow subgraph similar to the warm-up section.

Definition 4.4.42 (¢-Shallow Subgraph). Suppose that we define green and black edges with respect to level
¢ and £—1 of the construction hierarchy. For a vertex v, we let the £-shallow subgraph of v be a set of vertices
that are reachable by v within a distance of 10logn using directed paths with only black edges from v in the

queried subgraph. We use T*(v) to denote the {-shallow subgraph of v.
With the exact same proof as Corollary 4.4.24, we can extend its claim to /-Shallow Subgraph.
Lemma 4.4.43. With high probability, each vertex is in at most 5(1) £-shallow subgraphs.

Corollary 4.4.44. With high probability, each black edge that the algorithm finds is in at most 6(1) {-shallow
subgraphs.

Observation 4.4.45. Let Cy,Cs, ..., C. be the underlying undirected connected components of black edges,
and let E(C;) be the edges set of component C;. Then, |E(C;)| < O(logn) - |Cy].

Proof. The proof follows by the fact that each vertex has an incoming degree of at most 5logn in the whole

queried subgraph of core by Claim 4.4.21. O

Observation 4.4.46. Let C1,Cs, ..., C, be the underlying undirected connected components of black edges
where there exists at least one edge of E{"™°" in each of the components. Let E(C;) denote the edge set of

component C;. Then, the following statements hold:

(i) If 1—g(£) <0, then c = 0 with probability 1 —O(n*~9¥)). Also, with a high probability, >5_, |E(C;)| <
6(n5o‘g_1/0'[)
(ii) If 1= g(£) > 0, we have S5, |E(Cy)| < O(n'=9O+59e1/00) with high probability.
Proof. Combining each statement of Lemma 4.4.34 and Observation 4.4.45 yields each statement. O
Definition 4.4.47 (¢-Spoiler Vertex). For £ € (1, L], let E be the set of black edges that are in a connected
component with at least one edge of Eé""”. Let u be a vertex that is in a black connected component that

contains at least one edge of Ei"°". We say a vertex u in the core is {-spoiler if at least one of the following

conditions holds:
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(i) vertex u has more than one incoming edge,

(i) there is an edge (u,v) € E that is discovered by the algorithm at a time when v already has non-zero

degree.

Definition 4.4.48 (¢-Spoiled Vertex). For ¢ € (1, L], let v be a vertex that is in a black connected component
that contains at least one edge of E{"™". Then, vertex v is {-spoiled if its {-shallow subgraph contains any
of the following:

e q (-spoiler vertex; or
e at least n9~29L yertices.

Observation 4.4.49. Let v be a vertex that is not {-spoiled. Then, the £-shallow subgraph of v is a rooted

5720’[,

tree of size at most n . Moreover, for each edge (u,w) in the £-shallow subgraph of v, at the time that

the algorithm made the query, w was a singleton vertex.

Proof. Because of Definition 4.4.47 and Definition 4.4.48, when the algorithm finds an edge (u,w) in the
{-shallow subgraph of v, the other endpoint must be singleton which implies that the ¢-shallow subgraph of

v is a rooted tree. O

In the next two claims, we provide a bound on probability and the number of vertices that do not satisfy

the second condition in Definition 4.4.48.

Claim 4.4.50. Suppose that 1—g({—1)—30,_1 > 0. With high probability, there are at most O(n'=9(¢—1)=20¢-1)

vertices v where:
o there exist an edge of Eé""e" wn their black connected component; and
o [T (v)| > nl-20e-1,

Proof. Let C1,C5,...,C. be the underlying undirected connected components of black edges where there
exists at least one edge of E{""°" in each of the components. Also, let V be the set of vertices in these
components. Let E(C;) be the set of edges of component i. By statement (ii) of Observation 4.4.46, we have
S JE(C)| < O(n'~9O+500-1/9¢) - Applying Corollary 4.4.44, we obtain

Z|T€ |<O Z\E |<O L=g(O)+50e-1/0¢),

ueV

Let o denote the number of vertices v where |T¢(v)| > n®~7¢-1. Therefore,

~ 4 VY (1—g(£)+500_1/0
ZufsVJT (U)‘ < O(n -‘is( )2+ —1/ 4) < O( 1—g(£)—6+50p—1/0¢+200— 1) < O(nl—g(é—l)—Qaz,l)
- no—<0e—1 - no—<0e—-1 - -

where the last inequality is followed by statement (ii) of Observation 4.4.32. O
Claim 4.4.51. Suppose that 1 —g(¢ —1) —30p_1 < 0. With high probability, there exists no vertex such that
e there exist an edge of E{"™°" in their black connected component; and

o [T(v)| > no—20e-1,
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Proof. Let C1,C5,...,C. be the underlying undirected connected components of black edges where there
exists at least one edge of E{""°" in each of the components. Also, let V be the set of vertices in these
components. First, if 1 —g(f) < 0, with high probability we have $¢_, |E(C;)| < O(n®7¢-1/¢) by statement
(i) of Observation 4.4.46. Since 6 —20y—1 > 50y_1/0y, there is no component with an edge from EZ}””” with
size n®~27¢-1 with high probability.

Next, if 1 — g(¢) > 0, with high probability, we have S°_, |E(C;)| < O(n'~9(0+50e-1/7¢) by statement
(ii) of Observation 4.4.46. Applying Corollary 4.4.44, we obtain

Z T (w)] < O(1) - ZC: |E(Cy)| < O(nt—9O+50e1/0ey,

ueV
Moreover,
1—9g) +50¢0_1/oe=1—g(l —1)+ 3§ —bop_y (By statement (i) of Observation 4.4.32)
=(1—-g(l—1)—30¢-1)+ (6 — 200—1)
< 0 — O¢—1,

where the last inequality follows by the assumption that 1 — g(¢ — 1) — 30y_1/0¢ < 0. Therefore, with a high
probability, there is no component with an edge from E}ﬁ”"” with size n®~7¢-1 with high probability. O

Just as in Lemma 4.4.28, we can give bounds on the probability and the count of ¢-spoiled vertices. While
the proof steps closely resemble those in the warm-up section, for the sake of thoroughness, we reiterate some

of the key arguments.

Lemma 4.4.52. Suppose that 1—g(f—1)—30,_1 > 0. With high probability, there are at most O(n'=9((=1)=200-1)

{-spoiled vertices.

Proof. The proof has the same steps as Lemma 4.4.28. First, by Claim 4.4.50, with high probability there are
at most O(n!~9(=1)=29¢-1) vertices v in a component with at least one edge of Ei"™*" such that |T*(v)| >
nd=7-1_ Let C1,Cy,...,C. be the underlying undirected connected components of black edges where there
exists at least one edge of E;"™“" in each of the components. Let E be the set of black edges of these
components. By statement (i) of Lemma 4.4.34, |E| < O(n!=9(0+59c-1/0¢),

Next, suppose that we add edges E that are queried by the algorithm in the same order as the algorithm
queried them. We show that with high probability, there exists at most O(nl_g“_l)_‘l‘”*l) (-spoiler vertices
in the graph. By Lemma 4.4.43, since each vertex is in at most O(1) (-shallow subgraphs, then there are
at most O(nlfg(efl)"g‘”—l) {-spoiled vertices. So in the rest, we focus on upper bounding the number of
{-spoiler vertices.

At the time that we add an edge (u,v), the probability that v has at least one black edge is O(n?¢-17?)
since by Claim 4.4.35, there are at most O(n'=%+7¢-1) vertices with a black edge and by Claim 4.4.20, each
of them has a probability of O(1/n) to be the queried edge of u. For such an edge, condition (ii) holds for
vertex v and condition (i) holds for vertex v. We assume that during the process of adding edges, for such
an edge we count two spoiler vertices (for both endpoints).

Let X; be the indicator of having a new spoiler vertex after adding ith edge. By the discussion above,
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E|

we have Pr[X; = 1] < O(n%-17%). Let X = ZL:1 X;. Thus,

E[X] < O(n!~ 905001 /oe=0+o1),

since \E| < O(n'~9(0)+59e-1/9¢)  Since events are negatively correlated, we get

6/E[X]] 2 1
B0 o BT <2 (S L
n
which implies that there are at most O(nl=9()+50¢e-1/0e=3+0e-1) different i such that X; = 1. For each
edge, if the indicator is one, we count a constant number of spoiler vertices. Moreover, by statement (i) of
Observation 4.4.32,

1—g(0)+50p_1/or—6+0p—1=1—g(l—1)—4doy_q,

which concludes the proof. O

Lemma 4.4.53. Suppose that 1 — g({ — 1) — 30,_1 < 0. Then, with probability of 1 — O(n'=9¢-1)=37c-1),

there is mo (-spoiled vertex. Moreover, with a high probability, there are at most 6(1) {-spoiled vertices.

Proof. Because of the assumption that 1—g(¢—1) —30y_1 < 0, with high probability there is no vertex v in a
component with at least one edge of Ei"™¢" such that |T¢(v)| > n’~27¢-1 by Claim 4.4.51. Let Cy,Cs,...,C.
be the underlying undirected connected components of black edges where there exists at least one edge of
Eé”"er in each of the components. Let E be the set of black edges of these components. We consider two

possible scenarios:

(Case 1) 1—g(¢) > 0: in this case, we have Y ;_, |C;| < O(n'=9(0+50e-1/9¢) with high probability according
to statement (ii) of Observation 4.4.46. We prove that with probability 1 — O(n!=9(=1)=37¢-1) there exists
no {-spoiler vertex. Suppose that we add edges of E according to the ordering that the algorithm queried
them. With the exact same argument as proof of Lemma 4.4.52, each edge that we add has a probability of
O(n-17%) to create a constant number of f-spoiler vertices. Using a union bound, the probability of having
a f-spoiler vertex is bounded by
‘E| . O(nog,l—é) < 6(nl—g(€)+50g,1/ag—i—og,l—ti) < (3(n1—g(f—1)—4cfg,1)7

where the last inequality is followed by statement (i) of Observation 4.4.32. On the other hand, since the
expected number of f-spoiler vertices is less than 1, using a Chernoff bound we can show that with high

probability there are at most 6(1) £-spoiler vertices.

(Case 2) 1 —g(¢) < 0: in this case, according to the statement (i) of Observation 4.4.46, there is no
component with an edge of E{""*" with probability 1 —O(n'~9 (©)) and therefore, there is no f-spoiled vertex
with probability of O(n'=9()). Now suppose that we condition on having a component with an edge of
Ejnmer . By statement (i) of Observation 4.4.46, we have |E| < O(n®7t=1/2¢) with high probability. Similar
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to the previous case, the probability of having a f-spoiler vertex is bounded by

|E| . O(nﬂefl—é) < 6(7150171/0@4-0271_5).

Since the probability of having a component with an edge of E{""" is O(n'~9()), the probability of having

a f-spoiler vertex is upper bounded by
O(nl—g(é)) . 5(7150271/0@-5-0471—6) < 6(711—9(13—1)—40271)_

Therefore, the probability of having a f-spoiled vertex is at most O(n'~9¢~1=37¢-1)  On the other hand,
since the expected number of /-spoiler vertices is less than 1, using a Chernoff bound we can show that with

high probability there are at most 5(1) {-spoiler vertices. O

Claim 4.4.54. Let C1,C5,...,C. be the connected components of black edges that do not contain any edge

of Ef"™e". Then, with probability 1 — O(n*‘s*‘”—l*m‘”—l/”) all components are trees.

Proof. By Claim 4.4.40, with high probability |C!| < O(n®?¢-1/9¢) for all i € [/]. Also, ¢/ < O(n!~0+7e-1)

since the total number of black edges is O(n'~°+7¢-1) by Claim 4.4.35. Hence, 25;1 |C)? < O(nt—0+20e-1+100e1/oey,
Suppose that we condition on high probability event that Zf;l |C!|? < O(n!—0+20e-1+100e-1/00)  We add

the edges of these components one by one with respect to the ordering that the algorithm queried. When

the algorithm queries the adjacency list of vertex v that is in a component of size z, the probability that

the resulting queried edge goes to the same component is O(xz/n) by Claim 4.4.20. Therefore, if the edge is

in the final connected component C;, this probability is upper bounded by O(|C?|/n). Combining with the

fact that each component has |C!| edges, the probability of having a cycle is at most Zf;l O(|C!)?/n) =

O(n—5+0271+100271/w). O

For the rest, we condition on the event that each connected component of black edges that do not contain
any edge of E{""°" is a tree. By Claim 4.4.54, the failure probability of this event is O(n=0%oe-1+1000-1/00) —
o(1). Moreover, since the number of levels in our hierarchy construction is a constant, these events hold for
all levels with probability 1 — o(1).

Lemma 4.4.55. Let (u,v) be a directed black edge in the connected component C' such that there is no edge
of E{"mer in C. Also, suppose that u € A, and v belongs to {A,, B, D,} in level { — 1 of the hierarchy. Let
C be the component that v belongs to after removing edge (u,v). Let L(v) and L'(v) be an arbitrary label for
v from {A,, B, D,} and the entire queried subgraph of the black edges excluding C. Then, we have

PrC | £(v)] < (1 + O(n=+=5)'V Pe(T | £/ ().

We defer the proof of the above lemma to Section 4.4.8.

Lemma 4.4.56. Let v be a vertex that is not £-spoiled and it belongs to a connected component with at least
one edge of Ei"™e". Also, suppose that v belongs to {A,, By, D,} in level £ — 1 of the hierarchy. Let L(v)
and L' (v) be an arbitrary label for v from {A,, B., D,} and the entire queried subgraph of the black edges
excluding the (-shallow subgraph of v. Then, we have

PrT () | £@)] < (1+ 0= N prrtv) | £/w))



4.4. APPROXIMATING MAXIMUM MATCHING REQUIRES ALMOST QUADRATIC TIME 168

We defer the proof of the above lemma to Section 4.4.7. Now we are ready to complete the proof of
Lemma 4.4.33.

Proof of Lemma 4.4.33. As we discussed before, we need to prove Lemma 4.4.33 for £—1 using Lemma 4.4.34
for £. Thus, £ > 1. In this proof, when we use the label A, or B,, we mean the A, and B, in level £ — 1 of
the hierarchy. The first part of the proof is similar to the proof of Lemma 4.4.30. Let E be the set of black

edges (u,v) (directed from u to v) such that u € A, that satisfy at least one the following conditions:
(i) v is a f-spoiled vertex; or
(ii) u has at least n7¢-1 /3 {-spoiled neighbors in the queried subgraph.

We begin by proving that for all black edges e ¢ E, we have that pgfl)fmner < 10n%¢-27%¢-1_ Then, we
give an upper bound on |E| with a case distinction based on the value of g(¢ — 1).

Consider edge e = (u,v) (directed from u to v) where e ¢ E. If u ¢ A,, then the bound p{ ™" =
0 < 10n%¢-277¢-1 trivially holds. So let us assume that u € A,. Let vg = v,v1,vs,...,v; be the neighbors of
u that are adjacent to u with a black edge in the queried subgraph such that v; € A, U B, and either v; is a
singleton vertex in the queried subgraph black edges or v; is the directed child of u that is not spoiled. Note
that k& > n?¢-1/2 By condition (ii). We bound the probability that vy € A, using a coupling argument.

Consider a labeling profile P of all vertices U = {vp, v1, ..., vy} such that P(vy) = A,. By the construction
of our input distribution, since u € A,, at most O(dy_2) = O(n"¢-2) vertices of U are in A,. We produce
Q(n%¢-1) new profiles P’ such that P’(vg) # A,. For each vertex v; in U such that P(v;) = B,., we construct
a new profile P’ where P(v;) = P’ (v;) for j ¢ {0,i}, P'(v;) = A,, and P’(vy) = B,. Since vy and v; are not a
(-spoiled vertex, they are either in a component with no edge of E{""" or their ¢-shallow subgraph satisfies
the conditions in Definition 4.4.48. In both cases, the probability of querying the same shallow subgraph or

connected component in the new labeling profile will be the same up to a factor of

S—20p_1

(1 +O(n”75))n ,

by Lemma 4.4.56 and Lemma 4.4.55 since either |T%(vo)| < n®=29¢-1 (resp. |T*(v;)| < n®~29¢-1) or the
component that vg or v; belongs to has size of at most O(n°7¢-1/7¢) < O(n%27¢-1). Therefore, the probability
of having profile P and P’ are the same up to a factor 1+ o(1). We construct a bipartite graph H =
(P1, Py, Ep) of labeling profiles such that in P;, we have all profiles P where P(vg) = A,, and in the Py, all
profiles P’ where P’'(vg) = B,. We add an edge between two profiles P and P’ if we can convert P to P’
according to the above process. Therefore, degy (P) > k/2 > n?¢-1 /4 for P € P; since at least k/2 vertices
of U belong to B,. On the other hand, degy(P’) < 2n¢-2 for P’ € P,. To see this, there are at most

2dy_o = 2n7¢=2 vertices v; in U such that P’(v;) = A, according to the construction of input distribution.

Hence,
) P, |
{—inner < (14 0(1)) - ‘71
P < (Lt of1) -
2ngl—2
< (1 1)) -
<(1+o(1) i

< (14 0(1)) - 8n¢-27%=1 < 10p7¢-27%¢-1,
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Therefore, for all black edges e ¢ E , we have that p/~""er < 10n7¢-2=9¢-1. Now it remains to give an upper

bound for |E |. We prove this part using case distinction:

(Case 1) 1 —g(¢£ —1) — 304—1 > 0: first note that in this case 1 — g(£ — 1) > 0, so we are in statement
(ii) of Lemma 4.4.33. By Lemma 4.4.52, with high probability there are at most O(n!'=9(¢=1)=20e-1) ¢
spoiled vertices since 1 — g(f — 1) — 3041 > 0. Further, each vertex has at most O(1) indegree which
implies that there are at most O(n!=9(¢=1)=9¢-1) edges that satisfy condition (i). Now suppose that a
vertex u satisfies the condition (ii). Then, u must have at least n?¢-! edges (u,w) (directed from u to w)
such that w is ¢-spoiled since each vertex has at most 6(1) indegree. Thus, the total number of vertices
that satisfy condition (i) is at most O(1) - O(nt=9¢=D=20c-1) < O(pl=9(=D=or-1)  Therefore, we have
|E| < O(nt~9¢=D=oe-1) < O(nt=9¢=1)) with high probability.

(Case 2) 1 —g({ —1) —30/—1 <0 and 1 —g(¢ —1) > 0: in this case, since 1 — g({ — 1) — 30y_1 < 0, by
Lemma 4.4.53, with high probability there are at most O(1) {-spoiled vertices which implies that |E| < O(1)
with the same argument as case 1. Therefore, with high probability |E| < O(n!~9¢=1),

(Case 3) 1 —g({ —1)—304—1 <0and 1 —g(¢ —1) < 0: in this case, since 1 — g(£ — 1) — 30y_1 < 0, by
Lemma 4.4.53, with probability of 1 — O(n!=9¢=1=37c-1) > 1 — O(n'=9¢~1)  there is no f-spoiled vertex
which implies that |E| = 0. Moreover, with high probability, there are at most O(1) f-spoiled vertices which
implies that |E| = O(1). O

4.4.7 Proof of Lemma 6.15 and Lemma 6.42

In this section, we show our approach to proving Lemma 4.4.29 and Lemma 4.4.56. Our proof draws
inspiration from the findings of [41]. The way in which we construct each level of our input distribution
closely resembles the hard example presented in this proof. The key distinction lies in how we put edges
between different subsets of vertices. In their construction, they make an assumption that the degrees follow
a binomial distribution. This assumption is beneficial because with each query the algorithm makes to a
vertex’s adjacency list, the neighbor’s label becomes independent of the labels of the previously discovered
neighbors. However, in order to maintain the condition of binomial degrees, they require a minimum of O(/n)
bad vertices, where the neighbor distribution deviates from the expectation. In their model, the total number
of queries is significantly fewer than O(y/n), allowing them to condition their process on not encountering
any bad vertices. In contrast, in our setting, the algorithm can find one edge of at least O(n'~9t7%) vertices
which is much larger than O(y/n). Therefore, we cannot expect not to see a bad vertex. So we slightly change
their construction and use exact degrees between the subsets of vertices instead of binomial distribution. We
will prove that the same result also holds in this construction. For now, suppose that we have a fixed level ¢
in our hierarchy. First, we introduced relevant notations and provided essential tools required to accomplish
the final goal of this section. To provide a comprehensive overview, we reiterate certain definitions and

claims as mentioned in [41]. For the rest of the section, assume that d = dy/d;—; = ©(n7¢~7¢-1).

Definition 4.4.57 (Special Edge). [Similar to Definition 6.1 of [{1]] We say an edge (u,v) is special if one
of the following statements holds:

eucSandve By, oru€ By andvesS,



4.4. APPROXIMATING MAXIMUM MATCHING REQUIRES ALMOST QUADRATIC TIME 170

e ue B, andveE A1, oru€ A1 andv € B; fori e (1,r],
e edges that only exist in Dygg or Dy,

e cdges between D{ and Dg“ for j € {1,3} (for the base level we consider a perfect matching inside each
D;).

Definition 4.4.58 (Mixer Vertex). [Similar to Definition 6.2 of [41]] Let T be a rooted tree and u be its
root. Also, assume that u € {A,, B, D,.}. Let v be a vertex in T and suppose that there are k special edges

on the path between u and v. If k <r —1, we say v is a mizer vertez if and only if v € U;:lkfl D;.

The following observation is a direct consequence of Definition 4.4.57, Definition 4.4.58, and the way the

input distribution is constructed.

Observation 4.4.59. Let T be a rooted tree where u € {A,, B, D,.}. Each path from u to an S vertex that

does not contain a mizer vertex has at least 1 — 1 special edges.

Lemma 4.4.60. Let T be a rooted tree that is queried by the algorithm. Also, suppose that the root of the
tree is in { Ay, By, D,.}. Then, with probability at least 1 — O(|V(T)|/d"~1), every path that starts from the
root to an arbitrary vertex in the tree and does not contain a mixer vertexr, must have at most r — 2 special

edges.

Proof. We prove that each path the algorithm finds to a vertex that contains at least r — 1 special edges
does not have a mixer vertex with probability O(1/d"~!). For a mixer vertex in D; we use i to denote the
index of the mixer vertex. Suppose that there exists an oracle that each time the algorithm finds a path
with at least » — 1 special edges, it either returns that the path does not contain any mixer vertex or reveals
the mixer vertex with the lowest index on the path.

Consider the first path that the algorithm finds with » — 1 special edges. Consider the first time that
the algorithm finds r — 2 special edges on this path. Also, suppose that by this time, the path does not
contain any D; vertex. Hence, by Observation 4.4.59, the path has not reached any vertex in layer 1 at this
time. At this time, when the algorithm queries the next edge, the probability of seeing a special edge is
O(1/d) according to the construction. However, the probability of querying a vertex that is in Dy is ©(1).
Therefore, the probability of the path going through the next special edge is O(1/d) before stepping on a
mixer vertex with index 1. The crucial difference between our construction and the construction in [41]
appears here when for a fixed vertex v if the oracle reveals a lot of mixer vertices that are direct children
of v. Then, the probability of seeing a mixer vertex of level 1 when the algorithm queries the adjacency list
of v is not (1) anymore. To deal with this issue, we give more power to the oracle. We assume that for
vertex v, if the oracle revealed half of the mixer vertices of a fixed index i that are direct children of v, the
oracle reveals a path from v downward to a vertex w that does not contain a mixer with index [1,:] and
consequently it reveals the mixer of the path from the root to w which must have an index larger than 4. In
the case that ¢ > r — 2, the oracle returns a path that does not contain any mixer vertex from the root, and
the process terminates.

With this modification, although the oracle gives more information, still we can get relatively the same
result. Using the above argument, O(1/d) fraction of paths do not cross a mixer vertex with index 1. Also,

when the algorithm finds Q(d) direct children of a vertex that are mixer vertices with index 1, the oracle
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gives away a path without having an index 1 mixer. Hence, the ratio of paths that the algorithm finds that
do not contain a mixer vertex of index 1 is O(1/d) fraction of all paths. Also, it is important to observe that
when a mixer vertex w is revealed by the oracle, all queries below that mixer vertex are pointless since the
highest index mixer that will be revealed by the oracle for paths that cross w is going to be w.

Now consider all paths that do not contain a mixer vertex of index 1. With a similar argument, O(1/d)
fraction of these paths does not cross a mixer with index 2. To see this, the probability of crossing (r —2)-th
special edge before going through a mixer with index 2 is O(1/d). Therefore, O(1/d?) fraction of paths does
not go through a mixer of index 2 or below. Similarly, the probability of having a path that does not cross
any mixer vertex with an index of at most i is O(1/d?). Therefore, the probability of having a path that
does not contain any mixer vertex is O(1/d"~1). Since the total number of paths from the root is at most
O(|V(T)]), with a probability of 1—O(|V (T)|/d"~!) all paths that have more than r — 2 special edges contain

a mixer vertex. O

Note that the failure probability of the above event is very small. To see this, first, we have that

|V (T)| = O(n). Moreover, we have

1> 0 (( or=0e-1) 3r/4) > Q( 200/3) 37"/4) (Since o¢ > (10/8) - 0¢_1)
=0 ( ml/2> (Since £ > 1 and 0; > 0;_1)
- Q <n5 ) (Since roy = 10/5)
=Q(n (Since 6 < 1).

Therefore, the failure probability is O(n~*), and using union bound, we can condition on the event that for
all vertices that are not spoiled, the condition above holds. Now that we have this property, the exact same
coupling as [41] works here since the number of neighbors of each subset of vertices is similar to the transition
probabilities in their construction. We restate the lemma in terms of our parameter for both Lemma 4.4.29
and Lemma 4.4.56.

Lemma 4.4.61 (Similar to the Coupling Lemma in [41]. See Lemma 6.7 of the Arxiv version.). Let T be
a rooted tree that is queried by the algorithm where the root of the tree is in {A., By, Dy}. Also, suppose
we condition on the event in Lemma 4.4.60. Then, the probability of seeing the same tree is equal for all
possible roots in { Ay, B., D} up to (1+ o(n?=37L= )T multiplicative factor.

Proof of Lemma 4.4.29. First, by Observation 4.4.27, since v is not a spoiled vertex, the shallow subgraph
of v is a rooted tree. Note that we condition on the labels of all vertices except the vertices in the shallow
subgraph of vertex v. However, in the coupling in Lemma 4.4.61, there is no conditioning on labels of
vertices. Since the total number of the vertices that we are conditioning on their label is O(n!=%+7%), the
shift in probability of each step of the coupling in Lemma 4.4.61 is at most O(n' =272 /n) = O(n?t=%). On
the other hand, the number of steps in coupling is |T'(v)|, which implies that the total shift is upper bounded
by

1T (v)] IT(v)]

A1+ 0m7 )T < (14 0(1)) - Om7=))
< (1+O(TLUL 6))‘ (U)|

(1 + O(n26730L71))
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which concludes the proof. O

Lemma 4.4.62 (Similar to the Coupling Lemma in [41]. See Lemma 6.7 of the Arxiv version.). Let T be a
rooted tree with edges of level smaller than £ that is queried by the algorithm where the root of the tree is in
{A,, B, D,}. Also, suppose we condition on the event in Lemma 4.4.60. Then, the probability of seeing the

same tree is equal for all possible roots in {A,, By, D,} up to (14 o(n?=37c=1=INTI muyitiplicative factor.

Proof of Lemma 4.4.56. To begin, as per Observation 4.4.49, since v is not an ¢-spoiled vertex, the ¢-shallow
subgraph of v forms a rooted tree. It is important to note that we condition our analysis on the labels
of all vertices, excluding those in the ¢-shallow subgraph of vertex v. However, in the coupling detailed in
Lemma 4.4.62, there is no conditioning on vertex labels. Given that the total number of vertices for which
we condition on their labels are at most O(n'=%+t9:-1) each step of the coupling in Lemma 4.4.62 has a
probability shift of at most O(n!'=%+7¢=1 /n) = O(n?-17%). On the other hand, the number of steps involved
in the coupling process is |T*(v)|, which implies that the total shift is upper bounded by

1T (v)] 1T ()]

(1+ 0(n25_3‘”*1_1))|ﬂ(v)| (1+0(n77%)

IN

((1+0(1)) - O(n7t=17%))
< O~+(?Qfﬁ—1—6»‘Tqvﬂ7

which finishes the proof. O

4.4.8 Proof of Lemma 6.41

In this section, we also employ analogous lemmas, such as Lemma 4.4.60 and Lemma 4.3.20, to show a

coupling between the two distributions.

Lemma 4.4.63. Let C' be a connected component of black edges that is a tree such that there is no edge of

E{mrer in C. With high probability, the longest path of the undirected edges of C is smaller than r — 1.

Proof. Consider a path in component C' with length k& > r — 2. Suppose that we put the edges of the path on
a line from left to right. Each edge has a direction that is either directed toward the left or directed toward
the right. We let a; € {"+’,/ =’} denote the direction of the edge on this line. Note that, by Corollary 4.4.37,
the length of the longest directed path of black edges cannot be larger than 5/0,. Thus, there must exist at
least k/(5/0¢) different ¢ such that a; # a,11 and ¢ < k. For such ¢, we say that there is a collision at edge
i. Furthermore, if there is a collision at edges i; and is such that io > 47 and is is the first collision after iy,
then a;, # a;,. Therefore, there must exist at least [k/(10/0¢)| > k/(20/0y) collisions such that a; ='—'
and a;11 ='<'. It is not hard to see that these types of collision are intersections between descendants of
two vertices. Hence, if there exists a path of length &, then there must exist at least k/(20/0;) intersections
between descendants of vertices in component C'.
On the other hand, we have

20k _ 10r
—_— > —_—

gy O¢

10541 , 10\
= m Since r = <5>

>10/6 (Since oy > 1 and L > 0),

(Since k > r/2)
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which implies that there must exist more than 10/ intersections between descendants of vertices in compo-

nent C which is not possible because of Corollary 4.4.41. O

Corollary 4.4.64. Let C be a connected component of black edges that is a tree such that there is no edge
of Ei"e" in C. Consider an arbitrary vertex v in this component where v € {A,, B, D,}. Then, all paths
that start from v to an arbitrary vertex in the component that does not contain a mizer vertex, have at most

r — 2 special edges on it.

Proof. By Lemma 4.4.63 the longest path of the component C' is smaller than » — 1 and therefore, no path

in the component contains r — 1 special edges. O

Similar to the previous subsection, we can apply the same coupling as shown in Lemma 6.7 of [41], as the
number of neighbors for each subset of vertices aligns with the transition probabilities in their construction.

Let us restate the lemma in the context of our parameters.

Lemma 4.4.65 (Similar to the Coupling Lemma in [41]. See Lemma 6.7 of the Arxiv version.). Let C be a
connected component of black edges corresponding to the edges of level smaller than £ that is a tree such that
there is no edge of E{"™°" in C. Also, suppose that we condition on the event of Corollary 4.4.64. Then,
the probability of seeing the same component is equal for both distributions up to (1 + o(n?0—37¢-1=1))ICI

multiplicative factor.

Proof of Lemma 4.4.55. Similar to the argument of proof of Lemma 4.4.29 and Lemma 4.4.56, the total shift
in the probability of the coupling is upper bounded by
|| IC|

(14 o237 (14 010 < (1401 O(nre1)

< (1+ O(n"ffl—‘s))'é| ;

which yields the proof. O

4.4.9 Indistinguishability of Base Level Construction

In this section, first, we show that as a corollary of results in the previous section, we have |E{""¢"| = (.
This implies that the queried edges by the algorithm in the base level of our hierarchy create very small
components, i.e. with size O(n”l/ ?2). Moreover, we have the property that the union of these components
is a forest and each connected component of the forest has a constant longest path. Then, we are able to
use Lemma 4.4.55 to show that the algorithm cannot distinguish if the base level construction is drawn from
Dyes or Dyo with probability 1 — o(1).

Corollary 4.4.66. With a probability of 1 — O(1/n), it holds |E{"™*"| = 0.
Proof. Note that by statement (iii) of Observation 4.4.32, we have g(1) > 2. Thus, by Lemma 4.4.33,

Pr[E"" =] >1—-0(n'9W)>1-0(1/n)=1-0(1). O

Claim 4.4.67. With probability 1 — o(1), all connected components of queried edges in the base level of the

hierarchy are trees.



4.4. APPROXIMATING MAXIMUM MATCHING REQUIRES ALMOST QUADRATIC TIME 174

Proof. First, by Corollary 4.4.66, we have |Ei""¢"| = () with probability 1 —O(1/n). Let us condition on this
event. Now, by Claim 4.4.54, with probability 1 — O(n=0+e1+1091/02) — 1 _ (1), all connected components

of queried edges in the base level of the hierarchy are trees which conclude the proof. O

The above claim enables us to use Lemma 4.4.55 since all connected components are small and it is hard
for the algorithm to learn the label of vertices in layer r of the construction. This will help us to prove that
the algorithm cannot distinguish if the base level of the construction is drawn from Dygs or Dyo. We define
bad event to be the event that Claim 4.4.67 does not hold. By Claim 4.4.67 the probability of the bad event
is o(1). Let us condition on not having a bad event. Now we prove that if there is no bad event in the
queried subgraph of the base level of the hierarchy, then it is not possible for the algorithm to distinguish if

the input graph is drawn from Dygs or Dyo.

Claim 4.4.68. Let Vg be the set of vertices that the algorithm finds at least one of their incident edges in
the base level. Let v € Vi and Np(v) be all neighbors of v in the queried subgraph of the base level. Then,
with high probability, for each v there are at most O(1) edges to vertices of Vg \ Np(v) in the underlying
subgraph of base level.

Proof. We have |Vg| = O(n'=9%71) by Claim 4.4.35. Let u € Vg\Np(v). By Corollary 4.4.18, the probability
of having an edge between v and u is at most O(n°t~1). Define X,, be the event that there exists an edge
between v and u. Thus, Pr[X,, = 1] < O(n7~1). Let X = 37,y vy (0) Xu- Hence, E[X] < O(ndFortor)
because [Vp \ Np(v)| < O(n'=9%91). Let A = (8logn)/ E[X]. Since events are negatively correlated, using
the Chernoff bound we obtain

E[X]

X\ E[X
< <)\>\> (Since A > 1)
8logn
_ (;) ¢ (Since A = (8logn)/ E[X])
< E (Since A > e?).

Therefore, with probability 1 —n~8, there are at most 5(1) edges to vertices of Vg \ Np(v) in the underlying
subgraph of base level. Applying union bound for all vertices finishes the proof. O

Lemma 4.4.69. Let us condition on not having the bad event defined above. Let C1,Cy,...,C. be the
components of the forest that the algorithm found in the base level of the construction on a graph drawn from
Dyes. Then, the probability of querying the same forest in a graph that is drawn from Dyo is at least almost

as large, up to 1+ o(1) multiplicative factor.

Proof. By Lemma 4.4.63, the maximum longest path of all components is smaller than » — 1. Therefore,
there is no path in any of the components that has » — 1 special edges on it. We prove that the probability of
seeing the same set of components is almost the same in both Dygs and Dyo within 1 + o(1) multiplicative
factor. Let £ be the labeling in Dygs. We will produce a labeling £’ in Dno and prove that the probability
of seeing this labeling is almost the same as £. With a similar approach, we can also couple each labeling in

Dno to a labeling in Dygs. We start to iterate over the components one by one. Consider a component C'.
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At any point, we condition on labels that we already revealed in £’. If there is no edge between two vertices
from A, in the component, we use the same labeling for £’ since all other edges of Dygs and Dyo are the
same.

Now suppose that there is an edge (u,v) such that u,v € A,. Let C, and C, be two components that
will be created if we remove edge (u,v). In £/, we let uw € A, and v € B,. We couple labels of C,, and C,
according to Lemma 4.4.65. We use the same approach as proof of Lemma 4.4.55 and Lemma 4.4.56. In
proof of Lemma 4.4.65, we assumed that because of the conditioning on revealed labels (in total O(n!=9+1)
labels), there is an O(n® ~?) shift in the probability of the coupling of Lemma 4.4.65 for each step of the
coupling. However, this argument is loose, since each vertex in the component is connected to at most
6(1) vertices with revealed labels by Claim 4.4.68. Conditioning on this fact, each step in the coupling is
going to have at most O(1/n) shift in the probability, and in total we have o(1) shift in the probability
since the number of steps is equal to the total number of edges queried by the algorithm in the base level of
construction which is O(n!'=9%1). Therefore, we can couple the two distributions such that the probability

of querying the same forest in both distributions is almost the same, up to 14 o(1) multiplicative factor. [

Proof of Lemma 4.4.2. By Lemma 4.4.14, any algorithm that estimates the size of the maximum matching
with en additive error must be able to distinguish whether it belongs to Dygs or Dno. Furthermore, according
to Lemma 4.4.69, the outcome distribution discovered by the algorithm is in a total variation distance of
o(1) for Dygs and Dno. Hence, the algorithm cannot between the support of two distributions with constant
probability taken over the randomization of the input distribution. Therefore, any deterministic algorithm
that provides an estimate fi of the size of the maximum matching of G such that Eg[i] > u(G) — en must
spend at least Q(n?~%) time. O

4.5 Extension to Adjacency Matrix

In this section, we extend the lower bound from the previous section to the adjacency matrix model. More

formally, we prove the following theorem.

Theorem 4.5.1. For every d > 0 there existse > 0 (i.e., € is only a function of &) such that any algorithm
(possibly randomized) that estimates (with probability at least 2/3) the size of maximum matching up to

an additive error of en must make at least Q(n>~?) queries to the adjacency matriz of the graph.

4.5.1 Technical Overview

In this section, we provide a high-level overview of the lower bound presented in Theorem 4.5.1. Before diving
into the new techniques and ideas introduced in this result, we first briefly review the previous constructions
for adjacency list lower bounds and their key concepts. Then, we identify the challenges that arise when
working with the adjacency matrix, particularly when the algorithm can query pairs corresponding to “non-

edges”, and explain how we address these challenges.
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Existing Constructions: Ideas and Barriers

We first focus on the result of Section 4.2 and its core construction*. The input distribution in Section 4.2
consists of two types of graphs: Dygs and Dyo. There is a significant gap between the sizes of the maximum
matchings in graphs drawn from these distributions, with Dygs having a larger matching. The key idea of the
result is to demonstrate that the algorithm cannot distinguish good matching edges in Dygs. To achieve this,
they prove that the queried subgraph within the core forms a tree, as the core is sufficiently sparse and the
algorithm makes at most O(n'-?) queries. Finally, they show that the queried trees from both distributions
are nearly identical using a coupling argument, preventing the algorithm from differentiating between the
two types, which implies that no algorithm can achieve 2/3-approximation in o(n!-?) time. The construction
in Section 4.3 follows a similar outline but introduces a modification in the core that results in a lower bound
with a different trade-off between the approximation ratio and running time. However, this lower bound still
heavily relies on the fact that the queried subgraph within the core remains acyclic due to the choice of the

core’s degree and the imposed bound on the algorithm’s running time.

Non-edges reveal information: Let us zoom out and examine why these approaches are insufficient for
proving a lower bound in the adjacency matrix model. In this model, the algorithm can focus all its queries
within the core, as it has the power to choose which pairs of vertices to query. Furthermore, while the core
is sufficiently sparse and most of the queries result in non-edges, these non-edges still provide information
about the construction. For example, consider the case where we are given a graph that contains only
a perfect matching (which is hidden from the algorithm). Before any queries are made, if the algorithm
randomly queries a pair of vertices (u,v), the probability that the pair forms an edge is exactly 1/(n — 1).
However, if the result is a non-edge, the probabilities of other pairs shift. For instance, the probability that
a pair (u,w) is an edge, conditioned on (u,v) being a non-edge, becomes 1/(n — 2). While this may at first
appear insignificant, it has to be noted that the algorithm is given nearly quadratically many queries, and so
will learn about a huge number of non-edges. Therefore, we must carefully account for the non-edges when
proving lower bounds, especially when coupling the queried subgraph in the two distributions. In particular,
we need to include non-edges in the coupling argument. Notably, the state-of-the-art result for proving lower
bounds in the adjacency list model (see Section 4.4) discovers at most o(n) relevant edges and its arguments

substantially relied on this limitation.

Introducing Pseudo Edges

As discussed earlier, non-edges reveal information about the construction. However, a key observation is that
the amount of information revealed by non-edges depends on the density of the graph. If the construction
is sparse, we expect most of the queries to be non-edges. Intuitively, this means the information revealed by
these non-edges is very limited. To provide more intuition, consider the following simple example. Suppose
we have three subsets of vertices, V7, V5, and V3, where there exists a perfect matching between V; and V53,
a 2-regular graph between V5 and V3, and no edges between V7 and V3. Now, suppose the algorithm queries
a pair (u,v) and it turns out to be a non-edge. In this case, it is slightly more likely that the pair belongs

to V1 x V5 compared to other possible pairs, but the difference in probability is bounded by O(1/n).

4We disregard the dummy vertices in the construction, as their primary role is to congest the results of adjacency list queries
when the core construction is sparse.
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To formalize this observation, we introduce the concept of pseudo edges. The idea is to mark some of the
non-edges as pseudo edges such that all other non-edges reveal no information about the construction. In
the example above, suppose that for each pair in V; x V; for ¢ # j, we randomly choose a log n-regular graph
and mark those pairs as pseudo edges. Note that we do not place actual edges between these pairs; they
remain non-edges but are marked for the sake of analysis. Additionally, suppose the actual edges are chosen
as a subgraph of the pseudo edges. Now, if a query returns a non-edge that is not marked as a pseudo edge,
it does not reveal any information about which V; the endpoints belong to. This is because the distribution
of non-edges that are not pseudo edges is identical across any two pairs of subsets. Therefore, we can ignore
such queries, as they do not provide useful information, and instead focus on the pseudo edges, which are

significantly fewer in number.

The Challenge with Pseudo Edges

Before describing how we actually use pseudo edges, we start with perhaps the “obvious” way of using pseudo
edges and argue why these methods do not quite work. These examples are meant to illustrate why our final

construction has to be somewhat involved and rather counter-intuitive.

Attempt 1: regular pseudo edges and regular real edges. This idea is exactly the same as what
we discussed when introducing pseudo edges. However, although non-edges that are not marked as pseudo
edges are independent of vertex labels, we face another challenge that makes proving a lower bound difficult.
In this approach, we must ensure that the regular graph of real edges is a subgraph of the regular graph of
pseudo edges. Achieving this requires a global view of the pseudo edge graph to determine the real edges.
However, this introduces correlations between the real edges, making it extremely challenging to show any

lower bound.

Attempt 2: Erdés—Rényi pseudo edges and regular real edges. Instead of using a regular graph
for pseudo edges, we now consider an Erdés—Rényi random graph, which is more natural when working with
the adjacency matrix. Take the example with vertex sets Vi, Va, and V3. For each pair in V; x V; with
i # j, we mark the pair as a pseudo edge with probability logn/n, mimicking an Erdés—Rényi graph with
an expected degree of logn. Additionally, suppose that real edges are selected only from among the marked
pseudo edges. As before, if a query results in a non-edge that is not marked as a pseudo edge, it provides no
information about which V; the endpoints belong to. This is because the Erd6s—Rényi graph of non-pseudo
edges is identical across all pairs of subsets.

However, while non-pseudo edges remain independent of vertex labels, a new challenge arises that com-
plicates proving a lower bound. Let F' be the set of queried pairs that were identified as non-edges and were
not marked as pseudo edges. Let L be an indicator random variable representing whether a given vertex v
has a specific label. We know that it holds Pr[L | F] = Pr[L]. This is because pseudo edges are independent
of vertex labels and form an Erdés—Rényi graph between different labels, regardless if they are real edges.
Now, suppose H is a subset of the actual edges that have been queried and found. Our entire argument
relies on the assumption that non-pseudo edges provide no information about labels, meaning the algorithm
should ignore them. This requires showing that Pr[L | F, H] = Pr[L | H|. However, note that H and F
are not necessarily independent. Essentially, our goal is to select a regular subgraph from an Erd6s—Rényi

graph. This process involves first examining all the edges of the Erdos—Rényi graph and then choosing a
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subset of them. Consequently, the decision of whether a given pair forms an edge is not independent of the

decisions for other pairs.

Attempt 3: Erd6s—Rényi pseudo edges and Erd6s—Rényi real edges. With the intuition from
the previous attempt in mind, we need to develop a construction that ensures the decision of whether a
given pair forms a real edge is independent of the decisions for other pairs. To achieve this goal, we choose
an Erdos—Rényi graph for both pseudo edges and real edges. More specifically, consider the example with
vertex sets Vi, Vo, and V3. For each pair of vertices, we mark the pair as a pseudo edge with probability
logn/n. Furthermore, each pair between V; and V5 is marked as a real edge with probability 1/logn, each
pair between V5 and V3 is marked as a real edge with probability 2/logn, and each pair between V; and Vs
is marked as a real edge with probability 2/logn. Finally, an edge is included in the final construction if and
only if it is marked as both a pseudo edge and a real edge. As a result, the expected degree will match our
intended values (1 for V1, 3 for V4, and 2 for V), consistent with the regular real-edge construction attempt.
Furthermore, we achieve the desirable independence property we were seeking.

However, another challenge arises with this construction. Consider two vertices, v and u, with different
labels but the same expected degree. Suppose that u and v each appear in a gadget containing n other
vertices. In the first gadget, v forms real edges with other vertices with probability 2/n, while u does so with
probability 1/n. In the second gadget, v’s probability remains 2/n, whereas u’s increases to 3/n. Thus, both
v and u have an expected degree of 4. But the variance of the degree for v and w differs. More specifically,
we have Var(deg(v)) = 4 — 8/n and Var(deg(u)) = 4 — 10/n. The algorithm can use this variance to learn

about the structure of the input and determine whether the instance is from Dygs or Dyo.

Our Actual Construction via Parallel Pseudo Edges

To address the issue with variance, we use the following approach to bound the total variation distance
between different degree distributions. Fix a pair of vertices u and v. Let p denote the probability that
this pair can form a real edge according to the gadgets used in the construction. We add pn parallel edges
between (u,v) in the graph, which we refer to as ground edges. For each ground edge, we independently
flip a coin with probability 1/n to determine whether it becomes a real edge. Note that for this fixed pair,
the expected number of real edges between them is exactly p, aligning with our intended construction. If u
and v have the same total expected degree, then the degree distribution is identical for all vertices. More
formally, their degrees follow the same number of Bernoulli random variables (since their expected degrees
are equal), each with probability 1/n.

It is important to emphasize that our actual multigraph construction is significantly more intricate than
the simplified version presented here, as it must incorporate pseudo edges and satisfy several additional
properties. However, to convey the core idea while avoiding unnecessary technical details, we have chosen
to present a simplified version. In the actual construction, pseudo edges are a subset of ground edges, and

real edges are a subset of pseudo edges (See Figure 4.7).

Algorithm cannot distinguish between multigraph and simple graph. One caveat of using this
multigraph approach is that there may be multiple real edges between a pair of vertices. Since the input to
our problem is a simple graph, we need to show that, with high probability, the algorithm cannot identify

pairs with multiple real edges. Suppose the algorithm runs in O(n?~?%) time. One key observation is that
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Figure 4.7: An illustration of ground, pseudo, and real edges. As shown in the figure, pseudo edges form a
subset of ground edges, while real edges are a subset of pseudo edges.

our construction is sparse, with vertex degrees of roughly n° (where 20 < §), which implies p = n°~1. Since
there are n? vertex pairs in the graph and at most pn ground edges per pair, the total number of ground
edges is at most pn3. Each of these ground edges is realized as a real edge with probability 1/n, implying
that the total number of real edges is at most O(pn?) = O(n'*?). We condition on the high probability
event that this bound holds. Let z = O(n'™7) denote the number of real edges in the graph. Using a
birthday paradox argument, we can show that the number of vertex pairs with more than one real edge is
approximately 22/n? = O(n??). Since the algorithm makes at most O(n?~°) queries and 20 < 4, it cannot,
with probability 1 — o(1), query any pair that has multiple real edges. Therefore, with high probability, the
algorithm cannot distinguish whether the input graph originates from this multigraph construction or from

a simple graph.

Modifications to the previous techniques to account for pseudo edges. Finally, it is important to
highlight additional technical challenges that arise due to the introduction of pseudo edges in the construction.
Since non-edges marked as pseudo edges are not independent of the labeling, we need to adjust the coupling
argument to properly account for them. Furthermore, since we aim to demonstrate that the algorithm’s
advantage in detecting cycles diminishes as it progresses deeper into the construction, we must show that
deeper gadgets have lower density compared to higher-level gadgets even when we have pseudo edges. To
achieve this, we assign different probabilities for marking pseudo edges to belong to different levels, using
smaller probabilities for deeper levels. This adjustment helps reinforce the argument that the algorithm’s

advantage decreases as it explores deeper into the structure.

4.5.2 Reduction to Earth Mover’s Distance

In this section, we reduce the estimation of maximum matching size to the estimation of Earth Mover’s
Distance (EMD, a.k.a. Optimal Transport, Wasserstein-1 Distance or Kantorovich—-Rubinstein Distance),
and obtain the same query lower bound for (g)-additive approximation. This lower bound implies that the
algorithm of Beretta and Rubinstein [45] is tight up to the O (1) factor in the power, i.e. for any £ > 0 they

2-0.(1)

present a n -time algorithm that approximates EMD up to an e-additive error.

Definition 4.5.2 (EMD). Given two distributions p and q over a metric space (M, d), their EMD is defined
as

EMD(p, ¢) = min{E; y~,[d(z,y)] | ¢ is a coupling of p and ¢} .
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For this section, we normalize the distances and assume they lie in [0, 1] for all pairs. The lower bound

is formalized as follows.

Theorem 4.5.3. Let p and q be discrete distributions of support size n on metric (M,d), such that d :
M? — [0,1]. For every § > 0 there exists € > 0 (i.e., € is only a function of §), such that any algorithm
with query access to d, that computes an e-additive approzimation of EMD(p, q), requires at least Q(n?~9%)

queries.
Remark 7. The underlying metric in our lower bound is a (1,2)-metric.

Note that the lower bound on the number of queries to d also provides a lower bound on the time

complexity. The theorem follows directly from Theorem 4.5.1 and the reduction below.

Claim 4.5.4. Assume there exists an algorithm A that, given two distributions of support size n on a
normalized metric space, computes an ¢/2-additive approzimation to EMD using @ queries. Then, there
exists an algorithm A’ that, given a bipartite graph G, computes a en-additive approzimation to the maximum

matching size using the same number of queries to the adjacency matri.

Proof. We define algorithm A’. Let A and B be the two parts of G, and let M = AU B. Assume, without
loss of generality, that |A] = |B| = n. Let p and ¢ be uniform distributions on A and B respectively, i.e.
p(u) =1/n for uw € A and q(u) = 1/n for v € B. Finally, let

du,v) = 4 /2 T () € B(G), and

1, otherwise.

Note that other distances are not relevant to EMD(p, ¢), and any distance query can be answered using an
adjacency matrix query between the same pair. Algorithm A’ simply reports 2n — 2nA(M, d).

To prove A’ is computing an en-additive approximation of p(G), it suffices to show

2n — (G)

EMD(p.q) = ="

First, observe that a coupling ¢ of p and ¢, when scaled up by a factor of n, is a perfect fractional matching of
A and B. That is, after weighting the edges according to d, the minimum-weight perfect fractional matching
has weight n - EMD(p,q). Since the graph is bipartite, this is the same as the minimum-weight perfect
(integral) matching. It remains to show that the minimum-weight perfect matching has weight n — u(G)/2.
Any perfect matching that includes x edges of GG, must include n — x edges outside G, and thus has weight

1 T

- = —z)-1l=n——.

g +(n—=x) n-g
Finally, note that the largest possible value for z is 1(G). Therefore, the minimum weight perfect matching

has weight n — u(G)/2, and

2n
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Parameter Value Definition
s ) Parameter that controls the running time of the algorithm. More
specifically, the algorithm has O(n?~?) running time.
p 9pd/10-1 The probability that each pseudo edge exists in the Erdés—Rényi
graph of pseudo edges.
i1 The probability that each pseudo edge exists in the Erdos—Rényi
Pi 2n7i .
graph of pseudo edges of level i.
Number of levels in the recursive hierarchy for the construction
L 4/6 . S
of input distribution.
r (10/8)E+1 Number of layers in each level of the hierarchy.
i Distribution of level ¢ graphs in the construction hierarchy that
Dies - ;
have a perfect matching.
i i Distribution of level ¢ graphs that at most (1 — ¢) fraction of their
NO vertices can be matched in the maximum matching.
o (6/10)L+1— Parameter that controls the degree of vertices in graphs of level i.
d; n7t Parameter that controls the degree of vertices in graphs of level i.
¢ 1/r? Fraction of vertices that are delusive in each level.
13 1/r? The gap between the size of A, and B, in the base construction.
¥ 1/r4 Degree to delusive vertices is yd.
N; N; =n;_1/(2¢) | Parameter that controls the number of vertices in graphs of level 4.
n; (84+16r+4(r)N; Total number of vertices in a graph of level 1.
n (14+7)-ng Number of vertices in a graph drawn from the final distribution.

Table 4.2: Variables used throughout this section.

4.5.3 The Construction
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We define our construction in several steps. First, we introduce a recursive procedure to generate the gadgets

used in the construction. Next, we demonstrate how to construct a multigraph using these gadgets. We then

establish key properties of the multigraph. Following this, we explain how to derive the final simple graph

from the constructed multigraph.
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Two Input Distributions

To prove the lower bound, we construct a distribution of graphs and show that any deterministic sublinear
algorithm that computes an en-additive approximation of the matching size on this distribution, requires
Q(n?~°%) adjacency matrix queries. Then, it follows from Yao’s min-max theorem that any (possibly random-
ized) algorithm that approximates the matching size up to an en additive error requires the same number
of queries.

The final distribution D is a mix of two input distributions D := (Dygs + Dno)/2, where:
1. a graph drawn from Dygs contains a perfect matching with high probability, and
2. a graph drawn from Dyo leaves (en) vertices unmatched.

Observe that any algorithm that computes an O(en)-additive approximation of the matching size with
constant probability must be able to distinguish between Dygs and Dyo with constant probability. Using

this observation, we prove the following lemma.

Lemma 4.5.5. For every § > 0 there exists € > 0 (i.e., € is only a function of §), take a deterministic sub-
linear algorithm that given a graph G drawn from D, produces an en-additive approximation of the matching

size with probability % That is, the algorithm computes [i(G) such that

Pru(G) — en < () < u(@)] =

[SSRN )

where the probability is over the graph G drawn from D. Then, the algorithm requires Q(n?~%) adjacency

matrix queries.
Our main theorem then follows from a direct application of Yao’s Lemma (Proposition 2.3.6).

Theorem 4.5.1. For every d > 0 there exists € > 0 (i.e., € is only a function of 0) such that any algorithm
(possibly randomized) that estimates (with probability at least 2/3) the size of mazimum matching up to an

additive error of en must make at least Q(n*>~°) queries to the adjacency matriz of the graph.

Proof. In the notation of Proposition 2.3.6, let the cost of an algorithm be the number of adjacency matrix
queries. Lemma 4.5.5 states Fy 1 > infeep, , c(a,D) = Q(n?>7°). Then, from Proposition 2.3.6 we can
conclude:

Fp: >0 (FQ,%) >0 (Fl,%) = Q(n2?).

That is, for any randomized algorithm that computes an en-additive approximation of the matching size
with probability %, there exists an input graph G such that the average (hence also the worst case) number

of queries is Q(n?7?) O

Recursive Structure of Graphs Drawn from Input Distribution

Here, we describe the recursive structure of the graphs drawn from D. For now, we present the structure as
gadgets between vertices. Later, we show precisely how these gadgets are used to construct the multigraph,
which is then turned into the final simple graph.

In the recursive structure, to obtain a level ¢ graph, we use graphs of level /—1 combined with some other

gadgets that make it hard for the algorithm to distinguish edges of graphs of level £ —1. The ultimate goal is
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to hide some important edges of level 1 that make a difference between the Dygs and Dyo. We use D\l}Es and

D‘,(,O for the distributions of level i graphs for Dygs and Dyo, respectively. Also, we let D¢ := (Df{Es +Dﬁo) /2.

Gadgets for Level 1

In this section, we introduce gadgets and define the first level, i.e. the base case, of the recursive structure.
Each gadget is defined between two disjoint vertex sets X and Y by a parameter P(X,Y’) that controls the
density of the edges. Intuitively, the gadget mimics a bipartite Erdés—Rényi graph between X and Y where
there exists an edge between each pair with probability P(X,Y’). Based on this intuition, we define dy(u),

the contribution of a gadget ¢ to the expected degree of a vertex w:

P(X,Y)|Y], if ue X,
ds(u) =\ p(x,v)|X], ifuecY,and
0, otherwise.

Here, ¢ is a gadget between X and Y with density parameter P(X,Y"). For a set of gadgets ®, the contribution
is simply defined as do(u) = > 4cq do(u).

The actual construction, however, is more intricate as described later. There, a multigraph is constructed
such that for a pair of vertices u € X and v € Y the expected number of edges between them is P(X,Y).
We use the following remark to prove some properties of the multigraph and postpone the proof to the end

of this section to abstract away the details.

Remark 8. Take two vertices u and v such that there is a gadget with density parameter p between them.
Then in the multigraph, the expected number of edges between u and v is p (Corollary 4.5.17), and there is
at least one edge between them with probability p/2 (Corollary 4.5.18). If there are no gadgets between u and

v, then there are no edges between them.

The base case of the construction consists of 6r + 2 vertex sets which are divided into r layers. For a
vertex u in a set X, we may refer to X as the label of v on this level. The sizes of these sets are fixed, but

the vertices are otherwise divided between them at random. The vertex sets are defined as follows:

. A{ for i € [r] and j € {1,2}. Fori < r and j € {1,2}, each subset A7 contains N; vertices. Each of
Al

L and A2 contains (1 — £) Ny vertices.

e B/ forie [r] and j € {1,2}, each containing N; vertices.
o D (the dummy vertices) for i € [r] and j € {1,2}, each containing (N, vertices.
e S7 (the special vertices) for j € {1,2}, each containing N; vertices.

Throughout the proof, we use S to denote S U S?. Likewise, we use A;, B;, and D; to denote A} U A2
Bi1 U B?, and D} U D?, respectively. Also, we let ny be the total number of vertices in a level-1 graph.

Now, we present the gadgets that are the same for the Dygs and Dy g distributions. It consists of (1)

sparse gadgets between S’ and B{, (2) a dense gadget between A{ and Bg in each layer i < r, (3) a sparse
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gadget between B; and Ag_l that connects the layers i < r and ¢ — 1, and (4) the gadgets to the dummy

vertices.

o log?
P(si, By =-2" Voje{1,2},
Ny
o d
P(B],A]) = Vo oje{l2), 1<i<n
1
o log?
P(B], A{_y) = O]g\,n vV oje{1,2}, 1<i<r
1

The gadgets to the dummy vertices are more involved. Each vertex set Az (resp. Bf and Df) on layer ¢
has gadgets to the dummies szj (resp. Di and Dif?’) for all layers k < 7. There are some gadgets between

the dummy vertices of the same layer to control the total degree of each dummy vertex.

.y

P(ALD?]) — gNll v ooje{1,2}, 1<i<r, k<i,
N —i+1)vd

P(A%D?])=w Vooje{12), 1<i<r,

P(B!,D}) = Jd vooje{12}, 1<i<r, k<
i "k CNI 34 =7, s
j j —i+1)vd

P(B’. D7) = (r—i+1)yd , <

( 70 'L) CNl v J€{1>2}’ 1<i<r,

P(Dj D?’_j) = Ldl Vo 1<i<r, 1<k<r, i#k, j€{1,2}
2 k CNl ) SRXT, s I3
; ; logn — (4r — 4i+2 —

P(D],D}™) = dtdtlogno (-4t 2 Ehdi/e voo1<i<r,  je{12).

(N

Finally, we describe the gadgets that are different in Dygg and D,{,O. In the YES case, there is a sparse

gadget between Al and A2. In the NO case, there is no such gadget. There are gadgets between A and B,

and between B} and B? the parameters of which are changed to control the degrees and make up for the

discrepancy between the two cases.

P(A;, A7)

P(B;, BY)

More precisely, we have the following gadgets only in Digc:

di
Ny

log2n
1-OM’
¢dy
Ny’

voje{L2},
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On the other hand, we have the following gadgets only in Dy q:

di +log*n
Ny
— (1 —¢)log?
R ]
N

P(Al,Bl) = v je{1,2},

Now, we establish some useful properties of the graphs D'. Firstly, we characterize the expected degree
of the vertices: all special vertices have the same expected degree, and all the non-special vertices have the
same expected degree. Recall that a gadget between vertex sets X and Y with parameter p contributes p |Y|

to the expected degree of each vertex in X.

Claim 4.5.6. Let ®pg and @) be the gadgets introduced on level 1, and ®' be either one of them. It holds
that,

(i) de1(v) =log®n, forve S
(ii) der(v) = dy 4+ rydy +log?n, forv ¢ S.

Proof. A gadget between vertex sets X and Y with parameter p contributes p |Y| to the expected degree of
each vertex in X. For (i), note that the only edge gadget that we use for vertices of S in both Dygs and
Dyo is the gadget between S and By. Thus, for v € S7, we have

de1(v) = P(87, B) - |Bl| = log® n.

To prove (ii), we consider different cases for vertex v:

eveEA for 1 <i<r: ForveAz,wehave

dg:(v) = P(A], B]) - |B]| + P(A], BL.,) - |B],| + P(A], D}™) - |D} ™|

i—1
+Y _P(AL, D)D)
k=1
i—1
:d1+log2n+(7’fi+1)’yd1JrZ”Ydl
k=1

= dy + rydy + log® n.

e v e B; for 1 <i < r: We abuse notation in this proof and use Aé to represent S7. Then, for v € Bf,

we have

d1(v) = P(A], B]) - |Al| + P(B], A]_,) - |A]_,| + P(B],D]) - |D]|
i—1
+Y_P(A],D])-|Dj]
k=1
i1
=dy +log*n+ (r—i+1)yd; +Z'yd1
k=1
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= d;y + rvydy + log? n.
e v € A, in the YES case: For v € AJ | we have
day,(v) = P(A], BY) - |B]| + P(A], A7) - | A7 + ZP AL D) - 1Dy

=d; +10g2n+2’yd1
k=1

=dy +rydy + log2 n.
e v € A, in the NO case: For v € AJ , we have
dgy (v) = P(A}, B))-|B]| +ZP (A2, D¥7) - | Dy

=d; +10g2n+27d1
k=1

= dy + rydy + log® n.

e v € B, in the YES case: For v € BJ, we have

dgy (v) = P(AL, B]) - |Al| + P(B], B¥™7) - |B¥ |+ P(B], Al_,) - |A]_|
+Y_ P(BJ,D})-|Dj]
k=1
.
= (1= &)dy +&dy +log”n+ Y vds
k=1

=dy +rydy + log2 n.

e v € B, in the NO case: For v € B/, we have

day(v) = P(AL, BJ) - |Ai| + P(BJ, B>9) - |B¥J| + P(BJ, Al_,) - |4 _|
+S"P(BI, D)) |Di|
k=1

= (1—8&)(dy 4+ log*n) + &dy — (1 — &) log? n + log® n + 27d1
k=1

= dy + rvydy + log® n.

eveD;forl1<i<r: ForvEDﬁ,wehave

dg1(v) = P(B],D]) - |B]| + P(A]™7, D) - |A]™/| + P(D], D} ™) - |D} 7|



4.5. EXTENSION TO ADJACENCY MATRIX 187

r—1
+P(AI DY) AR+ > P(AY DY) AT
k=i+1

+ Y P(BLD) B[+ P(Dy 7, D} Dy

k=i+1 ki
_ (T*Z+1)7d1+(rﬂ+l)vd1+d1+7d1+log2n_(47’*4Z+2*€)7d1
¢ ¢ ¢
+(1—§)’Vd1+(r—1—i)7d1
¢ ¢

=dy +rydy + log2 n.

e v € D,: For v € DI, we have

de1(v) = P(B],D}) - |Bl| + P(A}™7, D]) - |A}7| + P(D}, D} 77) - | D} |
+> P(D, D)) - Dy
k#r
d 1-— d 2 — d
= u+&+dl+"/dl+log2n— &
¢ ¢ ¢
= dy + rydy + log® n.

+ (7’ - ].)’ydl

Combining all the above cases, we can conclude the proof of (ii). O
Observation 4.5.7. Any multigraph drawn from D' is bipartite.
Proof. Consider the following partitioning of the vertices to the following two disjoint parts:

(1) (Uizy A7) U Uiz BY) U (Ui=; Di) U S*, and

(2) (Ui 423) U (Ui BY) U (Ui, D2) U 2.
According to the gadgets, there are no edges inside each part, which concludes the proof. O
Claim 4.5.8. In the multigraph construction, all the following hold with high probability:

e There exists a perfect matching between Az and Bgﬂ foralll <i<r andj € {1,2} in each graph

drawn from D!,
e There exists a perfect matching between B{ and S for all j € {1,2} in each graph drawn from D*,
e There exists a perfect matching between D} and D? for all 1 < i < r in each graph drawn from D',
o There exists a perfect matching between A} and A? in each graph drawn from Dygs.

Proof. Consider the induced subgraph between A{ and B{ +1- The induced subgraph is an Erdds-Rényi
graph such that each edge exists with a probability of at least ((log2 n)/Ny) (by Remark 8). Also, we have
(log?n)/Ny > (log? N1)/Ni. Moreover, we have |A?| = |B/| = N;. Thus, by using Proposition 2.2.8, there
exists a perfect matching in the induced subgraph between Ag and Bf 1 with high probability. With the
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exact similar approach, we can prove that there exists a perfect matching in each of the induced subgraphs

in the claim statement with high probability. O

Lemma 4.5.9. In the multigraph construction, the size of the mazimum matching in Dygs and Dyg is

characterized as follows:
(i) If G ~ Digs, then p(G) = nq/2 with high probability.
(ii) If G ~ Dy, then u(G) < ni/2 — Ni/2.

Proof. Let us condition on the high probability event of Claim 4.5.8. Now suppose that G is drawn from

Digs. Therefore,

@) > AL A+ Y (S B+ > w(ALBL)+ ) u(D}, DY)
Jje{1,2} je{1,2},i<r i<r

=1 =N +rN1(2+¢) =n1/2.

Also, the total number of vertices in the graph is ny, thus the inequality is tight, which completes the proof
of (i).

Now suppose that G is drawn from Djo. Note that vertices of

U B|u U »pi.

i<rje{1,2} i<r,je{1,2}

form a vertex cover of G. Observe that the size of any vertex cover must be larger than the size of the
maximum matching because for each edge in the maximum matching, at least one of the endpoints must be

in the vertex cover. Therefore,

T T

, , - N
n(G) < Z |B]| + Z |Df|:27”N1+2rCN1:%—(1—5—7"01\71 < %’
i<rje{1,2} i<r,je{1,2}
which completes the proof of (ii). O

Gadgets for Level /

Now, we describe the higher levels of the recursive structure. For a level 1 < ¢ < L, constructing a graph
of D involves drawing multiple instances from D*~1. Let Ny = ny_1/(2¢) be a parameter that controls the
number of vertices in level £ of the construction, and d, be a parameter that controls the degree of vertices
in level ¢ of the construction. Recall ny_; is the total number of vertices for a graph of level ¢ — 1.

Each graph in D’ consists of 8 4 2 vertex sets which are divided into r layers. For a vertex u in a set
X, we may refer to X as the label of u on this level. The sizes of these sets are fixed, but the vertices are

otherwise divided between them at random. We have the following disjoint subset of vertices:
o Al fori € [r] and j € {1,2}, each containing N, vertices.

e BJ forie [r] and j € {1,2} each containing Ny vertices.
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o D (the dummy vertices) for i € [r] and 1 < j < 4, each containing (N, vertices.
e S7 (the special vertices) for j € {1,2} each containing N, vertices.

We define A; equal to A} U A2, and similarly, B; = B} UB?, S = S1US? and D; = D} UD?U D? U D.

The structure of the edges is somewhat similar to the base case. Aside from the gadgets to the dummies,
the main difference is that the sparse gadgets are replaced with instances of DﬁEé and ’Dﬁlal. For two vertex
sets X and Y of size Ny = ny—1/¢, we use “drawing 1/¢ disjoint graphs from D$E§ between X and Y” to
refer to the following procedure: (1) divide the vertices of X into 1/¢ sets Xi,..., X;/¢ of equal size at
random, similarly for Y, (2) for each ¢, draw a graph from DﬁEé and randomly map the vertices of one part
to X; and the vertices of the other part to Y;, and (3) construct the corresponding gadgets between X; and
Y; according to the graph drawn from DéEé

First, we describe the parts that are the same in Dégq and Dfy. We recursively define the following

parts:
e draw 1/ disjoint graphs from D€E§ between Ag and Bgﬂ for each 1 < i < r and j € {1,2}.
e draw 1/¢ disjoint graphs from D{gd between BJ and S7 for each j € {1,2}.
e draw one graph from D$E§ between Dg and D?_j for each 1 <i <rand j € {1,2}.
There are dense gadgets between Ag and Bf for every layer i € [r].

o d
P(B!, Al =L vV oje{1,2}, 1<i<r
N,
We also define the following gadgets to the dummy vertices. Each vertex set Ag or BZ has gadgets to the

dummies of levels up to ¢, and there are some gadgets between the dummy vertices.

S, d

P(BfaDi)=;<]\2 Vooje{12), eligt2), 1<i<r,  k<i,
o it 1)y

P(Bi,Df)Zw voojef12), jlelij+2), 1<i<n,

P(Al, DIy = vde VoojefL2), je{3-jis-j}, 1<i<r,  k<i,
vk 2¢ Ny -
o it 1)

P(AgaDg):i(r ;C—;Vg)ve v je{1,2}, j'€{3-j5—5}, 1<i<r,

P(Dj Dj,): v v o 1<i<r, 1<k<r, i#k, j€{1,3}, j'€{2,4}
27 k 2CN€ >t SR>

_ deg +~vdy — (27" — 21+ l)vdg/c
CNe

P(Dzijsz) vV oo1<i<r, j€{1,3}

Finally, we present the gadgets that are different in D$E5 and Dﬁ,o. We have the following gadget only
in DéES:

e 1/¢ disjoint graphs drawn from DYge between AL and A2,
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On the other hand, we have the following gadget only in DK,O:

e 1/¢ disjoint graphs drawn from Dﬁ,al between Al and A2.

Claim 4.5.10. Let <I>€ES and @ﬁ,o be the gadgets introduced on level £, and ®¢ be either one of them.
(i) dge(v) =0, forve S,
(i1) dge(v) = dg + rydy, forv ¢ S.

Proof. A gadget between vertex sets X and Y with parameter p contributes p |Y| to the expected degree of
each vertex in X. Observe that the non-recursive part is the same for the D{gg and Df, and consists only
of the gadgets involving the dummies and the gadgets between Ag and Bg . () holds because there are no
non-recursive gadgets involving S. For the proof of (ii), we examine the expected degree of vertices in each

vertex set separately.
e veE Bl foric[r]and j€ {1,2}:

dae(v) = P(B], A1) -|Al| + P(B], D]) - | Di| + P(B], DI*%) - | D] |

i—1

+>_P(B!,D})- |D}| + P(BI, D] - | DI™?|
k=1
r—i+ 1)yd r—i+1)vd 7 — 1)vd i — 1)vd
—dy+ )7@+( )7@+( )7@+( )yde
2 2 2 2
=dp+rvydy

e v Al foric[r]and j € {1,2}:
dae(v) = P(A, BY) - |BI| + P(A], D7) - | D] + P(a], D} ) | D} |

1—1
+ 3 P(AL, DY) DR+ (A DE ) | D3|
k=1

—d (T—i;rl)%lz n (T—i;rl)vde n (i—;)’yde n (i—;)Wde

=dp+ rydg

e ve D! forie[r]and j e {1,2,3,4}: We examine j = 1. The other cases follow similarly.

dg:(v) = P(D}, D?) - | D?|
+Y_P(D},D})-|D}| + P(D},D}) - | Df|
ki
+P(D},B}) - |B}| + P(D}, A?) - | A7

+ Y P(DLBY-|BY|+ P(DL. A1) - | 4
k=i+1
(2r =21+ 1)1dy

=d¢+yde — c
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I LA .11
+(r—1) 3 +(r-1) 5
(r—i+Dyde  (r—i+1)yde
+ 2 * 2
n (r—1i)yde n (r —i)ydy
2¢ 2¢
=dy + rydy O

Observation 4.5.11. Any multigraph drawn from D’ is bipartite.

Proof. Observe that all the recursively produced parts are bipartite. Therefore, the following is a bipartition

of the graph:
(1) (Ui A U (Uizy BY) U (Ui D) U (Ui, DY) U ST, and
(2) (Uiz 47) W (Ui BY) U (Ui D) U (Ui D) L 52, .

Lemma 4.5.12. In the multigraph construction, the size of the maximum matching in DéEs and Dﬁlo 18

characterized as follows:
(i) For G ~ Digs, it holds ju(G) = ng/2 with high probability.
(ii) If G ~ Do, then u(G) < ng/2 — Ny1/2.

Proof. For (i), we prove G ~ Df(ES has a perfect matching with high probability by induction on £. The base
case, £ = 1, has been proven in Lemma 4.5.9. By the induction hypothesis, there exists a perfect matching in
each recursively drawn graph from DéE; with high probability. Therefore, by the union bound, there exists
a perfect matching between B{ and S7 for j € {1,2}; between Az and BZ_H for 1 <i<randje {12}
between Al and A2; and between Df and D? 7 for j € {1,2}. Putting these matchings together results in a
perfect matching for the whole graph. Observe that using the union bound in the induction is valid because
over the course of the induction up to ¢ = L, we recursively take the union bound over (%)L = 0:(1)
events.

For (i), we prove by induction on ¢ that G ~ Dfq has a vertex cover of size n,/2 — N1/2. The base
case, £ = 1, has been proven in Lemma 4.5.9. Assuming the induction hypothesis for £ — 1. There exists
a vertex cover X of size %(ng_l — N1 /2) for the induced graph between Al and A2. The following set is a
vertex cover:

c=xul J B|u U o,

7
i<rje{1,2} i<r,je{1,2,3,4}
as any edge outside of G[AL; A%] is adjacent to B or D. Now, we calculate the size of this vertex cover:

cl=ixju Y B+ Y |p

i<r,je{1,2} i<r,je{1,2,3,4}

(ng—1/2 — N1/2) + 2rNy + 4r( N,

1
<
< (2r+1/2+4r¢)Ny— Ny1/2
< ng/2—N1/2
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where the last inequality follows from 4r¢ < % and n¢/2 = (2r + 1 + 2r¢)N,. This concludes the proof of
(#i) and the claim. O

Lemma 4.5.13. Let ¢ = (5/10)300/52. Any algorithm that estimates the size of the maximum matching of
the multigraph that is drawn from the input distribution with en additive error must be able to distinguish

whether it belongs to Dygs or Dno-

Proof. By Lemma 4.5.12, the maximum matching size in Dygs and Dyo differ by N;/2. Therefore, any
algorithm that estimates the size of the maximum matching within a (N /4)-additive error, must distinguish
between the two distributions. Now, we express N7 in terms of n = ny,.

For the first level, we have
ny = |A|+ |B| +|D| + |S] = (2r — 2§) Ny + 2rNy + 2r(Ny + 2Ny = (4r — 2r§ + 2r( + 2)Ny.
For the next levels ¢ > 1, it holds
Ny =mnp_1/C and ng = 2rNy + 2rNy + 4r( Ny + 2N, = (4r + 4r{ + 2) Ny

Therefore,
(4r +4r¢ + 2)

Nne—1.
¢

Ny =

Then, it can be shown by induction

L—1 L-1
np = (W) ny = (W) (4r — 2r& 4+ 2r¢ + 2)Ny.

Plugging in the parameters
L=4/0, r = (10/8)T ¢=1/r2 and E=1/r",

we get
ny < (10r%)EN; < (10/6)35° Ny < (10/6)3°9/%° N,

Putting everything together, if we let € = (6/10)300/52, then any algorithm that computes an en-additive
approximation, computes an (N;/4)-additive approximation, and thus distinguishes between Dygs and Dypo.
O

Constructing the Multigraph

In this subsection, we demonstrate how to construct the multigraph using the gadgets introduced earlier.

We first prove the following claim, which is essential for the construction of the multigraph.

Claim 4.5.14. For every pair of vertices u and v, considering all levels, there exists at most one gadget

between vertex sets X and 'Y such thatuw e X andv €Y.
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Proof. The claim is proved by induction on ¢. For the base case £ = 1, the claim holds as the vertices are
divided into disjoint sets, each gadget is defined between two of these sets, and there is at most one gadget
between any two sets. For ¢ > 1, the claim holds because (1) the gadgets on level ¢ are defined between
disjoint vertex sets, and (2) the recursively defined gadgets of level smaller than ¢ are either between Ag and
Bf+17 B’ and S7, D} and D’/ or Al and A2. Therefore, they do not share pairs with each other or with
gadgets of level /. O

Given this fact, for any two vertices u and v we can define a parameter p(*¥), which is equal to the

density parameter associated with the gadget between u and v, or zero if no such gadget exists.

Warm-up: “level-free” construction: We begin with a simplified “level-free” construction and then
generalize to include levels. En route to our multigraph construction, we construct three helper multigraphs,
the ground graph, the labelled-ground graph, and the pseudo graph. It will be helpful for the analysis that
the ground and pseudo graphs are independent of the vertex labels, so their structure does not reveal any
information about the labels. This scheme also helps obtain the same distribution for the degrees of the
vertices, so that the algorithm cannot easily distinguish between two vertices, e.g. based on the distribution
of the degrees of their neighbors.

All multigraphs are defined over the same set of vertices, and their respective edge sets satisfy the

following inclusions:
Ground edges D Labelled-ground edges, pseudo edges D Real edges.

In particular, we will eventually let the real multigraph simply be the intersection of the pseudo and the

labelled-ground edge sets:
Real edges = Labelled-ground edges N Pseudo edges.

Ground edges: The ground graph is completely deterministic. For every pair of vertices v and v, we add

exactly pn parallel ground edges between u and v (independently of their labels).

Labelled-ground edges: The labelled-ground edges are deterministic conditioned on the (random) labels
of the vertices. For any pair of vertices u and v, let p(**) be density parameter of the gadget between u and
v (and zero if no such gadget exists). We let p(“¥)n of the ground edges between u,v be labelled-ground
edges. Observe that if two vertices have the same expected degree d in the gadget construction, they have

the same degree dn in the labelled-ground graph.
Pseudo edges: Every ground edge is a pseudo edge independently with probability 1/n.

Full multigraph construction with levels: Our actual construction closely follows the level-free con-
struction, with the modification that each labelled-ground and pseudo edge is assigned a level. Then, the

level-£ real edges are defined as:

Level-£ real edges = Level-¢ labelled-ground edges N Level-(< £) pseudo edges.
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Figure 4.8: An illustration of the levelled construction for a gadget on level L — 1. The ground edges and
pseudo edges do not depend on the vertex labels. Level-L pseudo edges are a subset of the ground edges,
and level-¢ pseudo edges are a subset of the Level-(¢ + 1) pseudo edges. The level-¢ Laballed-ground edges
are determined based on the vertex labels and the level-¢ gadgets between them, here the X-Y gadget on
level L — 1. The level-¢ real edges are the intersection of level-¢ pseudo edges and level-¢ labelled-ground
edges.

Note that we require level exactly ¢ for labelled-ground edges, but take any level < /¢ for pseudo edges.

The ground edges are not associated with any levels and are defined exactly as before, i.e. there is pn
of them between any pair. Then, for any two vertices u and v, we add p(*¥)n - (p/p;) of the ground edges
between them to the level-¢ labelled-ground edges, where £ is the level of the gadget defined between u and
v (if any).

Finally, any ground edge is marked as a pseudo edge of level L with probability 1/n. If it is marked as a
pseudo edge of level L, then it is marked as a pseudo edge of level L — 1 with probability pr_1/pr, and so
on. More specifically, if the edge is marked as a pseudo edge of level £, it will be marked as a pseudo edge of
level £ — 1 with probability ps_1/pe. Observe that at this point the edge can become a real edge if it is also
a level-¢ labelled-ground edge.

We let deggy(v), degly(v), and degg(v) be the number of non-pseudo edges, pseudo edge, real edges of

vertex v in graph G, respectively.

Properties of the Constructed Multigraph

Claim 4.5.15. [t holds
Level-¢ pseudo edges D Level-(¢ — 1) pseudo edges,

and for any ground edge, the probability of becoming a level-f pseudo edge is pe/(np).

Proof. The first part of the claim follows from the definition. The second part can be proven by induction on
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¢. It holds for £ = L since p;, = p and the probability of being a level-L pseudo edge is + = 2&. For ¢ < L,

n pn
by the induction hypothesis, the edge becomes a level-(¢ + 1) pseudo edge with probability %. Therefore,
it becomes a level-¢ pseudo edge with probability
Pe+1 - Pe P
pn pey1 pn’
which concludes the proof. O

Claim 4.5.16. For any two vertices u and v, the distribution of the mumber of edges between them is
Binom (p(“’”)n~ (p/pg),pg/np), where £ is the level of the gadget between u and v. If there is no such gadget

the number of edges is simply zero.

Proof. Recall, we added p(*?) . (p/pe) level-£ labelled-ground edges between u and v. By Claim 4.5.15, each
of them has a probability pg/(np) of becoming a level-¢ pseudo edge. Those edge then constitute the real

edges between u and v. This concludes the proof. O

Corollary 4.5.17. For two vertices u and v, the expected number of edges between them is p(*?).

Corollary 4.5.18. For two vertices u and v, the probability that there exists an edge between them is at
least p(*“) /2.

Proof. The probability of there being no edges is:
(1 — pe/nmp(u,u)n.(p/m) < e_p(u,'u).

Therefore, since p(**) < 1, the probability that there is an edge is at least
_plu) (u,) 1 ()
1—e >p1— =) >p"¥ /2. O
e

Observation 4.5.19. Let e and €' be two different edges in the ground multigraph (possibly with the same
endpoints). Then, the probability that e is not in the pseudo graph is equal to the probability that ¢’ is not in
the pseudo graph.

Proof. The proof follows from the fact that each edge is a pseudo edge independently with probability
1/n. O

Lemma 4.5.20. Toke a vertex u in the multigraph. Let ® be a subset of level-f gadgets, and let H be the
subgraph including the ground edges associated with ®. Then, degl; (u) = Binom(dg (u) - np/pe, pe/np). That
is, the distribution of degh; (u), the real degree of u from edges of H, is solely determined by dg(u).

Proof. We utilize Claim 4.5.16. Let ® C ® be gadgets that have u on one side. That is ® = {¢1, da,...,dr},
where gadget ¢; with density parameter P; is between vertex sets X; and Y;, and v € X;. Then, we have

(below we use degl;(u,Y) for a vertex set Y, to denote the number of real edges of H between u and Y):
degy(u) =Y degy(u,Y;)

= Z Z degL(u,v)

i veEY;
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= Z Z Binom(p(“’”) -np/pe, pe/np) (by Claim 4.5.16)
1 veY;

= 3" Binom(IYi| P2 - np/pes pe/np)

K3

= >~ Binom(d, (u) - 1o/ pe, i /np) (dy,(u) = |Yi| )

7

= Binom(z dg, (u) - np/pe, pe/np)

= Binom(de (u) - np/pe, pe/np) O

Corollary 4.5.21. Tuake a vertex u in the multigraph, and let H be the subgraph of ground edges associated
with ®°, the gadgets of level £. Then, the distribution of degl;(u) is solely determined by dge(u).

Proof. Follows from a direct application of Lemma 4.5.20 for ® = ®*. O

Corollary 4.5.22. Take a vertex u in the multigraph, and let H be the subgraph of ground edges associated
with ®¢, the gadgets of level £. Then, the distribution of the number of non-real pseudo edges of H adjacent

to vertezx u, i.e. degh;(u) — deghy(u), is solely determined by dge (u).

Proof. The distribution of degy; (u) is determined by dge(u), and the distribution of degh, (u) is determined
by ¢ and is independent of the labels and gadgets. O

To wrap the section up, we prove a lemma that states the part of the graph queried by the algorithm is

essentially a simple graph.

Lemma 4.5.23. Let A be an algorithm that makes O(n?~°%) queries. Then, with high probability, it does

not query any pair (u,v) such that there is more than one pseudo edge between them in G.

Proof. Take any query (u,v) that the algorithm makes. Recall that the number of pseudo edges between
them has distribution Binom/(pn, %), and is independent of everything else in the graph (including the parts

the algorithm has queried). Therefore, the probability that (u,v) has at most one pseudo edge is

1\ 1 1\t 1\
R ) )
n n n n

2

> (14 p) (l—p—f—'{;—O(P/n))

=1-0(p*.

It follows that the probability of having more than one pseudo edge is at most O(p?). By taking the union
bound over all the O(n?~?) queries, the probability that the algorithm queries a pair with more than one
pseudo edge is at most

O(p* - n*7°) = 0(n®572. %) = O(n~*/%) = o(1). m

Multigraph Query Model and Reduction to Simple Graphs

Recall that the final algorithm aims to approximate the maximum matching in the real multigraph. A

natural model for adjacency matrix queries for multigraphs is querying the number of edges between two
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vertices u and v. We make the algorithm stronger as follows: Upon querying a pair (u,v), the algorithm
finds out (1) how many pseudo edges there are between them, and (2) how many of them are real edges. In
later sections, we prove the lower bound for this model. Note that solving the problem in this model is only

easier than the natural multigraph model.

Remark 9. In the proof of the lower bound, due to Lemma 4.5.23, we can assume that the algorithm upon
querying a pair (u,v) either (1) sees no edges between them, (2) sees a pseudo edge that is not a real edge,

or (3) sees a pseudo edge that is also a real edge.

Furthermore, the problem is not easier for simple graphs. Consider the following reduction. Given an
algorithm A for simple graphs, we obtain an algorithm for multigraphs: Run 4 on the multigraph; if a query
between two vertices u and v reports more than one edge, simply report one edge to A. This reduction
essentially removes the multiplicity of the edges. Therefore, it does not change the size of the maximum
matching, and the output of A is still an en-additive approximation.

In the following sections, we prove that if the algorithm makes ©(n?~%) queries, it cannot distinguish
between input graphs drawn from Dygs and Dyo. Our proof is based on a coupling between Dygs and Dyo.
The ground edges that the algorithm finds which are not pseudo or real edge do not affect the algorithm’s
ability to distinguish between the two cases Observation 4.5.19. This is because the probability that a ground
edge is a non-pseudo edge is independent of the labels of the vertices by Observation 4.5.19. Consequently,
such edges provide no useful information for distinguishing between the two distributions. As a result, we
focus on coupling the pseudo and real edges between Dygs and Dyo. So for the rest of the proof, we assume
that ground edges that are not marked as pseudo do not exist in the graph and when we refer to edges,
we mean pseudo and real edges. Whenever we want to mention a ground edge, we explicitly mention that.
Moreover, for the rest of the proof when we refer to level £ edge, we mean pseudo or real edges that belong
to level £ or lower. Also, when we use A; (resp. B;, and D;) without superscript, we mean A} and A? (the
same for both B; and D;). Further, when in the proof we are considering level ¢, by label of the vertex we

mean the label of the vertex in the same level.

4.5.4 Losing Advantage in the Highest Level

The key distinction between graphs drawn from D&rg and DE lies in the subgraph between Al and A? at
the highest level. Specifically, in D\?ES , this subgraph is sampled from D\L(E_Sl , while in Dno”, it is sampled
from Dyg*. Therefore, any algorithm aiming to differentiate between D&z and Df, must detect differences
within this subgraph.

In this subsection, we derive an upper bound on the number of level L—1 edges the algorithm can recognize
as belonging to this critical subgraph. To formalize this, we introduce the concept of the distinguishability
of an edge within the subgraph between AL and A2.

When the algorithm queries a typical edge, due to our choices of d;, and dj_1, parameters that control
the degrees of vertices at levels L and L — 1, the probability that this edge belongs to the subgraph between
Al and A2 is approximately dr,_1/dy = n°c-17% if the edge is a real edge. Also, for a pseudo edge, because
of our choices of py, and pp_1, the probability that this pseudo edge belongs to the subgraph at the lower
level is approximately py_1/pr = nL-179L,

We say an edge is distinguishable when the algorithm can infer a bias in this probability, conditioned on

the queried subgraph.
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Definition 4.5.24 (pi""¢" and Distinguishability of an Edge). Let e be a real edge or pseudo edge queried
by the algorithm, and let pi"™°" denote the probability that if e is a level L — 1 edge that belongs to subgraph
between AL and AZ, conditioned on all queries made by the algorithm so far and assuming either input

distribution. We say edge e is distinguishable if p*™" > 10n°t-17°L,

Lemma 4.5.25. With high probability, the total number of edges that the algorithm discovers is at most
O(n1_6+UL)-

Proof. Since there are pn ground edges between every two vertices and the algorithm makes O(n?~°%) pair
queries, the total number of ground edges the algorithm queries is O(pn3~?). Moreover, each of these ground
edges is classified as either a pseudo or real edge with an independent probability of at most 1/n, as they
must be marked as pseudo edges of level L, which occurs with probability 1/n. Therefore, in expectation,
the algorithm finds O(pn?~?) such edges.

Let X; be the indicator random variable for the event that the i-th queried ground edge is a pseudo or real
edge. Let X =Y X, denote the total number of such edges found by the algorithm. We have E[X;] < 1/n,
and E[X] < O(pn®~?). Furthermore, the random variables X; are independent. Therefore, applying the

Chernoff bound, we have:

Pr||X — E[X]| > 2\/E[X] 1ogn} < 2exp <— 2 zg];])gn)z) < %

This implies that with probability at least 1 — 1/n, the total number of pseudo or real edges discovered by
the algorithm is O(pn?~?). Plugging p = n°:~! completes the proof. O

Definition 4.5.26 (Direction of an Edge). Let (u,v) be an edge queried by the algorithm. Suppose the
algorithm has already discovered some edges of u, but has not discovered any edges of v. When we refer to
the direction of the edge (u,v), we mean that the edge is considered to go from w to v. If the algorithm has
already discovered edges for both u and v, or has not discovered any edges for either, we assign the direction

of the edge randomly.
Claim 4.5.27. FEach vertez in the queried subgraph has at most 3v/logn indegree with high probability.

Proof. Let v be an arbitrary vertex. Suppose that v has at least one incoming edge. Also, let V be the set
of vertices in the graph for which the algorithm finds at least one edge. According to the way we direct the
edges in Definition 4.5.26, the rest of the incoming edges of v are queried at the time when the other endpoint
already has an existing edge. Therefore, there are |V| possible pairs between V and v, each containing pn
ground edges, and each being a pseudo or real edge with probability at most 1/n. Thus, the expected number

of edges between V and v is:
E[X] = |V|-p= 0>+,

since |[V| = O(n'~9t7) by Lemma 4.5.25. Let X; be the indicator random variable for the event that the
i-th ground edge between V and v is a pseudo or real edge, and let X = > X; denote the total number of

such edges. We have E[X] = O(n??t=?) < 1 for large enough n. Furthermore, the random variables X; are
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independent. Applying the Chernoff bound, we obtain:

Pr [\X - E[X]| > 3VE[X] logn} < 2exp (— 3 i[g&(])g") ) <L

n2

Thus, with probability at least 1 — 1/n?, the total number of incoming pseudo or real edges to v is 3v/logn.

Applying the union bound over all vertices concludes the proof. O

Definition 4.5.28 (Shallow Subgraph). For a vertex v, we define v’s shallow subgraph as the set of vertices
that are reachable from v via directed paths of length at most 10logn in the queried subgraph. We denote v’s

shallow subgraph by T (v).
Lemma 4.5.29. FEach vertex belongs to at most 6(1) shallow subgraphs with high probability.

Proof. Let v be an arbitrary vertex in the graph. Let V; be the set of vertices at a distance ¢ from v for
i € [10log n] using edges in the reverse direction. We will show that, with high probability, |V;| < 3i/logn
using induction.

For the base case of the induction, i = 1, the claim holds by Claim 4.5.27. Suppose the claim holds for
all i < i. Suppose that each vertex in V;_; has at least one incoming edge. Note that this only increases
the size of V;. Let u € V;_1. Also, let V be the set of vertices that the algorithm has found at least one edge
in the queried subgraph. If u has more than one incoming edge, it should be between a vertex that already
has an edge because of the way we defined the direction of edges in Definition 4.5.26. Therefore, there are
|V| possible pairs between V and u, each containing pn ground edges, and each being a pseudo or real edge
with probability at most 1/n. Thus, the expected number of edges between V and u is |V|- p = O(n2729),
since [V| = O(n'~%*t91) by Lemma 4.5.25. Additionally, |V;_1| < 3(i — 1)y/Togn by induction hypothesis.
Hence, the expected number of edges between V and V;_; is 5(712”_5).

Let X; be the indicator random variable for the event that the i-th ground edge between Vand Vi isa
pseudo or real edge, and let X = 3" X; denote the total number of such edges. We have E[X] = O(n2:—%) <
1 for large enough n. Furthermore, the random variables X; are independent. Applying the Chernoff bound,

we obtain:

n2

Pr [|X — E[X]| > 3/E[X]logn]| < 2exp (— 3 iggg")j <L

Thus, with probability at least 1 — 1/n?, the total number of incoming pseudo or real edges to v is 3/logn.
Moreover, we assume that each vertex in V;_; contains at least one incoming edge. Hence, we have |V;| <
[Vi_1| + 3v/logn =< 3iy/logn which completes the induction step. Therefore, we have |V;| < 3iy/logn for
all i < 10logn. As a result, the total number of shallow subgraphs that contain v is bounded by
10logn 10logn
1+ Y [Vi[ <1+ > 3iy/logn < (10logn) - (30logny/logn),
i=1 i=1

which completes the proof. O

Corollary 4.5.30. Each edge belongs to at most 5(1) shallow subgraphs with high probability.
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Proof. For directed edge (u,v), since u is in at most O(1) shallow subgraphs by Lemma 4.5.29, then (u, v)
is in at most O(1) shallow subgraphs. O

Definition 4.5.31 (Spoiler Vertex). A vertex u is called a spoiler vertex if an edge (u,v) is discovered by

the algorithm at a time when both u and v already have a non-zero degree.
Claim 4.5.32. There are at most O(n'=237L) spoiler vertices with high probability.

Proof. Note that each query between two vertices that already have non-zero degree in the queried sub-
graph, resulting in a pseudo or real edge, creates two spoiler vertices. By Lemma 4.5.25, there are at most
O(n'=9%7L) vertices with non-zero degree. Therefore, the total number of such vertex pairs is at most
O(n?~20%291) If the algorithm queries all these pairs, the total number of ground edges queried is at most
O(pn3~2%+29L)  where each forms a pseudo or real edge with probability at most 1/n. Consequently, the
expected number of edges discovered by the algorithm between pairs of vertices with a non-zero degree is
at most O(pn?=20+201) = O(n'=20+372)  Therefore, using Chernoff bound, we can show that with high

1—25+3(7L)

probability, there are at most O(n spoiler vertices. O

Definition 4.5.33 (Spoiled Vertex). A wertex v is called a spoiled vertex if its shallow subgraph contains
any of the following:

(i) a spoiler vertex; or
(ii) at least n®~27L vertices.

Observation 4.5.34. Let v be a vertex that is not spoiled. Then, the shallow subgraph of v forms a rooted
tree with at most n° =2t vertices. Additionally, for every edge (u,w) in the shallow subgraph of v, when the

algorithm queries this edge, verter w is a singleton.

Proof. When the algorithm encounters an edge (u,w) in the shallow subgraph of v, vertex w must be a
singleton, as per Definition 4.5.31 and Definition 4.5.33. This ensures that the shallow subgraph of v is

indeed a rooted tree. O

1—26+40y, )

Lemma 4.5.35. There are at most O(n spoiled vertices with high probability.

Proof. According to Definition 4.5.33, at least one of the two conditions is required for a vertex to be spoiled.
For condition (i), by Claim 4.5.32, there are O(n!~20+39L) spoiler vertices. Moreover, each vertex is in O(1)
shallow subgraphs by Lemma 4.5.29, which implies that there are at most O(n'~2%+49%) vertices that have
the condition (i) for large enough n.

For condition (ii), by Corollary 4.5.30, each edge in the queried subgraph appears in 5(1) shallow sub-
graphs. Thus, for non-isolated vertices in the queried subgraph, by Lemma 4.5.25, we have ) |T'(v)| <
6(n1_5+”). Consequently, the total number of vertices whose shallow subgraph contains more than n—27¢

vertices is at most O(n1_26+4‘7[4). -

Definition 4.5.36 (Spoiled Edge). Let (u,v) be a directed edge. We say (u,v) is a spoiled edge if u € A,

and at least one of the following condition holds:

(i) v is a spoiled vertex; or
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(1) u has at least n°t /3 spoiled neighbors in the queried subgraph.
Lemma 4.5.37. There are at most O(n'=29+57L) spoiled edges with high probability.

Proof. Each vertex in the queried subgraph has an indegree of 5(1) with high probability by Claim 4.5.27.
Also, by Lemma 4.5.35, we have at most O(n!'~20+4oz)
O(n'=20+591) edges that satisfy condition (i) of Definition 4.5.36.

Further, if a vertex u satisfies condition (ii), it must have at least n°% /4 outgoing edges (u,w) where w

spoiled vertices. Therefore, there are at most

is spoiled. However, from Claim 4.5.27, each spoiled vertex has indegree of 6(1) Also, the total number

of spoiled vertices is O(n!~20+47L)

Definition 4.5.36 is at most O(n!=20+57L), O

which implies that the number of edges that satisfy condition (ii) of

We defer the proof of the following lemma to a later section, as it is involved, lengthy, and mostly

independent of the flow of this section.

Lemma 4.5.38. Let v be a vertex that is not spoiled and belongs to {A,, By, D,}. Let L(v) and L'(v)
represent an arbitrary label for v from {A., B, D,} and the entire queried subgraph all available labels at

level L, excluding the shallow subgraph of v and isolated vertices. Then, we have:

IT(v)]

Pr[T(v) | L(v)] < (1 + O(n"’“f‘;)) <Pr[T(v) | L' (v)].

Lemma 4.5.39. Let e be a directed edge that is not spoiled, then it holds that pi"™" < 10nt-1-9L,

Proof. Let e = (u,v) be the directed edge (directed from u to v). First, if u ¢ A,., we have pi™°* = 0. Also, if
e is a pseudo edge, by the construction, the probability that we mark e as level L—1is pp_1/pp = n?L-17L
independent at random from other edges.

Thus, suppose that u € A, and e is a real edge for the rest of the proof. According to the construction,
u has at least 6nL /7 real edges such that the other endpoint has label A, U B,.. Also, u has at most 5(1)
incoming edge by Claim 4.5.27. Since e is not a spoiled edge, u has at most n?% /3 neighbors in the queried
subgraph that are spoiled. Let V,, be the set of neighbors of u using real edges in the original graph such
that their label is A, U B,. and either they are singleton or direct children of u in the queried subgraph. By
the above argument, we have |V,| > n°% /2. Also, note that v € V,,. Now we provide an upper bound on
the probability that e belongs to level L — 1, or in other words, v € A,.. We prove this upper bound using
Lemma 4.5.38.

Consider a labeling profile P of all vertices V,, such that P(v) = A,. By the construction of our input
distribution, since u € A,, at most O(dr_1) = O(n?=-1) vertices in V,, belong to A,. We generate 2(n")
new profiles P’ where P’'(v) # A,. For each vertex w € V,, with P(w) = B,, we create a new profile P’ by
setting P’(z) = P(z) for z ¢ {v,w}, P'(w) = A,, and P'(v) = B,.

By Lemma 4.5.38, the probability of querying the same shallow subgraphs T'(v) and T'(w) in the new
labeling profile changes only by factors of

|T(v)] |T(w)]

(1+ O(n”_‘s)) and (1+ O(n“_é)) )
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respectively. Since v and w are not spoiled vertices, Definition 4.5.33 gives |T'(v)|, |T(w)| < n®~29L. There-

fore, the probability of generating profiles P and P’ differs by at most

|T ond—20L

IN

(1+ 0@ )" (14 0er=2) T < (14 0@m7e))
1+o(1

).

IA

Now, construct a bipartite graph H = (Py, P2, Ep) of labeling profiles, where P; consists of all profiles P
with P(v) = A,, and P, contains all profiles P’ with P’(v) = B,.. Add an edge between P € P; and P’ € Py
if P can be transformed into P’ through the process described earlier.

For any profile P € Py, we have degy (P) > |V,|/2 > n7t /4 since at least |V,|/2 vertices in V,, belong
to B,.. In contrast, for any profile P’ € Py, degy (P’) < 2n°L-1 because, by the input distribution, at most

2dy,_1 = 2n°L-1 vertices w in V,, satisfy P’(w) = A,.. Therefore,

- | 1|
lel'lIleI' S 1 + o 1 L
p (1+0(1)) ]
2noL-1
<(1 1)) -
< (14 o(1) - oy
<(1+40(1)) 8not—17¢
< 10poL-17oL,
which completes the proof. O

Corollary 4.5.40. There are at most O(n'=2°%%9L) edges e such that p"™*" > 10n°L-17L

Proof. The proof follows by combining Lemma 4.5.37 and Lemma 4.5.39. O

4.5.5 Unbiased Edges Results in Small Connected Components

In this section, we demonstrate that as the recursive construction progresses to deeper levels, the algorithm
finds it increasingly difficult to form large connected components using inner-level edges. By Corollary 4.5.40,

at the highest level of the construction, the algorithm can identify at most O(n!=20+57¢)

edges in the queried
subgraph as belonging to the inner level with a probability greater than 10n?2-1~?L. For the sake of analysis,
we assume the algorithm can perfectly distinguish these edges.

However, for all remaining queried edges, the probability of belonging to the inner level is significantly
lower due to the degree choices formalized in Lemma 4.5.39. Specifically, each additional queried edge has
at most O(n?L-179L) probability of being an inner-level edge.

Our objective is to formalize a similar result to Corollary 4.5.40 for each level in the hierarchy in the
next two sections. Intuitively, Lemma 4.5.43 shows that as the construction descends through the levels, the
number of edges the algorithm can confidently identify as inner-level edges diminishes. To proceed, we first

extend Definition 4.5.24 to all levels of the hierarchy.

Definition 4.5.41 (p/~"""*" and Distinguishability of an Edge). Let e be a real edge or pseudo edge queried

by the algorithm, and let pt="""°" denote the probability that if e is a level £ — 1 edge that belongs to subgraph

between AL and A%, conditioned on all queries made by the algorithm so far and assuming either input
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distribution. We say edge e is distinguishable if pt=""e" > 10n°¢-1=%¢. We use E{"°" to denote the set of
edges for which p&mmer > 10no¢-1-¢.

We define function g(¢) for 0 < ¢ < L as follows:
L L-1
gy =(L—-£+2)-6-5 (Z@/%H) -5 (Z%) ;
i=¢ i=¢
where o9 = 0 and o1 = 1 for the purpose of defining this function.
Observation 4.5.42. The following statements are true regarding function g:
(i) gl —1) = g(0) + 6 — boy_1 /0y — 5oy for £ € (1, L],
(i) 1 —g(l —1) —=30¢-1=1—g({) — 6+ boy_1/0¢ + 2041 for L € (1,L],
(i) g(1) > 2,
(iv) 1 —g(€) # 0 for all £ € [L].

Proof. We prove each statement separately.

Proof of (i): From the definition of g, we can express g(¢ — 1) as:

L L—1
g(ﬁ—l):(L—€+3)-5—5<Z " )—5(2 o—z-)

i=0—1 ={—1

Lo L—1 o
=|L—t+2)0-53 =) =5(Y o ||+ -5+ —50r

i=e 7t i=t ot
=g(l)+46— 521 500_1.

oy
Proof of (ii): Using the expression for g(¢ — 1) derived in part (i), we get:
1—g(l—1)—30p-1=1—g) -5+ 502__1 + 209_1
¢

Proof of (iii): Evaluating g(1) with the given definition and using the values of parameters in Table 4.2,

we obtain:

g(l):(L+1)~6—5<Z 7 )-5(2_:@)

im1 il
5L L-1 5\ Lt
=(L+1)-6— = — -
(L+1)-6-3 5(2(1())
>(L+1)~5—%L—5

=2
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Proof of (iv): If there exists some ¢ such that g(¢) = 0, the parameters in Table 4.2 can be slightly
perturbed to satisfy all conditions while ensuring g(¢) # 0. O

When we consider the level £ graph and we refer to the inner level, we specifically mean the union of
subgraph of real edges between Al and A2 at level £ — 1, and pseudo edges of level £ — 1 between AL and
A2. In this section, we denote the edges of the inner level as inner edges, while all other edges are referred
to as outer edges. We prove that the algorithm cannot grow a large component of inner edges. We prove
the following two lemmas using induction on £. For the base case of / = L in Lemma 4.5.43, we already
proved the claim in the previous section (Corollary 4.5.40). To prove Lemma 4.5.44 for a fixed ¢, we first
apply the bound from Lemma 4.5.43 at level £. We then use this result to establish Lemma 4.5.43 for £ — 1.
In this section, our primary focus is on proving Lemma 4.5.44 using Lemma 4.5.43. The remainder of this

subsection is dedicated to detailing the steps involved in proving Lemma 4.5.44.
Lemma 4.5.43. The following statements hold with high probability:

(i) If 1 — g(¢) > 0, then the number of edges e such that pt=""°" > 10n7¢-1=7¢ is at most O(n'~9)) with
high probability.

(ii) If 1—g(€) < 0, then there are no edges e such that pt="""¢" > 10n7¢~1=¢ with probability 1—O(n'~9).

(iis) If 1 — g(¢) < 0, the number of edges e satisfying pt="""" > 10n7¢-1=7¢ js at most 5(1) with high
probability.

Lemma 4.5.44. Let C1,Cs,...,C. denote the underlying undirected connected components of inner edges,

where each component contains at least one edge from Ei"". Then, the following statements hold:
(i) If 1 — g(¢) > 0, then with high probability,

c
Z |Cz| < O(nl_g(£)+50l71/ag).

i=1

(ii) If 1 — g(¢) < 0, then we have ¢ = 0 with probability 1 — O(n*~9()),

(ii) If 1 — g(€) < 0, then with high probability,

> 1G] < O(nPoe/)

=1

Claim 4.5.45. There are at most O(n'=%1¢=1) inner edges in the queried subgraph with high probability.

Proof. Since there are pn ground edges between every pair of vertices and the algorithm makes O(n?~?) pair
queries, the total number of ground edges queried by the algorithm is O(pn3~?). Each queried ground edges
is classified as an inner edge with an independent probability of at most ps—1/(pn), as it must be marked as
a pseudo edge of level ¢ — 1, which occurs with probability py—1/(pn) independently for all queried ground
edges. Therefore, the expected number of such edges found by the algorithm is O(p,_1n%7°).

Let X; be an indicator random variable for the event that the i-th queried ground edge is a pseudo or

real edge, and let X = > X, denote the total number of such edges found by the algorithm. We have
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E[X] < O(pg—1n*7%). Moreover, the random variables X; are independent. Applying the Chernoff bound,

we get:

Pr [|X — E[X]| > 2/E[X]logn| < 2exp <—(2 Eggﬁ%“j < %

Thus, with probability at least 1 — 1/n, the total number of pseudo or real edges discovered by the
algorithm is O(py_1n?~?). Finally, substituting p,_; = n?-1~! completes the proof. O

Claim 4.5.46. Consider all queried inner edges, excluding those in E{"™*". The length of the longest directed

path consisting of inner edges is less than 5/0y.

Proof. Let u be an arbitrary vertex. We first claim that the probability of a directed path of length ¢ starting
from u and ending at a vertex v is at most n*(?¢-1=9¢)/2 We prove this claim by induction on i.

For the base case i = 1, if no edge exists between u and v, the probability is trivially 0. If there is an edge,
Lemma 4.5.43 implies that this edge is an inner edge with probability at most 10n7¢-1—%¢ < p(oe-1-00)/2,

Assume the claim holds for all lengths less than i. By Claim 4.5.27, the in-degree of v in the entire queried
subgraph (including all edges) is at most 3v/logn. Let {vy, v, ..., v} denote the vertices with directed edges
to v. If there is a directed inner path of length ¢ to v, then there must exist a path of length i —1 to some v;
and an inner edge from v; to v. Let I, represent the event that there exists a directed inner path of length

1 to vertex w. Using a union bound:

k

Pr[I] < ZPr[If;l] - Pr[(v;,v) is inner]
j=1
k
< Zn(i_l)(‘”*_‘”)ﬂ - 10n7¢-177¢ (By induction hypothesis and Lemma 4.5.43)
j=1
< 3y/logn - nli=Nee1=00)/2 poer—oe (k < 34y/logn by Claim 4.5.27)

<30 logn . n(i+1)(02—1—o’z)/2

< piloe-1=00)/2 (n sufficiently large enough),

which completes the induction.
Next, we show that with high probability, no directed inner path of length 5/0, exists in the graph. The
probability of such a path between any two vertices v and v is bounded by n5(@¢-1=00)/(29¢0) = Applying a

union bound over all vertex pairs:

Pr [3 directed inner path of length 5/0y] < n? - n(e-1702)/(200)

<np V4, (Since op_1 < %).

Thus, with high probability, the longest directed inner path has a length of at most 5/0p — 1. O
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Claim 4.5.47. Consider all queried inner edges excluding those in E}é”"”. Each vertez has at most n®7¢-1/7¢
descendants reachable via directed inner edges with high probability. Furthermore, for each vertex, the total

number of inner edges to its descendants is at most n>7¢-1/%¢.

Proof. Suppose that we condition on the absence of inner paths of length 5/0y by Claim 4.5.46. Also, each
vertex has at most n?¢-! inner edges in total, even those not queried. Consequently, the number of vertices

reachable from u within a distance of 5/0; is bounded by n>7¢-1/7¢,
O

Definition 4.5.48 (Strongly Connected Component). Let G be a directed graph. A subset of vertices C
is called a strongly connected component of G if it is a maximal set of vertices such that, for every pair of

vertices u,v € C, there exists a directed path from u to v and a directed path from v to u.

Consider the strongly connected component decomposition of the directed inner edges queried by the
algorithm excluding edges in Eé““er. From each component with zero in-degrees, we select a representative

vertex (an arbitrary vertex in the component). Denote the set of these vertices by R.

inner

Lemma 4.5.49. Consider all queried inner edges excluding those in E;""". Let v € R. The probability
that there exists a verter u € R\ {v} such that the descendants of u intersect with those of v is at most

O(nf)o'g_l/o'gf(S)'

Proof. By Claim 4.5.47, vertex v has at most n®?¢-1/%¢ inner descendants. This provides an upper bound
on the number of descendants of v that are reachable via directed inner edges. By Claim 4.5.45, there are
at most O(n'~917¢-1) vertices with inner edges. At any point during the execution of the algorithm, there

are at most
X=0 (n1—5+02—1+502—1/05>

pairs consisting of a descendant of v and a vertex that has at least one inner edge. Since each pair has pn
ground edges between them, the total number of ground edges between these pairs is at most pnX.
For any ground edge between a pair to become a level ¢ — 1 real edge, it must be marked as a pseudo

edge of level £ — 1. The probability that a given ground edge between a pair is marked as a pseudo edge of

l' Pe—1
n p )’

independently at random for each of the ground edges. To compute the probability that there is an inter-

level ¢ — 1 is

section between the descendants of v and the descendants of any other vertex u, we multiply the number of
ground edges by the probability that each of them is a pseudo edge of level £ — 1. Thus, the total probability

of having an intersection is bounded by

(pnX) -

' (pép_l) = pr1 X = O(n®7e-1/7e70)

S|
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Corollary 4.5.50. Consider all queried inner edges excluding those in Ez""”. Let k < 500,/0¢—1 and let
v1,. .., be k arbitrary vertices in R. The probability that there exists a vertex uw € R\ {v1,...,v;} such that

the descendants of u intersect with the descendants of any vertez in {v1, ..., v} is at most O(n>7¢-1/7¢=9),
Proof. The proof follows the same reasoning as that of Lemma 4.5.49, noting that k is a constant. O

Claim 4.5.51. Consider all queried inner edges excluding those in E;"". Let C be an arbitrary connected
component formed by these edges. It holds that |C| < O(n>7¢=1/9¢) with high probability. Furthermore, each

connected component contains at most O(|C|) inner edges.

Proof. Define a graph Hp with vertex set R, where an edge (u,v) exists in Hg if the inner descendants of
u and v intersect. We will show that, with high probability, the largest connected component in Hg has a
size of at most 10/8. By Claim 4.5.47, each vertex has at most n°?¢~1/%¢ inner descendants (and inner edges
to its descendants), so proving this claim suffices to complete the proof.

Consider the following exploration process starting from any vertex v € R. Initialize a set S = {v}. At
each step, examine the edges between vertices in S and those in R\ S. If there exists an edge (w, z) where
we S and z € R\ S, add z to S and continue. The process halts when either no such edge exists or when
|S] > 10/4.

Let X; denote the event that an edge between S and R\ S is revealed at step i. By Lemma 4.5.49, the
probability of this event is bounded as:

Pr[X; | X1,...,Xi_1] < O(nboe-1/oe=0F0e)y,

Let Y, represent the event that the process reaches |S| > 10/6. The probability of this happening is:

10/5
PrY,] = [ Pr[X; | X1, X2, ..., Xi_1]
i=1

<O ((n%ffl/wfﬂam)w/é)

o(3)

Finally, applying a union bound over all vertices v € R, the probability that any connected component in
Hp, exceeds size 10/§ is at most O(n~*). Therefore, with high probability, the largest connected component
in Hp has size at most 10/0. O

Corollary 4.5.52. Consider all queried inner edges excluding those in Eg”””, Let C be any connected

component formed by the intersection of descendants of k vertices in R. Then, with high probability, k < 10/4.
Proof. The result follows directly from the proof of Claim 4.5.51. O
We are ready to prove Lemma 4.5.44.

Proof of Lemma 4.5.44. Assume an adversary selects the edges in E{""“" to connect the components. Let
C= {6\1, 6'\2, . C/':/} denote the connected components prior to adding the edges in E;""". By Claim 4.5.51,
with high probability, each component satisfies |a\ = O(n®7¢-1/7¢) for all i € [¢/].
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Now, let C;,Cs,...,C. represent the connected components formed after adding the edges in E}"mer
and discarding components that do not contain any of these edges. Each edge in E{""°" can merge at most
two components from C. , so the number of components in C connected by at least one edge from E""" is

bounded by O(|E{"™*"|). Now we prove each statement of the lemma separately:

(i): If 1—g(¢) > 0, statement (i) of Lemma 4.5.43 implies that |E{""*"| < O(n'~9®)) with high probability.

Since each initial component has size |a| = O(n5¢-1/9¢) we conclude that:
C
Z |Cy] < O(n1—9(5)+50271/05)’
i=1
which completes the proof of the first statement.

(ii): If 1 — g(£) < 0, then by statement (ii) of Lemma 4.5.43, with probability 1 — O(n'~9()), the size of

E};””” is zero which completes the proof of the second statement.

(iii): If 1—g(¢) < 0, |Einmer| = O(1) with high probability according to the statement (iii) of Lemma 4.5.43.
Combining this with the fact that |a| = O(n57¢-1/9¢) the last statement follows immediately.

O

Corollary 4.5.53. Let C1,Cs,...,Cy be the underlying undirected connected components of inner edges,
where each component contains at least one edge from Eé”””. Let E(C;) denote the edge set of component

C;. Then, the following statements hold:
(i) If 1 — g(£) > 0, then with high probability,

k
Z |E(C)| <O (nl_g(z)%”eﬂ/oz) .

i=1

(ii) If 1 — g(¢) < 0, then k = 0 with probability 1 — O(n'=9)).
(i) If 1 — g(€) < 0, then with high probability,

k

STIB(C) < O (/o).

i=1

Proof. Note that |E(C;)| < O(logn) - |C;]. This is because each vertex has an incoming degree of at most
3+/logn in the entire queried subgraph by Claim 4.5.27. By merging the results from Lemma 4.5.44 with
the fact that |E(C;)| < O(logn) - |C;|, we derive each statement accordingly. O

4.5.6 Smaller Connected Components Lead to Fewer Unbiased Inner Edges

In this section, we leverage Lemma 4.5.44 to demonstrate that shrinking the size of connected components
makes it increasingly difficult for the algorithm to detect inner edges. For clarity and consistency, we extend
the notions of spoiler vertices, spoiled vertices, spoiled edges, and shallow subgraphs from the warm-up

section, adapting the terminology accordingly for level /.
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Definition 4.5.54 ({-Shallow Subgraph). Let the outer and inner edges be defined with respect to levels ¢
and £ — 1 of the construction hierarchy. For a vertex v, the {-shallow subgraph of v is the set of vertices
that are reachable from v by directed paths of length at most 10logn using only inner edges in the queried

subgraph. We denote this subgraph as T*(v).

Lemma 4.5.55. Each vertezx belongs to at most 5(1) £-shallow subgraphs with high probability.

Proof. The proof follows a similar structure to that of Lemma 4.5.29. Let v be an arbitrary vertex in the
graph. Let V; be the set of vertices at a distance i from v for i € [10logn] using inner edges in the reverse
direction. We will show that, with high probability, |V;| < 3iv/logn using induction.

For the base case of the induction, ¢ = 1, the claim holds by Claim 4.5.27. Suppose the claim holds for
all i < i. Suppose that each vertex in V;_; has at least one incoming edge. Note that this only increases
the size of V;. Let u € V;_1. Also, let V be the set of vertices that the algorithm has found at least one edge
in the queried subgraph. If u has more than one incoming inner edge, it should be between a vertex that
already has an edge because of the way we defined the direction of edges in Definition 4.5.26. Therefore,
there are |V| possible pairs between V and u, each containing pn ground edges, and each being marked as
a pseudo edge of level ¢ — 1 with probability at most py—1/(np). Thus, the expected number of inner edges
between V and u is |V| - pp_1 = O(n?r+oe=1=9) since [V| = O(n'~9*7L) by Lemma 4.5.25. Additionally,
|Vi—1| < 3(i — 1)y/logn by induction hypothesis. Hence, the expected number of inner edges between V and
Vi_y is O(nortoe=1-0),

Let X; be the indicator random variable for the event that the i-th ground edge between V and Vi
is a pseudo of level £ — 1, and let X = > X, denote the total number of such edges. We have E[X] =
6(71"’1""”*1_5 ) < 1 for large enough n. Furthermore, the random variables X; are independent. Applying
the Chernoff bound, we obtain:

3E[X] n?

Pr [\X — E[X]| > 3VE[X] logn} < 2exp (— BV EX] log")2> <L

Thus, with probability at least 1 —1/n?, the total number of incoming inner edges to v is 3y/log n. Moreover,
we assume that each vertex in V;_; contains at least one incoming inner edge. Hence, we have |V;| <
[Vi—1| + 3v/logn =< 3iy/logn which completes the induction step. Therefore, we have |V;| < 3iy/logn for
all i < 10logn. As a result, the total number of ¢-shallow subgraphs that contain v is bounded by

10logn 10logn
1+ Z V| <14 Z 3iv/logn < (10logn) - (301logny/logn),
i=1 i=1
which completes the proof. O

Corollary 4.5.56. FEach inner edge belongs to at most 6(1) {-shallow subgraphs with high probability.

Proof. For directed inner edge (u,v), since u is in at most 6(1) shallow subgraphs by Corollary 4.5.56, then
(u,v) is in at most O(1) ¢-shallow subgraphs. O

Definition 4.5.57 (¢-Spoiler Vertex). For 1 < ¢ < L, let E denote the set of inner edges that belong to a

connected component containing at least one edge from E["™°". Let u be a vertex in a connected component
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that contains at least one edge from Ez""”. We say a vertex u is an f-spoiler if an edge (u,v) is discovered

by the algorithm at a time when both u and v already have non-zero degree.

Claim 4.5.58. Suppose that 1 —g({ —1) —20¢_1 > 0. Then, there are at most O(n*~9¢=1)=29c-1) (_spoiler
vertices with high probability.

Proof. Let C1,C5,...,C) be the underlying undirected connected components of inner edges, where each
component contains at least one edge from E{""°". Denote by E the set of inner edges in these connected

components. By statement (i) of Corollary 4.5.53, we have
|E\| <0 (nlfg(€)+5o—g,1/o¢> )

Now, consider the scenario where the algorithm queries a pair of vertices and discovers an edge in E. There
are at most O (nl_‘”‘”*l) vertex pairs where one vertex is an endpoint of the queried edge, and the other
already has an incident inner edge in the queried subgraph. Note that each query between two vertices that
already have a non-zero degree in the queried subgraph, and one of the endpoint is in component where
an edge of E}j"”e’“, results in either a pseudo or real edge of level £ — 1, creating two f¢-spoiler vertices by

Definition 4.5.57. Therefore, the total number of such vertex pairs is bounded by
O (B|-nt=0toer).,

If edges are revealed between all these pairs, the total number of ground edges would be at most
O (IB| - 2ot}

where each pair forms a pseudo or real edge of level £ — 1 with probability at most py—1/(pn). Hence, the ex-
pected number of edges discovered by the algorithm between such pairs is bounded by O (\E | - pg,lnk“‘”—l) .
Applying the Chernoff bound, we can show that with high probability, the number of /-spoiler vertices is at
most O (|E| . pg_lnl_‘s‘*“”*l). Combining this with the fact that p,—; = O (n'~?*-1) and the bound on E,

the total number of /-spoiler vertices is bounded by

6 (nlfg(f)+50g,1/0276+20g,1> ,

with high probability. Finally, by statement (ii) of Observation 4.5.42, we have,
1—g) —d+5b0¢_1/o¢+20p-1=1—g(f—1)—30_1,

which implies that the total number of ¢-spoiler vertices is at most O(n!=9(¢=1)=20e-1), O

Claim 4.5.59. Suppose that 1 — g({ — 1) —204_1 < 0. Then, the probability of having an {-spoiler vertez is
at most O(n*=9U=1=200-1) " Also, there are at most O(1) -spoiler vertices with high probability.

Proof. Let C1,Cs,...,Ck be the underlying undirected connected components of inner edges, where each
component contains at least one edge from E}Z”"”. Denote by E the set of inner edges in these connected
components. We prove the claim by considering the following two cases (note that 1 — g(¢) # 0 by statement
(iv) Observation 4.5.42):
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e 1 —g(¢) > 0: In this case, by statement (i) of Corollary 4.5.53, we have
|E| <O (nl_g(@“‘%eﬂ/w) ’

with high probability. With the exact same proof as the proof of Claim 4.5.58, the probability of having

a (-spoiler vertices is bounded by

6 (n1—9(€)+50571/02—54—20@71) ]

Finally, by statement (ii) of Observation 4.5.42, we have,
1—g(0) —d+500—1/0¢+20i-1=1—g(l—1) —30p_1,

which implies that the probability of having a f-spoiler vertices is at most O(n!=9(¢=1)=20e-1),

e 1—g(f) < 0: In this case, by statement (ii) of Corollary 4.5.53, we have k = 0 with probability
1-— O(nl_g(@) which implies that there is no ¢-spoiler vertex. Now suppose that we condition on
k > 0. Then, by statement (iii) of Corollary 4.5.53, we have

|B| < O (no7e=r/70)).

With the exact same proof as the proof of Claim 4.5.58, the probability of having an ¢-spoiler vertex
is bounded by

6 (n502—1/0e+201—1*5) )

Since the probability of having a component containing an edge from E{""" is O (nlﬁq (Z)), the overall

probability of having an /-spoiler vertex is upper bounded by
9] (nl—g(Z)) . 6 (n50'g,1/a'g+20'g,1—6> — 6 (nl—g(f)—}-&n,1/0‘@—5—&-205,1) )

Thus, combining with statement (ii) of Observation 4.5.42; the probability of having an ¢-spoiler vertex

is at most O (nlfg(ffl)*%zfl)'

In both cases, since the expected number of /-spoiler vertices is smaller than 1, then, using Chernoff bound,

with high probability there are at most 5(1) {-spoiler vertices which concludes the proof. O

Definition 4.5.60 (¢-Spoiled Vertex). For 1 < ¢ < L, let E denote the set of inner edges that belong to a
connected component containing at least one edge from E}é"””. Let u be a vertex in a connected component
that contains at least one edge from Ei"™". We say a vertex v is called an (-spoiled vertex if its shallow

subgraph contains any of the following:
(i) an C-spoiler vertex; or

(ii) at least nd=27¢-1,
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Observation 4.5.61. Let v be a vertex that is not £-spoiled. Then, the £-shallow subgraph of v forms a
rooted tree with at most n®~27¢=1 wertices. Additionally, for every edge (u,w) in the £-shallow subgraph of v,

when the algorithm queries this edge, vertex w is a singleton.
Proof. Proof is the same as Observation 4.5.34 by adapting Definition 4.5.57 and Definition 4.5.60. O

Lemma 4.5.62. Suppose that 1 —g({—1)—20,_1 > 0. Then, there are at most O(n'~9¢=1=e=1) (_spoiled
vertices with high probability.

Proof. Let Cy,Cs,...,C) denote the underlying undirected connected components of inner edges, where
each component contains at least one edge from E{""°". Additionally, let v represent the set of vertices in
these components, and let E(C;) be the set of edges in component C;. By statement (i) of Corollary 4.5.53,

we have:

Z |E(C;)| < O ( 1- 9(€)+5az,1/w) .

Applying Corollary 4.5.56, it follows that

k

> 1T w)l <0) - ) |E(C )|<O( 9(0) 450 1/01).

ueV i=1
Hence, the number of vertices for which |T(v)| > n®~7¢-1 is at most

~ Tf A 1—g(£)+50¢—1/0¢
S per [T _ O (o )
n5720'g71 — n5720g,1

< 6 (nl—g(f)—5+5ﬂzfl/Ue+201571)

<0 (nl_g“_l)_%’-’*) (statement (ii) of Observation 4.5.42),

which implies that there are at most O(n'~9(¢=1)=29¢-1) vertices that satisfy condition (ii) of Definition 4.5.60.
On the other hand, by Claim 4.5.58, there are at most O(n'~9¢=D=29¢-1) fspoiler vertices. By
Lemma 4.5.55, each vertex is in at most O(1) f-shallow subgraphs. Thus, there are at most O(n!=9(¢=1)=oe-1)

vertices that satisfy condition (i) of Definition 4.5.60 which completes the proof. O

Lemma 4.5.63. Suppose that 1 — g(£ —1) — 20y_1 < 0. Then, the probability of having a -spoiled vertex is
at most O(n'~9¢=1=20e-1) " Also, there are at most 6(1) £-spoiled vertices with high probability.

Proof. By Claim 4.5.59, the probability of having an /-spoiler vertex is at most O(n!=9(¢=1)=29¢-1) which im-
plies that the probability of satisfying condition (i) of Definition 4.5.60 is upper bounded by O(n!=9(¢=1)=20c-1),
Also, there are at most O( ) £-spoiler vertices with high probability. By Lemma 4.5.55, each vertex is in
at most O(1) f-shallow subgraphs. Hence, there are at most O(1) vertices that satisfy condition (i) of
Definition 4.5.60 with high probability.

Let C1,C5,...,Ck denote the underlying undirected connected components of inner edges, where each
component contains at least one edge from Eg""”. Additionally, let v represent the set of vertices in these
components, and let E(C;) be the set of edges in component C;. We prove the claim by considering the
following two cases (note that 1 — g(¢) # 0 by statement (iv) Observation 4.5.42):
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e 1 —g(f) > 0: by statement (i) of Corollary 4.5.53, we have

k

> IE(C )|<o( 1—-g(€)+50¢— 1/@))

i=1

with high probability. Then, by Corollary 4.5.56, we obtain

k
> IT () £ O(1) - 32 |E(C)| < O (ntmo®rrsoim/on)
ueV i=1
Further,
1—g) +50¢-1/op=1—g(l —1)+ 3 —bos_y (By statement (i) of Observation 4.5.42)
= (1 - g(f - 1) - 20'4_1) + ((5 - 30'5_1)
<d—o0p1 (Since 1 — g(£ — 1) — 20,1 < 0),

which implies that there is no component with an edge of E""" with size nd~1 with high probability.

Therefore, no vertex satisfies condition (ii) of Definition 4.5.60 with high probability.

e 1 —g(f) < 0: by statement (iii) of Corollary 4.5.53, we have S°_, |E(C;)| < O(n¢-1/7¢) with
high probability. Since 6 — 20y_1 > 50y—1/0y, it follows that, with high probability, no component
containing an edge from E}““er has size n%~29¢-1_ which implies that with high probability, no vertex
satisfies condition (ii) of Definition 4.5.60.

O

Claim 4.5.64. Consider the connected components C1,C%, ..., C}, formed by inner edges that do not contain
any edges from E;"™". With probability 1 — O(n76+2“@—1+10"@—1/”), all such components are acyclic, i.e.,

they form trees.

Proof. By Claim 4.5.51, each component C! satisfies |C/| < O(n°7¢-1/7¢) with high probability for all 4.
Also, since the total number of inner edges is at most O(n'=%+¢-1) by Claim 4.5.45, it follows that k' <
O(n'=%+7¢-1). Hence, we obtain the bound

k/
Z ‘0”2 < O(n1—6+20¢,1+100471/¢7[).
=1

Fix a component C!. Now, consider the process of adding edges to this component one by one in the order
they are queried by the algorithm. To form a cycle, at some point during this process, there must be an
inner edge within a component that has not yet been queried. Each newly added edge merges two existing
components. If the sizes of these components are x and y, then apart from the inner edge discovered by
the algorithm, there are potentially xy other new pairs within the newly created component that could
contain an inner edge which could potentially create a cycle. Ultimately, the total number of such pairs in
a component is O(|C![?).

Since there are pn ground edges between each of these pairs, and each is marked as a pseudo edge of level

¢—1 with probability ps—1/(pn), the expected number of psuedo edges of level £—1 in the component, ignoring
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those found by the algorithm, is at most O(py—1|C/[?). Summing over all components, this expectation is

given by
k’
3" O(pe-i|ClJ?) = O(n0+2e-r+107-s/oe).
=1

This completes the proof. O

For the remainder, we assume that every connected component of inner edges without an edge from

E{mmer is acyclic. By Claim 4.5.64, the probability of this assumption failing is

O(n—5+20€—1+100[71/02) _ 0(1)

Furthermore, since the hierarchy has a constant number of levels, this holds for all levels with probability
1—o0(1).

Definition 4.5.65 (¢-Spoiled Edge). Let (u,v) be a directed inner edge. We say (u,v) is a spoiled edge if
u € A, in level £ — 1 of hierarchy and at least one of the following condition holds:
(i) v is an {-spoiled vertex; or
(#) u has at least n”=1 /3 {-spoiled neighbors in the queried subgraph.
Lemma 4.5.66. The following two statements hold regarding the number of {-spoiled edges:
(i) If 1 — g(¢ — 1) > 0, then the number of (-spoiled edges is at most O(n*~9%=1)) with high probability.
(ii) If 1 — g(f — 1) < 0, then no {-spoiled edge exists with probability 1 — O(n'~9¢=1).
(i) If 1 — g(€ — 1) < 0, then the number of (-spoiled edge is at most 5(1) with high probability.
Proof. Let E be the set of {-spoiled edges. We prove each statement separately:

(i): First consider the case that 1—g(/—1)—20y_; > 0. By Lemma 4.5.62, there are at most O(n!~9(¢=1)=-1)
{-spoiled vertices with high probability. Furthermore, each vertex has an indegree of 5(1) by Claim 4.5.27
with high probability. Thus, there are at most O(n'~9¢=1)) edges that satisfy condition (i) of Defini-
tion 4.5.65.

On the other hand, if vertex u satisfies condition (ii) of Definition 4.5.65, it must have at least n?¢-1/4
outgoing edges (u, w) where w is f-spoiled. But using Claim 4.5.27, each ¢-spoiled vertex has an indegree
of 6(1) Combining with the fact that the total number of f-spoiled vertices is O(n!'~9(¢=1=oe-1)
implies that the total number of edges satisfy condition (ii) of Definition 4.5.65 is at most O(n!'~9(¢~1)).

(ii): If 1 — g(¢ — 1) < 0 then we have 1 — g({ — 1) — 20,1 < 0. Then, the probability of having a ¢-
spoiled vertex is at most O(n'~9¢~1)=29¢-1) by Lemma 4.5.63. Since 20,_; > 0 and according to

Definition 4.5.65, the probability of having an f-spoiled edge is at most O(n'~9¢—1).

(iii): If 1 — g(¢ — 1) < 0 then we have 1 — g(¢ — 1) — 204_1 < 0. Then, by Lemma 4.5.63, there are at most
6(1) C-spoiled vertices with high probability. Therefore, with high probability, there are at most O(1)
{-spoiled edges.
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O

Lemma 4.5.67. Let (u,v) be a directed inner edge within a connected component C' that does not contain
any edge from Ei"". Suppose u € A, and v belongs to {A,, B, D,} at level { — 1 of the hierarchy. Define
C' as the component containing v after removing the edge (u,v). Let L(v) and L' (v) represent an arbitrary

label for v from {A,, B, D,} and the entire queried subgraph of inner edges, excluding C. Then, we have:
Pr[C | L(w)] < (1+0mm =) Pr[C | £'(v)).

Lemma 4.5.68. Let v be a vertex that is not £-spoiled and belongs to a connected component that contains
at least one edge from E{"™". Suppose v € {A,, B.,D,} at level £ — 1 of the hierarchy. Let L(v) and L'(v)
represent an arbitrary label for v from {A,, B, D,.} and the entire queried subgraph of inner edges, excluding

the £-shallow subgraph of v. Then, we have:

Pr[TZ(v) | L(v)] < (1 + O(ndl—l—é))lT[(U)l )

Pr[T*(v) | £'(v)].
The proofs of these two lemmas are postponed to a later section as they are intricate, lengthy, and largely

independent of the discussion in this section.

Lemma 4.5.69. Let e be a directed inner edge that is mot £-spoiled. Then, it holds that p&é‘”‘i"”e’” <

10n7t-2=0t-1,

Proof. Let e = (u,v) be a directed inner edge from u to v. First, if u ¢ A,., we have péeil)*mnw = 0. Also,
if e is a pseudo edge of level £ — 1, then by construction, the probability that we mark e as level ¢ — 2 is
pPi—2/pe—1 = n-27%¢1 independently from other edges.

Hence, suppose that u € A, and e is a real edge for the rest of the proof. According to the construction,
u has at least 6n°¢-* /7 inner edges that are real edges such that the other endpoint has label A, U B,.. Also,
u has at most O(1) incoming edge by Claim 4.5.27. Since e is not an f-spoiled edge, u has at most no-1/3
neighbors in the queried subgraph that are f-spoiled. Let V,, be the set of neighbors of u using inner edges
that are real edges in the original graph such that their label is A, U B, and either they are singleton or
direct children of w in the queried subgraph. By the above argument, we have |V,,| > n¢-1/2. Also, note
that v € V,,. Now we provide an upper bound on the probability that e belongs to level £ — 2, or in other
words, v € A,.. We prove this upper bound using Lemma 4.5.67 and Lemma 4.5.68.

Consider a labeling profile P of all vertices V,, such that P(v) = A,. By the construction of our input
distribution, since u € A,., at most O(dy—2) = O(n?¢-2) vertices in V,, belong to A,.. We generate Q(n7¢-1)
new profiles P’ where P’(v) # A,.. For each vertex w € V,, with P(w) = B,., we create a new profile P’ by
setting P’(z) = P(z) for z ¢ {v,w}, P'(w) = A,, and P'(v) = B,.

Since v and w are not ¢-spoiled vertices, they either belong to a component with no edges in Eé"”” or
have an f-shallow subgraph that satisfies the conditions in Definition 4.5.60. In both cases, the probability
of querying the same shallow subgraph or connected component in the new labeling profile remains the same

up to a factor of

5—20,_1

(1+0(m7—7%))" :
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by Lemma 4.5.68 and Lemma 4.5.67 since either |T¢(v)| < n®=27¢-1 (vesp. |T*(w)| < n®27¢-1) or the
component that v or w belongs to has size of at most O(n7¢-1/9¢) which is smaller than O(n®~27¢-1) for

large enough n. Therefore, the probability of generating profiles P and P’ differs by at most

§—20y_1 I ons—20L

(L+0@™ )" - 1+ 0mm ) (14 0(e=17%))
1+ 0(1).

IN

IN

Now, construct a bipartite graph H = (P1, P», Ep) of labeling profiles, where P; consists of all profiles P
with P(v) = A,, and P; contains all profiles P’ with P’(v) = B,.. Add an edge between P € P; and P’ € Py
if P can be transformed into P’ through the process described earlier.

For any profile P € Py, we have degy (P) > |Vu|/2 > n¢-1 /4 since at least |V,|/2 vertices in V,, belong
to B;. In contrast, for any profile P’ € Py, degy (P’) < 2n7¢-2 because, by the input distribution, at most
2dy_o = 2n7¢=2 vertices w in V,, satisfy P’(w) = A,. Therefore,

|1
inner < 1+O 1 .
P < (L o(1) - 30
2n‘72—2
< (1 1) ———
< (o) oy

< (1+0(1)) 8n7t-27%1
< 10pot-2—%¢1

)

which concludes the proof. O
Now we finish the proof of Lemma 4.5.43.

Proof of Lemma 4.5.43. We need to prove the lemma for /—1 using Lemma 4.5.44. According to Lemma 4.5.69,

which relies on Lemma 4.5.44 for £, if an edge is not an f-spoiled edge, then we have pg D—inner

10n?¢-279-1_ Thus, by applying each statement of Lemma 4.5.66, we obtain the proof for the corresponding

item in the lemma. O

4.5.7 Identical Distribution for Acyclic Subgraphs

In this section, we prove Lemma 4.5.38, Lemma 4.5.68, and Lemma 4.5.67. The main difference is that,
in our setting, we need to incorporate pseudo edges into the coupling argument. Furthermore, instead of a
regular graph, we consider an Erd6s—Rényi graph, which necessitates slight adjustments to the proof. We will
demonstrate that the same result holds under this construction. To do so, we step by step revisit the original
proof, making the necessary modifications to account for pseudo edges. For now, suppose we are at a fixed
level ¢ in the hierarchy. We begin by introducing the relevant notation and establishing the essential tools
required to achieve the main objective of this section. Throughout the remainder of the section, assume
that d = d¢/de—1 = O(n7¢~9¢-1). Also, when we say a vertex belongs to layer ¢, we mean it belongs to

A; U B; UD;. Moreover, we consider vertices of S as layer 0.

Definition 4.5.70 (Special Edge). We define an edge (u,v) as special if any of the following conditions
hold:
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(u,v) belongs to gadget between S and By,

(u,v) belongs to gadgets between B; and A;—1 fori € (1,r].

(u,v) belongs to a gadget that exists only in D\l}Es or Dﬁ,o,

(u,v) belongs to a gadget between D? and D{l fori € [r], where j € {1,3} and j' € {2,4}. At the base

level, we consider edges between D} and D? for i € [r].

Definition 4.5.71 (Special Pseudo Edge of Layer i). Let T be a rooted tree with root u, where u €
{A,,B;,D,}. Consider a vertex v and suppose there exists a path in T leading to v such that it con-
tains no mizer vertices (as defined in Definition 4.5.73) and has exactly k special crossings. Additionally,
assume that v ¢ B._j . Now, consider the pseudo edges between v and A;_1. By construction, there are no
real edges connecting v to vertices in A;_1. However, in expectation, there are pyNy pseudo edges of level ¢
between v and vertices in A;_1. Fach pseudo edge between v and A;_1 is classified as a special pseudo edge
of layer i with probability logn/ps. Thus, in expectation, v has logn special pseudo edges of layer i in A;—1.
Furthermore, if v € B,_i, the expected number of pseudo edges between v and vertices in layers no lower
than r — k is logn greater than for other labels in layer no lower than r — k. Therefore, we randomly select

logn edges in expectation to be marked as special crossings.

Definition 4.5.72 (Special Crossing). Let T be a rooted tree with root u. Let e be an edge in the tree. We

call edge e as special crossing if any of the following hold:
e ¢ is a special edge by Definition 4.5.70,
e ¢ is a special pseudo edge of layer i for some i € [r] by Definition 4.5.71.

Definition 4.5.73 (Mixer Vertex). Let T be a rooted tree with root u, where w € {A,, B, D,}. Consider
a vertex v in T, and suppose there are k special crossings along the path from u to v. We say v is a mixer
vertex if and only if k <r—1 and v € U::_lk_l(Ai, B;, D;).

Note that the definition of a mixer vertex relies on special pseudo edges, while the definition of special
pseudo edges depends on mixer vertices. However, each of these definitions uses the other only up to a

distance of 7 from the root of the tree to establish the definition for distance 7 + 1.

Claim 4.5.74. Let T be a rooted tree with root u, where u € {A,, By, D,}. Let v be a vertezr in the tree
where v belongs to layer i. Any path from u to vertex v that does not pass through a mizer vertex must

contain at least r — i special crossings.

Proof. We claim that any path reaching a vertex v in a layer smaller than or equal ¢, without passing through
a mixer vertex, must contain at least r — ¢ special crossings. We prove this claim by induction. For the base
case 7 = i, the statement is trivial. Now, suppose the claim holds for all j > i, and we aim to prove it for
i. Consider the first edge in the path where the algorithm reaches a vertex in layer ¢ or smaller for the first

time—Iet this vertex be w, reached via edge e. We analyze two possible scenarios:

e ¢ is a real edge: By the construction of the gadgets, either e is a special edge between B;y; and A;, or

w belongs to D;, in which case w is a mixer vertex by Definition 4.5.73.
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e cis a pseudo edge: If e is not a special pseudo edge of layer i, then w must be a mixer vertex according
to Definition 4.5.73.

In both cases, when the algorithm reaches a vertex in layer i or lower for the first time, it requires at least

one additional special crossing. Applying the induction hypothesis for ¢ + 1 completes the proof. O

Lemma 4.5.75. Let T be a rooted tree queried by the algorithm, with its root in {A,,B,,D,}. With
probability at least 1 — O(|V (T)|/d"Y), any path from the root to a vertez in T that does not cross a mizer

vertexr contains at most r — 2 special crossings.

Proof. We show that with probability 6(1 /d"—1), any path found by the algorithm that contains at least
r — 1 special crossings does not pass through a mixer vertex. Let 7 denote the index of a mixer vertex located
in layer ¢. Suppose there exists an oracle that, whenever the algorithm discovers a path with at least » — 1

special crossings, performs one of the following actions:
e confirms that the path does not contain any mixer vertices, or
e reveals the mixer vertex with the smallest index along the path.

This oracle is introduced purely for analytical purposes; the algorithm itself does not have access to this
additional power. However, we demonstrate that even with this advantage, it remains difficult for the
algorithm to find a path with » — 1 special crossings without encountering a mixer vertex on the path.

Now, consider the first path discovered by the algorithm that contains » — 1 special crossings. Let us
examine the moment during the query process when the algorithm detects r — 2 special crossings for the
first time. Suppose that, up to this point, the path does not contain a mixer vertex with index 1. This
implies, by Claim 4.5.74, that the path does not reach any vertex in layer 1 or below. At this step, when
the algorithm queries the next edge (ignoring queries that do not result in either a pseudo edge or a real
edge), the probability of encountering another special crossing is 5(1 /d), based on the construction and the
definition of special crossings in Definition 4.5.72. However, the probability of encountering a mixer vertex
with index 1 is ©(1), according to the same construction. Consequently, the probability that the path reaches
another special crossing before encountering a mixer vertex with index 1 is O(1/d).

For the sake of analysis, we introduce an additional power for the algorithm: if the oracle has already
revealed half of the mixer vertices of a given index i that are direct children of a vertex v, then the oracle

will either:
e reveals a mixer vertex closer to the root with an index larger than 4, if such a mixer vertex exists, or

e construct a path with r — 1 special crossings that avoids mixer vertices altogether, immediately termi-

nating the process.

From the previous argument, we conclude that an 5(1 /d) fraction of paths does not have a mixer vertex
with index 1. Furthermore, when the algorithm finds Q(d) direct children of a vertex that are mixer vertices
with index 1, the oracle reveals the next mixer vertex with a higher index. As a result, the proportion of
paths discovered by the algorithm that do not contain a mixer vertex of index 1 remains at most an 6(1 /d)
fraction of all paths. Further, observe that once a mixer vertex z is revealed by the oracle, any further

queries below z become not useful for constructing a path with » — 1 special crossings while avoiding mixer
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vertices. This is because, for any path that crosses z, the mixer vertex with the highest index that the oracle
can reveal will always be w itself.

Let us consider the set of paths that do not pass through a mixer vertex of index 1. By a similar
argument, an 5(1 /d) fraction of these paths also avoids encountering a mixer vertex of index 2. Specifically,
the probability that a path reaches the (r —2)-th special crossing before encountering a mixer vertex of index
2is O(1/d). As a result, the fraction of paths that do not contain a mixer vertex of index 2 or lower is at
most O(1/d?).

Applying the exact same argument, the probability that a path avoids all mixer vertices with an index
up to ¢ is at most 6(1 /d*). Therefore, the fraction of paths that do not contain any mixer vertex is bounded
by O(1/d"1). Since the total number of paths originating from the root is at most O(|V(T)|), it follows
that with probability at least 1 — O(|V(T)|/d"~), every path with more than r — 2 special crossings must

pass through at least one mixer vertex. O

Lemma 4.5.76 (Modification of Lemma 6.7 of [41] with Pseudo Edges). Consider the highest level of
hierarchy. Let T be a rooted tree that is queried by the algorithm where the root of the tree is in {A,, B, D, }.
Also, suppose that we condition on having a mizer vertex on all paths that contain at least r — 1 special
crossings. Then, the probability of seeing the same tree is equal for all possible roots in {A,, By, Dy} up to
(1 + O(no= =N multiplicative factor.

Proof. The proof follows the same outline as Lemma 6.7 in [41], with a modification to account for pseudo
edges. It is based on a one-to-one coupling argument: for each tree queried by the algorithm, if [, is the
label of the tree, the algorithm will observe the same tree with almost the same probability if it starts from
label 5.

First, note that according to our definition of special crossings Definition 4.5.72, if we query a pair of
vertices (u,v) and another pair (w,z), the probability of each being a special crossing is the same. This
is because, at any given moment, each vertex has 2logn expected special crossing neighbors, assuming we
condition on the fact that no labels have been revealed yet in the coupling.

Let L; = {A;, B;, D;} for each 4. Also, define

Let v and v be two distinct vertices in GG;. An important property of our input distribution is that if we
query a neighbor of v and v via a real edge, and the queried edge is not a special edge, then the probability
that the queried neighbor belongs to G; is the same for both u and v. Similarly, if we query a neighbor of
u and v via a pseudo edge, and the queried edge is not a special pseudo edge, then the probability that the
queried neighbor belongs to G; remains the same for both u and v. These properties follow directly from
the structure of the input construction, as formalized in Corollary 4.5.21 and Corollary 4.5.22.

For a vertex u in a tree T, if there is no mixer vertex on its path to the root, we define the progress of wu,
denoted as p,, which represents the number of special crossings along the path from the root to w. Under

the assumptions of the lemma statement, we have

0<py,<r—1, forallueT.
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We claim that for a vertex u where there is no mixer vertex on its path to route, we have u € V(G,_,, ).
This is because, according to the construction and Definition 4.5.72, the only way to go down one layer is
through special crossings or mixer vertices.

Let £ be a labeling of vertices in T" where the root is labeled with I;. We construct the labeling Lo from
top to the bottom of the tree such that the label of root is lo. Consider the edge (u,v) with direction from
u to v when considering the rooted tree. So at this point we have a label for u in £5 and we want to chose
the label of v in £5. We maintain the invariant that progress of each vertex is the same in both labeling £

and Ly. We consider five possible cases for edge e for our coupling step:

e Fdge e is special crossing: in this case, we know v is not labeled S in £; as in order to reach S vertex,
at least » — 1 special crossings are needed or the path contains mixer vertex. Thus, suppose that v is
not an S vertex. In labeling L5, we assume that edge (u,v) is a special crossing and we choose the label
of v accordingly based on label of u in L£5. Since each vertex has 2logn expected number of special
crossings (logn for special edges and logn for special pseudo edges), no matter what is the label of u
in £1 and Lo, the distribution of their special edges are the same. Also, the invariant remains valid

since, in this case, p, = p, + 1, and the progress of vertex u is the same in both £, and £, .

. . . . s —pu—1
e Vertex v is a mixer vertex in £; and e is a real edge: in this case, label of v must be among |J;_*~ D,

as the only possible gadgets that add real edges between vertices of G,_,, and vertices of layers lower
than p,, are those to vertices in [ J;_} “~1 D,. Since the distribution of neighbors of vertices in Gr_p, to
Ui_t “~1 D, are the same, we assign the same label in £; to Lo for vertex v. Moreover, for the subtree
rooted at v, we assume that all labels remain the same since the label of v is identical at this point in
both £4 and Lo. Furthermore, the invariant remains valid since we have not used any special crossings

in labeling L.

e Vertex v is a mixer vertex in £; and e is a pseudo edge: in this case, we assign the same label in £
to Lo for vertex v. The reason is that the distribution of neighbors of vertices in G,_,, to any type of
label in layer lower than p, is the same if we ignore special pseudo edges. Moreover, for the subtree
rooted at v, we assume that all labels remain the same since the label of v is identical at this point in
both £; and L£5. Furthermore, the invariant remains valid since we have not used any special crossings

in labeling Ls.

e Edge e is a real edge which is not special and belongs to G_,,: since the distribution of neighbors of
vertices in induced subgraph of G,_, using real edges is the same if we ignore special crossings, we
randomly choose one of the real edge of u as the possible label for v in £5. Furthermore, the invariant

remains valid since we have not used any special crossings in labeling L.

e Edge e is a pseudo edge which is not special and belongs to G,_,,: since the distribution of neighbors
of vertices in induced subgraph of G_,, using pseudo edges is the same if we ignore special crossings,
we randomly choose one of the pseudo edges of u as the possible label for v in £5. Furthermore, the

invariant remains valid since we have not used any special crossings in labeling Lo.

It is also important to note that the number of non-singleton vertices in level L is at most O(n*~?%)

since there are at most O(n'*72~%) non-singleton vertices by Lemma 4.5.25. Since the total number of steps
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is at most |T|, the probability that the new labeling still forms a forest differs by a multiplicative factor of
at most (1 + O(n7==9))IT!, O

Proof of Lemma 4.5.38. By Observation 4.5.34, since v is not spoiled, then, the shallow subgraph of v is
rooted. First, we bound the failure probability of the event in Lemma 4.5.75. More specifically, we upper
bound the probability of having a path with at least » — 1 special crossings without any mixer vertex. Since
v is not a spoiled vertex, we have |T'(v)| < n®~29%. Therefore, the probability of having a path with » — 1

crossing without a mixer vertex is at most

60?20—6(€:?> (Since [T(0)] < n7=27)

5 20
= O (n(UL Tor ) (r— 1)> (Since d= @(’[’LUL*O'L—l))
5 20’L
=0 (nraL/4> (Since o, —or—1 > or/2and r —1>1r/2)
=0 (n(S 20L= 10/(4‘5)) (Since roy, > 10/0)
=0 (n‘s Zor— 2) (Since § < 1 and n is sufficiently large enough)
=0(n

Note that we condition on the labels of all vertices except those in the shallow subgraph of vertex v.
However, in the coupling described in Lemma 4.5.76, there is no such conditioning on vertex labels. Since
the total number of vertices whose labels we are conditioning on is O(n'~%T7%), the probability shift in each
step of the coupling in Lemma 4.5.76 is at most O(n'~9%7% /n) = O(nt~%). Also, we condition on the high
probability event of Lemma 4.5.75. Moreover, since the number of steps in the coupling is |T'(v)| — 1, the
total probability shift is upper bounded by

[T (v)] IT(v)| -1 IT(v)]|

(1407 )) 7 (14 07 ) T (140 ) < (14 0@ 0) T

where the inequality is followed by the fact that —1 < o — d, which completes the proof. O

Lemma 4.5.77 (Modification of Lemma 6.7 of [41] with Pseudo Edges). Consider the level £ of the hier-
archy. Let T be a rooted tree that is queried by the algorithm where the root of the tree is in {A,, By, D;}.
Also, suppose that we condition on having a mizer vertex on all paths that contain at least v — 1 special
crossings. Then, the probability of seeing the same tree is equal for all possible roots in {A,, B,,D,} up to
(1 + O(noe =N multiplicative factor.

Proof. Proof is the same as Lemma 4.5.76 with proper parameters for level /. O

Proof of Lemma 4.5.68. By Observation 4.5.61, since v is not #-spoiled, then, the ¢-shallow subgraph of v
is rooted. With the exact same argument as proof of Lemma 4.5.38, the failure probability of the event in

Lemma 4.5.75 is at most

- - 0—20p_1
0 ('5@) =0 (ndr—l> (Since [T (v)] < n®~27¢-1)
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(5 20’[ 1
=0 (o) (Since d = ©(n" 1))
—20
:O( ) (Since 0y — 0p—1 > 0¢/2 and r — 1 > 1/2)
nroe/4
=0 (n5 ke 10/(45)) (Since roy, > 10/6)
=0 (”6 2o 2) (Since 6 < 1 and n is sufficiently large enough)
=0(n

Note that we condition on the labels of all vertices except those in the ¢-shallow subgraph of vertex v.
However, in the coupling described in Lemma 4.5.77, there is no such conditioning on vertex labels. Since
the total number of vertices whose labels we are conditioning on is O(n!=%+¢-1), the probability shift in
each step of the coupling in Lemma 4.5.76 is at most O(n'=9%7¢-1 /n) = O(n¢-17?). Also, we condition on
the high probability event of Lemma 4.5.75. Moreover, since the number of steps in the coupling is |T'(v)|—1,
the total probability shift is upper bounded by

IT(v)] [T (v)|-1 IT(v)]

(14 0@+ =) T (14 07 =) - (14 0(n7h) < (1 O+ =0) T,

where the inequality is followed by the fact that —1 < oy_1 — §, which completes the proof. O

Lemma 4.5.78. Let C be a connected component consisting of inner edges, forming a tree, and assume
that C' contains no edges from E}"“”. Then, with high probability, the longest path in C, considering its

undirected edges, has a length of at most r — 1.
Proof. Proof is the same as Lemma 4.5.76 with proper parameters for level /. O

Lemma 4.5.79 (Modification of Lemma 6.7 of [41] with Pseudo Edges). Let C be a connected component
of inner edges corresponding to the edges of level lower than £ that is a tree such that there is no edge of
Ejﬁ”"” in C. Also, suppose that we condition on having a mizer vertex on all paths that contain at least
r — 1 special crossings. Then, the probability of seeing the same component is equal for both distributions up
o (1 + O(n7t—2=9))ICl multiplicative factor.

Proof of Lemma 4.5.67. Similar to the reasoning in the proofs of Lemma 4.5.38 and Lemma 4.5.68, the total
shift in the probability of the coupling is bounded above by

IC1-1

(1 +O(n26—30g71—1))|5‘ . (1 + O(nwfl_é)) . (1 + O(n‘”*l_‘;)) < (1 +O(n02’1_5))|6‘ 7

which completes the proof. O

4.5.8 Proof of Lemma 4.5.5

In this section, we complete the proof of Lemma 4.5.5.

Claim 4.5.80. With probability 1 — O(1/n), we have |Ei"™*"| = 0.
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Proof. First, note that by statement (iii) of Observation 4.5.42, we have 1 — g(¢) < 0. Therefore, applying

statement (ii) of Lemma 4.5.43, we obtain

Pr[Eilnner _ @] >1— O(nlfg(l))
>1-0(1/n) (Since g(1) > 2 by statement (iii) of Observation 4.5.42)
=1-o0(1).

O

Claim 4.5.81. With probability 1 — o(1), every connected component formed by queried edges at the base

level of the hierarchy is a tree.

Proof. By Claim 4.5.80, we know that |Ei"™°*| = 0 with probability 1 — O(1/n). Conditioning on this
event, we apply Claim 4.5.64, which states that with probability 1 — O(n=0t271+1001/02) — 1 _ (1), all
connected components formed by queried edges at the base level of the hierarchy are trees. This completes
the proof. O

Claim 4.5.82. Let Vi be the set of vertices for which the algorithm detects at least one incident edge at the
base level. Let v be an arbitrary vertex in V. The total number of level-1 edges between v and other vertices

of Vg, excluding level-1 edges discovered by the algorithm, is at most 6(1) with high probability.

Proof. By Claim 4.5.45, there are at most O(n'~%%71) vertices that have at least one level-1 edge. Hence,
we have [V| = O(n'=9%71). Consider all pairs of vertices where one element of pair is v and the other one
is from Vp \ {v}, excluding those the algorithm already queried. There are at most O(n'=9%1) such pairs,

and each of them has pn parallel ground edges, which means there are at most O(pn?~20+271)

total ground
edges between these pairs.

For a ground edge to be marked as a level-1 edge, it must be marked as a level-1 pseudo edge. Each
ground edge is independently marked as a level-1 pseudo edge with probability p;/(pn). Thus, the expected

number of level-1 pseudo edges between the corresponding pairs is at most

O (pn2_5+”1 : /)1) =0 (pin'~0F)
on

=0 (n_5+2"1) (Since p; = O(n°* 1))
<1 (Since ¢ > 207).

Since the expected number of such edges is smaller than one, the total number of level-1 edges between v
and other vertices of Vg, excluding level-1 edges discovered by the algorithm, is at most 5(1) with high
probability. O

Lemma 4.5.83. Suppose we condition on the event in Claim 4.5.80, where every connected component
formed by queried edges at the base level of the hierarchy is a tree. Let C1,Csy,...,Cy be the components of
the forest found by the algorithm at the base level of the construction on a graph drawn from Dygs. Then,
the probability of querying the same forest in a graph drawn from Dno is at least nearly as large, up to a

multiplicative factor of 1+ o(1).



4.5. EXTENSION TO ADJACENCY MATRIX 224

Proof. By Lemma 4.5.78, the longest path in any component has length at most » — 1. As a result, no path
within any component contains r — 1 special crossings, as defined in Definition 4.5.72. We aim to show that
the probability of observing the same set of components in Dygs and Dyo differs by at most a 1 + o(1)
multiplicative factor. Let £ represent a labeling in Dygs. We construct a corresponding labeling £’ in Do
and demonstrate that the probability of obtaining £’ is nearly the same as that of L.

We proceed by iterating over the components sequentially. Consider a component C. At each step, we
condition on the labels that have already been revealed in £’. If no edge within C' connects two vertices in
A, we assign the same labels in £’, as all other edges remain identical in both Dygs and Dno. Now, suppose
there exists an edge (u,v) such that u,v € A,. Removing this edge results in two separate components, C,,
and C,. In L', we assign u to A, and v to B,. The labels of C, and C, are then coupled according to
Lemma 4.5.79. This follows the same as the proofs of Lemma 4.5.67 and Lemma 4.5.68. Since each vertex
in the component is connected to at most (5(1) vertices with revealed labels, as stated in Claim 4.5.82, each
coupling step contributes at most a 5(1 /n) shift in probability. Since the total number of steps corresponds
to the number of edges queried by the algorithm at the base level of construction, which is O(n!=%+91)  the
overall shift in probability remains o(1). Therefore, we can couple the two distributions in such a way that
the probability of querying the same forest in both remains nearly identical, differing by at most a 1 + o(1)

multiplicative factor. O
Now we have all the tools to finish the proof of Lemma 4.5.5.

Lemma 4.5.5. For every § > 0 there exists € > 0 (i.e., € is only a function of §), take a deterministic sub-
linear algorithm that given a graph G drawn from D, produces an en-additive approzimation of the matching

size with probability % That is, the algorithm computes i(G) such that

Prp(G) —en < i(G) < p(G)] 2

[SCAR )

where the probability is over the graph G drawn from D. Then, the algorithm requires Q(n*~%) adjacency

matrix queries.

Proof. By Lemma 4.4.14, any algorithm that estimates the size of the maximum matching within an additive
error of en must be capable of distinguishing whether the input graph is drawn from Dygs or Dyo. Moreover,
Lemma 4.5.83 states that the distribution of outcomes observed by the algorithm differs by at most o(1)
in total variation distance between Dygs and Dyo. Consequently, with a probability of at least 1/3 over
the randomness of the input distribution, the algorithm cannot differentiate between the supports of the
two distributions. As a result, any deterministic algorithm that computes an estimate p for the size of the
maximum matching in G, satisfying
w(G) —en < i < p(G),

with probability 2/3 over the randomness of the input distribution, must have a runtime of at least Q(n?~9%).
O



Chapter 5

Applications of Sublinear Matching
Algorithms

In this chapter, we explore various applications of the sublinear matching problem. This includes using
sublinear matching in other settings of the maximum matching problem, such as the dynamic setting. We also
examine the applications of maximum matching and its closely related problem, the maximal independent
set (MIS), to several well-known problems, including the traveling salesman problem (TSP), Steiner tree,
and Steiner forest.

In Section 5.1, we study the dynamic matching problem and its connection to sublinear matching. More
specifically, for dynamic graphs, we prove that it is possible to achieve an approximation ratio of (almost)
2 — /2 ~ 0.585 with polylogn update time. In Section 5.2, we examine the traveling salesman problem
and present an algorithm for estimating the size of TSP in two special cases: (1,2)-TSP and graphic TSP.
Furthermore, in Section 5.3, we explore the relationship between the Steiner tree problem and sublinear
matching, designing a faster algorithm for estimating the size of a Steiner Tree. Finally, in Section 5.4,
we leverage sublinear algorithms for the maximal independent set problem to develop the first sublinear

algorithm for the Steiner forest problem.

225
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5.1 Maximum Matching in Dynamic Graphs

In this section, we prove the following results:

Theorem 5.1.1 (Formalized as Theorem 5.1.6). For any fized € > 0, there is an algorithm that maintains
a (2—+/2—¢) ~ 0.585-approzimation of the size of the maximum matching in poly(log n) worst-case update

time even against adaptive adversaries.

Theorem 5.1.2. For any fixed € > 0, there is a deterministic two-pass streaming algorithm that finds

(the edges of ) a (2 — /2 — €) ~ 0.585-approzimate mazimum matching using O(nlogn) space.

While much of the technicality of our work is on the dynamic algorithm of Theorem 5.1.1, both the

streaming algorithm of Theorem 5.1.2 and its analysis are simple and clean.

5.1.1 Technical Overview

In this section, we give a brief overview of the technical challenges in designing our algorithms. We start
with one of the existing algorithms for bipartite graphs and show why this algorithm does not perform well
when the input graph is non-bipartite. We then discuss the new ingredients that we incorporate into our
algorithm to achieve the same approximation ratio for non-bipartite graphs.

Let us consider the algorithm of Bhattacharya, Kiss, Saranurak, and Wajc [60] for bipartite graphs which
achieves a 0.585-approximation. Let b, be the capacity of vertex v. We define a b-matching to be a collection
of edges of E such that each vertex v has at most b, incident edges in the collection. Their algorithm has two
main building blocks: (1) maintaining a maximal matching M, (2) a maximal b-matching B, in the bipartite
graph between vertices of V(M) and V \ V(M). We let V(M) =V \ V(M) and let G[V/(M), V(M)] be the

induced bipartite graph between V(M) and V(M). Since B is between matched and unmatched vertices by
M, it becomes challenging to dynamically maintain B. This difficulty arises due to the fact that updates

in M result in vertex updates in G[V (M), V(M)], and currently, there is no known algorithm capable of
maintaining a matching under this type of update. To overcome this challenge, this algorithm uses the
sublinear matching algorithm of Behnezhad [34] to estimate the size of B. Then, it is possible to estimate
the size of the maximum matching of G as a function of only the sizes of M and B. For a specific value of
b =1+ v/2 and sufficiently large k, when the capacity of vertices in V(M) is k and the capacity of vertices

in V(M) is [kb] in the maximal b-matching, the algorithm achieves the approximation guarantee of 2 — /2.

First challenge: parallel edges in the b-matching. It is important to note that the algorithm of [60]
allows the b-matching to include the same edge multiple times. Consider the graph depicted in Figure 5.1.
In this particular instance, our maximal matching M contains only the edge (u1,us2). Furthermore, the set
B contains k duplicates of each of the two edges connected to us. Consequently, neither M nor B contains
the dashed green edge, which implies that the approximation guarantee cannot be better than 0.5. In this
example, it is vital for the algorithm to include unique edges in B instead of selecting an edge multiple times.

Since we store the b-matching explicitly in the streaming setting, it is easier to avoid including parallel
edges. In Section 5.1.2, we provide a novel analysis of this algorithm via fractional matchings which relies on

blossom inequalities. We prove that if we restrict the b-matching to pick each edge at most once, then the
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Uy us

U1 U2

Figure 5.1: This figure shows a non-bipartite graph such that if the algorithm allows multi-edges in the
b-matching, it fails to achieve a large approximation guarantee. In particular. The left figure is the input
graph. The right figure is a possible output of the algorithm. Here, the red edge denotes the maximal
matching M, the red vertices denote V (M), the blue edges show the maximal b-matching B, and the dashed
green edge is not in M U B. Moreover, the number of copies of each edge in B is written next to it.

algorithm indeed obtains a (2 — v/2)-approximation even for general graphs. More specifically, we construct
a fractional matching = such that, except for the edges of two matchings, the fractional value of all edges
is exceedingly small, i.e. O(g?). In the first matching, the fractional value of each edge is precisely 1 — 1/b,
while in the second matching, this value is at most 1/b. This characterization of the fractional matching, as
established in the analysis, helps to show that the blossom inequality holds for vertex sets of size at most
O(1/e). Consequently, we can utilize Proposition 2.2.5 to prove that M U B contains an integral matching
almost as large as the fractional matching.

However for the dynamic algorithm—specifically the part where the sublinear time algorithm of [34] is
used to estimate the size of the b-matching—it is important to allow parallel edges. To see why this is true,
note that the reduction from maximal b-matching to maximal matching relies on copying vertices with respect
to their capacity. With this approach, one edge might be included in the maximal b-matching multiple times.
To tackle this obstacle, we use the power of random greedy maximal matching when we find the maximal
b-matching. Let M{ be the maximum matching edges of G that has exactly one matched endpoint in M.
We show that for each edge e € M7, either it is included in B, or its capacity is saturated with many distinct
incident edges. It is not hard to see that the following process is equivalent to constructing random greedy
maximal matching: in each round, select one edge among the remaining edges uniformly at random, include
it in the maximal matching, and remove both endpoints of the edge from the graph. Now, consider an edge
e in the matching M. Let’s examine the rounds in which one of the incident edges to e is chosen. If among
these rounds, in many of them, the number of incident edges to e is small, then with high probability, at
least one copy of e is going to be included in B. On the other hand, if in most of the rounds, the number of
incident edges to e is large, we anticipate the copies to be distributed evenly. This is enough for us to show
that M U B contains a large matching via constructing a large fractional matching and exploiting blossom

inequalities in the analysis.

Second challenge: estimating the output size. The second challenge arises when attempting to
provide an estimate for the size of the maximum matching. Consider a graph that is a path of length three
and its middle edge is in M and another graph that is a triangle in which one of its edges is in M. Note that
|B| is equal in both graphs (including the duplicate edges), i.e. in both graphs |B| is equal to 2k since the
capacity of vertices in V(M) is 2k and we can use all their capacities. However, the maximum matching size
differs: the first graph has a maximum matching size of 2, while the second graph has a maximum matching

size of 1. Consequently, if the algorithm relies solely on the size of B to make its estimation, it cannot output
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a value greater than 1. This results in an approximation guarantee of 0.5 for the first graph.

Nevertheless, subgraph G[M U B] contains a large matching, i.e. in this example it contains all maximum
matching edges of the original graph. Thus, all we need is to accurately estimate u(G[M U B]), i.e. to (1 —¢)-
approximate u(G[M U B]), to obtain the estimation for the maximum matching of the original graph. On
the other hand, we cannot afford to construct the whole maximal b-matching B explicitly since we are using
sublinear algorithms to build B. Instead, we can access to incident edges of a vertex v by spending 5(n)
time using the sublinear algorithm of [34]. Additionally, since the maximum degree of subgraph G[M U B] is
a constant, the total number of vertices in a close neighborhood of vertex v is a constant. This characteristic
allows us to use maximum matching algorithms in the LOCAL model to estimate p(G[MUB]). By combining
the previous two ideas, we can develop an algorithm that estimates p(G[M U B]) within a factor of (1 — ¢)

in O(n) time, which we can afford.

5.1.2 Warm-up: The Two-Pass Streaming Algorithm

In this section, we introduce our two-pass streaming algorithm for general graphs. We adopt a well-
established framework (see [60, 140]) that has been commonly used in the literature for designing two-pass
algorithms to find maximum matchings. The algorithm operates by first identifying a maximal matching in
the initial pass, followed by obtaining a maximal b-matching in the subsequent pass. Specifically, during the
first pass, we find a maximal matching denoted as M within the graph G. We set b = (1 + v/2) and choose
a large integer k that we will specify later. Moving on to the second pass, we find a maximal b-matching B
in the bipartite graph G[V (M), V(M)] with a capacity of k and [kb] for the vertices in V(M) and V (M),
respectively. Crucially, we do not allow B to contain multiple copies of an edge. Finally, we output the
maximum matching obtained from the union of M and B.

Now let us discuss some of the key distinctions between our algorithm and the previous algorithms in this
framework, which contribute to achieving an approximation ratio of (2 — v/2) for general graphs. The first
notable difference lies in our approach to selecting the value of k. It is crucial to choose k sufficiently large in
our algorithm. This decision stems from the fact that if k is too small, many edges in the maximal b-matching
might not effectively contribute to augmenting the maximal matching M. To illustrate this, consider the
scenario where k = 1 and (u,v) € M. Now, for a vertex w € V (M), it is possible that both edges (u,w) and
(v,w) are included in our maximal b-matching. However, this inclusion of both edges does not lead to any
length-three augmenting paths, which are necessary for expanding the matching. To overcome this issue, it
becomes essential to let k£ be sufficiently large. By doing so, we can avoid the problem mentioned above and
ensure that the maximal b-matching includes edges that are truly beneficial for augmenting the maximal
matching in the second pass.

In our proof, we construct a fractional matching and utilize Proposition 2.2.5 to prove that M U B has
a large matching. It is worth noting that in a recent work by Bhattacharya, Kiss, Saranurak, and Wajc
[60], they also adopt the approach of selecting a sufficiently large value for k. However, a notable distinction
arises in the second pass of their algorithm, specifically during the computation of the maximal b-matching.
In their approach, they allow their algorithm to select an edge multiple times, whereas we do not. Allowing
multiple copies of the same edge can lead to a situation where an edge belonging to the maximal matching
has neighboring edges in the b-matching that are chosen multiple times, while certain other edges (i.e. edges

of the optimal matching M*) are not chosen at all. Consequently, this poses a challenge when attempting to
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construct a fractional matching that satisfies the blossom inequality for subsets of vertices with small sizes.
Our algorithm is formalized in Algorithm 18. In the rest of this section, we prove the approximation

guarantee of Algorithm 18.

Notation: Throughout this section, we let G = (V, E) be the original graph. We use M to show the
maximal matching that our algorithm finds in the first pass of the stream. Let V(M) be the endpoints of

M and V(M) =V \ V(M). Finally, let M* be an arbitrary maximum matching of G, M} = M*N(V (M) x
VD)), and Mg = M* 0 (V(M) x V(M)).

Algorithm 18: Two-pass Streaming Algorithm for General Graphs
1

Parameter: let b =1+ /2 and k be an integer larger than a3 -

First Pass: M <+ maximal matching of G. > Finding maximal matching
Second Pass: > Finding b-matching
Let B = 0.

for (u,v) € G[V(M),V(M)] where u € V(M) do
L if degp(u) < k and degp(v) < [kb] then

RO~ NS T N R R

LB(—BU(U,U).

®

return maximum matching of M U B.

Theorem 5.1.2. For any fized € > 0, there is a deterministic two-pass streaming algorithm that finds (the

edges of) a (2 — /2 — €) ~ 0.585-approzimate maximum matching using O(nlogn) space.

Proof outline: To prove the theorem, we construct a fractional matching z on M U B. In Claim 5.1.3,
we show the sum of z on M is at least (1 — 1) (|M3|+ 5 [M{]). In Claim 5.1.4, we show that the sum of «
on G[V(M),V(M)] is (almost) at least b% |M7|. As a result, we can conclude z has size (almost) at least
(2 — v2)u(G). In Claim 5.1.5, we show that (1 — &)z satisfies the conditions of Proposition 2.2.5 to prove
M U B has an integral matching (almost) as large as . Finally, we put all this together to complete the

proof.

First, we describe the construction of the fractional matching x on M U B. For all edges e € M, we let
2. =1— 3. For all the edges e € B\ M7, we let z, = ﬁ. Finally, for every edge (u,v) € BN M7 with
ueV(M)andv e V(M), welet z. = U:TW where t is equal to min(k —degg(u), [kb] — degg(v)). Informally,
for the analysis, we keep adding copies of (u,v) to B as long as B remains a b-matching. This is a key fact
in the proof of Claim 5.1.4.

Notice that any vertex in V(M) is adjacent to at most one edge from M and k edges from B. Therefore,
the sum of x on the adjacent edges in M is at most 1 — %, and the sum on adjacent edges in B is at most
k- [le] < 1. Similarly, any vertex in V(M) is adjacent to at most [kb] edges from B, and is not adjacent
to any edges of M. Therefore, the sum of = on the adjacent edges is at most [kb] - “3—“ = 1. Hence, z is a

fractional matching.
Claim 5.1.3. It holds that x(M) > (1 — 1) (|M3] + 3 [M{]).

Proof. Consider the vertices of V(M) and how they are covered by the edges of M*. There are three

possibilities: the vertex is also covered by Mj7; the vertex is also covered by Mj'; or the vertex is not covered
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by M*. Notice that there are |M;| vertices of the first type, and 2|Mj| of the second type. Therefore, it
holds:
(V(M)| = [M{| +2[M;],

and since |[M| = 3 |V(M)]:
[M| = |M3] + 5 |M1|

Given that the value of z on the edges of M is 1 — %7 the claim follows. O
Claim 5.1.4. It holds that x(B) > (1 — zs)bJ%1 | M.

Proof. First, we introduce some definitions. For every edge e € B define ¢, equal to z, - [kb], i.e. t. is an

integer such that z, = Wﬂ Also, define t(u) as the sum of ¢ on its adjacent edges, that is:

> te

ecdp(u)

Notice, for every u € V(M), it holds that t(u) < k, and for every v € V(M), it holds that ¢(v) < [kb].
Furthermore, for every (u,v) € M with v € V(M) and v € V(M), it holds that t(u) = k or t(v) = [kb].
We use a charging argument. We order the edges of B arbitrarily as ej,...,en, and let B; be the set of

first ¢ edges. With respect to B;, we define a potential ¢; on every edge (u,v) € My with u € V(M) and

veV(M): Z Z
te te

e€dp. (u e€dp. (v
¢i(u,v) = max <0, () ) EFl;l(ﬂ) )

k

which is equal to the maximum fraction of the used capacity on its endpoints. We also let:

¢i = Z ¢i(u,v).

(u,v)eM;

For an edge e;, we charge it ¢; = ¢; — ¢;—1. For each edge e;, it holds that ¢; < ., - (% + ﬁ) Because

€q

it is adjacent to at most two edges of M7, and it can increase the potential on either one by at most tk and

(tkelﬁ respectively. Therefore, we have:

oN = i:;c < ( [kb}) Zt (5.1)

It also holds that ¢ (u,v) =1 for every (u,v) € M;. To show this, we examine two cases. If (u,v) € B,
that is (u,v) = e; for some ¢, then ¢;(u,v) is equal to one for all j > 4. If (u,v) ¢ B, then at the point in the
stream that (u,v) arrived, at least one endpoint must have been saturated by the edges of B, i.e. ¢;(u,v) is

equal to one whenever B; includes all the adjacent edges (u,v) in B. Therefore, we have:

on = |M{]. (5.2)
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Putting (5.1) and (5.2) together we get:

il < (5 + g ) e

or equivalently:

k- [kb] _ k+kb  [kb] [kb]
Ztel_ml%l m.b—f—l‘Mﬂ_(l_ )b+1|M1‘

it follows:

Given the fact that z(e;) = Ttkegj ,

1 N
i (1— M O
[kb] ; 8b+1‘ il

Claim 5.1.5. M U B contains an integral matching of size (1 —)? >, ..

Proof. To prove the statement, we show that (1 — ¢)z satisfies the conditions of Proposition 2.2.5. That is,
we prove z satisfies z(S) < {@J for every vertex set S C V of size at most % Notice that since (1 — )z is
a fractional matching the inequality holds for any set S with an even size. Also, notice that if x satisfies the
inequality for a set .S, then so does (1 — &)x. This leaves us with one case.

Take a vertex set S of size equal to 2s+1 < % such that = does not satisfy the condition, i.e. s < z(5) <
s+ 1. For any edge e € M, we have z. < 1 — l , for any edge e € BN M7, we have z. < 3 L and for any edge
e € B\ M, we have x, < . Given the fact that there are at most s edges of M and B N M7 in S, we

f
can conclude:

:v(S)::r(M)—I—:c(BﬂMf)—i-:E(B\Ml*)

(1—)|M|+ |BmM1|+( ]|S|

<(i-Y)srlsr L1

= b)) T8 Thd) 22

<s+¢ (kzbe%)

Therefore, we have:
1—e)z(S)<(1—e)(s+e)<s+e—sc—¢e?<s—e

The claim follows from applying Proposition 2.2.5 to (1 — ¢)z. O

Proof of Theorem 5.1.2. First, we use Claims 5.1.3 and 5.1.4 to show >__ z. > (1 —¢)(2—v/2)u(G). It holds
that:

Zwe =x(M) + z(B)

e

1 o1 1 .
> <1 - b> (|M2 + 3 | M7 |) +(1— 8)b+ 1 | M| (Claims 5.1.3 and 5.1.4)
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> -9 |(1-5) 1+ (5 - 55+ 57 ) 131

Sincebzl—i—\/i,wehave1—%2%—%—}—?11:2—\@. Therefore,

Dowe = (=)= V2)(IMT| + [M5]) = (1 - £)(2 = V2)u(G).

To complete the proof, we note that by Claim 5.1.5, M U B contains a matching of size (1 —)3(2 —
V2)u(G) > (1 —¢€)® - 585 - u(G). Also, Algorithm 18 stores O(n) edges for M and O(npoly 1) edges for B.
Hence, it uses space O(n poly é) Replacing ¢ by £ gives the theorem. O

5.1.3 The Fully Dynamic Algorithm

In this section, we show how we can turn our two-pass streaming algorithm in Section 5.1.2 into a fully

dynamic algorithm with polylogarithmic update time. More formally, we prove the following theorem.

Theorem 5.1.6. For any £ > 0, there is a fully dynamic algorithm that maintains a (2 — /2 — ) ~ 0.585-
approximation of the size of mazimum matching in 2P°Y (/%) . poly(logn) worst-case update time in general

graphs. The algorithm is randomized but works against adaptive adversaries.

Prior to delving into the algorithm and proofs, we define a setting known as a semi-dynamic setting. In
this context, an algorithm A is categorized as semi-dynamic if it only generates an estimation of the maximum
matching size when prompted with a query. By known reductions [32, 60, 137], such semi-dynamic algorithms
can be transferred into fully dynamic algorithms that are capable of maintaining the maximum matching

size continuously and not only upon receiving a query. The following lemma from [32], formalizes this:

Proposition 5.1.7 (Lemma 4.1 in [32]). For a fully dynamic graph G and ¢ > 0, suppose there is a data
structure A that takes U(n) worst-case time per update to G and provides an estimate [ in Q(n,€) time upon
being queried, satisfying a- u(G) —en < E[pn] < u(G). Then, there exists a randomized data structure B that
maintains an estimate 11’ such that, throughout the updates, (a—¢€) - u(G) < i’ < u(G) with high probability.
Additionally, B has a worst-case update time of O ((U(n) + Q("TEQ)) - poly(logn, 1/5)). Moreover, if A can

handle an adaptive adversary, then B can as well.

The proof of the aforementioned lemma is built upon the concept of “vertex sparsification,” which has
been previously used in the literature [19, 137]. In this work, we show that there is a semi-dynamic algorithm
that for any general graph G achieves U(n) = poly(logn), Q(n,e) = n-2P°¥(1/¢) .poly(logn), a = 2—/2, and
works against adaptive adversaries. Plugged into Proposition 5.1.7, this implies our desired Theorem 5.1.1.

The first step to design such a dynamic algorithm is to simulate the first pass of the original streaming
algorithm. The problem of maintaining maximal matching in a dynamic setting has been extensively studied
in the field and there exists a rich literature that leads to fully dynamic algorithms with polylogarithmic
update time (see [31, 49, 170]). We use the following result as one of the building blocks of our algorithm.

Proposition 5.1.8 ([31]). There exists a data structure that maintains a mazimal matching in o fully

dynamic graph with poly(logn) worst-case update time against an oblivious adversary.

In order to simplify our algorithm, we incorporate the assumption of having an oblivious adversary as

stated in Proposition 5.1.8. However, it is important to note that this assumption is only employed at this
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specific point in the outline of our algorithm. Toward the end, we will explain how we can eliminate this
assumption.

Let M be the maximal matching that we maintain and H be the induced bipartite subgraph between

matched and unmatched vertices, i.e. GV (M), V(M)]. To simulate the second pass of our streaming algo-
rithm, we incorporate a sublinear algorithm for estimating the size of the maximum matching. A similar
approach was utilized in [32, 60] to achieve an equivalent approximation ratio for bipartite graphs. For
a more comprehensive understanding of the reduction from a dynamic matching algorithm to a sublinear
matching algorithm, refer to [32, 60]. In the second pass of the streaming algorithm for bipartite graphs,
even if we select the same edge multiple times in the maximal b-matching, we can still demonstrate the same
approximation guarantee. However, when dealing with general graphs, it is necessary to choose distinct
edges in order to attain a significant approximation ratio. Let B be a maximal b-matching in H. In Sec-
tion 5.1.2, we proved that M U B contains a 0.585-approximate matching. A second technical challenge arises
at this point. Unlike the algorithm presented in [60] for bipartite graphs, where the size of B is adequate for
estimation, we now need to estimate the size of the maximum matching of M U B accurately. More formally,
we need a (1 — ¢)-approximation of u(G[M U B]) to achieve our approximation guarantee.

Our primary technical contribution in implementing our two-pass streaming algorithm in the fully dy-
namic setting involves addressing the above two challenges. If we are not restricted in selecting distinct edges
for maximal b-matching, we can simplify the process by creating multiple copies of V(M) (specifically, [kb]
copies) and V(M) (k copies). This reduction allows us to convert the maximal b-matching into an instance
of maximal matching, for which we already have a fast sublinear algorithm available [34] (similar to the

approach used in [60]).

Proposition 5.1.9 ([34, 32]). Lete > 0, v be a random vertex in graph G, and 7 be a random permutation
over edges of G. There exists an algorithm that determines if v is matched in GMM(G, ) that works in
6(n/£) expected time with a success probability of 1 — . Moreover, if v is matched, the algorithm returns

the matching edge.

However, with this reduction, the possibility of selecting an edge multiple times arises, preventing us from
obtaining the desired approximation guarantee for general graphs. It is worth noting that the algorithm in [34]
estimates the size of the randomized greedy maximal matching. To overcome the aforementioned challenge,
we leverage the observation that when we run the randomized greedy maximal matching on the maximal
b-matching instance, each edge in M7 will either be selected at least once or has one endpoint that is nearly
saturated with distinct edges in the maximal b-matching. This observation allows us to achieve the same
approximation guarantee, disregarding some dependence on ¢.

For the second challenge, we need to design an oracle that, given a vertex v as input, can determine
whether v is part of an approximately optimal maximum matching of M U B. We will then apply this oracle
to several randomly selected vertices to estimate u(G[M U B]). To design the oracle, we can exploit the fact
that the maximum degree of G[M U B] is constant. This enables us to utilize existing LOCAL algorithms
for maximum matching, as the number of vertices within a bounded distance from the queried vertex is at

most a certain constant.

Proposition 5.1.10 ([120]). For e > 0, there exists a O(e~3log A)-round LOCAL algorithm that outputs

(1 — &)-approzimate mazimum matching in expectation.
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Note that we do not have direct access to the adjacency matrix of graph G[M U B]. However, we can
utilize Proposition 5.1.9 to identify all the maximal b-matching edges of a vertex v. This allows us to obtain
the neighbors of v in M U B within a time complexity of 0. (n). Consequently, by spending 65(71) time, we
can obtain all the vertices that are at a distance of O(¢~2log A) from a given vertex.

In the rest of this section, we provide formal proof of the approximation guarantee and running time of
Algorithm 19.

Notation: Throughout this section, we let G = (V, F) be the original graph that undergoes edge deletion
and insertion. We use M to show the maximal matching that our algorithm maintains. Let V(M) be the
endpoints of M and V(M) = V \ V(M). Let H :== G[V/(M),V(M)] and H be the graph constructed by
having k copies of vertices of V(M) and [kb] copies of M. Additionally, let B denote the random greedy

maximal matching of H and B be the corresponding b-matching on H. Finally, let M* be an arbitrary
maximum matching of G, M7 = M* N (V(M) x V(M)), and My = M* N (V(M) x V(M)).

Algorithm 19: Semi-Dynamic Algorithm for General Graphs

1 Let M be the maximal matching of G that we maintain using Proposition 5.1.8.

2 Let H = G[V/(M),V(M)], and H be the auxiliary graph based on H (H is not constructed
explicitly).

Let 7 be a random permutation over edges of H (7 is not constructed explicitly).

w

4 Let B be a random greedy maximal matching on H with respect to 7, and let B be the

corresponding b-matching on H (E and B are not constructed explicitly).

5 Sample r = 24¢~2logn random vertices vy,...,v, from V.

6 Let X; be the indicator variable for the event that v; is matched in the (1 — ¢)-approximate
maximum matching of M U B computed via Proposition 5.1.10.

7LetX=Z;:1Xiandﬁ:%_%.

Approximation Ratio

This subsection is devoted to proving the following claim, that is, G[M U B] approximates the maximum

matching of G.
Claim 5.1.11. It holds that (2 — /2 — &)u(G) < E [u(G[M U B])] < u(G).

Remark 10. Throughout this subsection, to make the proof more simple, we assume that M is a mazimal
matching in G, and B is a mazimal b-matching in H. Whereas, M 1is an almost mazimal matching and
the edges of B may be “missed” with probability €. Toward the end, we show how these assumptions can be
lifted.

To prove the claim, we adopt a similar strategy to Section 5.1.2. We construct a large fractional matching
x on M U B and then show M U B has an integral matching almost as large as x. Finally, we conclude that
#(G[M U B]) approximates ((G). Since we now allow B to contain multiple copies of each edge and G may
be non-bipartite, the same argument no longer works. However, we can show that B has certain properties

and the claim still holds. We prove:

Claim 5.1.12. For every edge e € M7, the following holds with probability at least 1 — e: Either e appears
in B, or for an endpoint u of e, there exists a multiset of edges F C B such that |F| > (1 — 2¢)b(u) and
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no edge appears in F more than £3[kb| times. Where b(u) is the capacity of u in the b-matching, i.e. k if

u € V(M) and [kb] if u € V(M).

We can view the process of finding a random greedy maximal matching in H as follows: In each step, a
corresponding copy of edge (u,v) € H is picked with probability proportional to its weight w(u, v) = r(u)r(v).
Where r(u) is the number of remaining vertices in H corresponding to u. Afterward, both endpoints are
deleted from H. Note that r(u) can also be regarded as the unused capacity of w.

Now, we fix an edge (u,v) in M7 and define the edge set I C E(H) equal to (u,v) plus the set of edges
adjacent to (u,v), and let I’ = I\ {(u,v)}. The process alternates between picking an edge from I and
picking a number of edges from E(H) \ I. We focus on the steps where an edge from I is picked and model
the steps that happen outside of I with an adversary. Note that this adversary does not really exist. It only
represents the complex process of picking edges from E(H) \ I.

More formally, we model the process with a chain of steps, each composed of two parts. The first part
corresponds to picking edges from E(H) \ I, and the second part corresponds to picking an edge from I. In
the first part, the adversary is given the number of times each edge of I has been picked so far, hereafter
referred to as the load of the edges. It will then decide the weights w on I’ for the next part (the weight
of (u,v) is uniquely determined by the load of the edges in I). In the second part, one of the edges in I is
picked at random with probability proportional to its weight.

Note that in the original process, the weights w should satisfy certain constraints. For example, the
weights should be non-increasing throughout the process and the weight of any edge (u',v’") should be
determined by the underlying values r(u') and r(v’) which in turn have constraints of their own based on
the loads. We allow for a stronger adversary by disregarding many of these constraints and imposing only a

few of them. For now, we impose:
1. In every step, every edge has an integer weight in [0, k - [kb]]; and

2. the total weight of I’, hereafter referred to as w(I’), is non-increasing throughout the process (this

implies the total weight of I is also non-increasing since w(u,v) is also non-increasing).

As a first step in proving Claim 5.1.12, we show the following claim is true. It roughly states that if in
many steps, (u,v) has a large weight compared to the total weight of I, then (u,v) is likely to be picked by

the process.

Claim 5.1.13. For an edge (u,v) € M with uw € V(M) and v € V(M), considering the prefix of steps

where r(u) > ek and r(v) > e[kb], if there are more than s = 210%# steps where w(I') is less than

W = |e*| - k- [kb], then (u,v) is picked with probability at least (1 — ¢).

Proof. Notice that since 7(u) > ¢k and r(v) > e[kb], it holds that w(u,v) > €%k - [kb]. Also, w(I’) is at
most W in s of the steps. Therefore, the probability that (u,v) is not picked in any of these s steps is at

g2 - k- [kb] 3 e70\° 50
— 7)) < - < — <e.
(1 62-Mkb1+w> —(1 2) —e"p< 2 )“5 -

To complete the proof of Claim 5.1.12, we restrict our attention to the cases where the probability of

most:

(u,v) being picked is smaller than (1 — €). Therefore, due to Claim 5.1.13 we can assume that among the
steps where r(u) > ek and r(v) > e[kb], all but 2% of them have w(I’) larger than |e~*]| - k - [kb].
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We call them the early steps. Note that these steps form a prefix of the steps since w(I’) is non-increasing
throughout the process. We prove that, as a result, with probability (1 — ) the maximum number of times
an edge of I’ is picked in these steps is at most e3[kb]. Intuitively, since w(I’) is very large, we expect each
edge to be picked £* fraction of the time, and no edge has the chance to be picked many times, say an &3
fraction of the time.

To prove this, we characterize the adversary that maximizes the probability of the maximum load being
larger than T = e3[kb] after the early steps. We use 7 to denote this probability and we call an adversary
optimal if it maximizes 7. We say an adversary is greedy if in the early steps, it assigns weight k - [kb] to
the Le_ﬂ edges that have the highest loads (breaking ties arbitrarily), and assigns zero weight to the others,
i.e. w(I') is exactly equal to W and it is distributed among the edges with the highest loads. Claim 5.1.14
states that the greedy adversary is optimal. Informally, we are stating that the worst thing that can happen
is that the w(I’) is always equal to W in the early steps and the weight is concentrated on the edges with

the highest loads. Throughout the proof, we assume (u,v) is never picked.
Claim 5.1.14. Among the adversaries that satisfy the following conditions:
1. In every step, every edge has an integer weight in [0,k - [kb]];
2. w(I') is non-increasing throughout the process; and

3. for all but 2'°23/9) many of the steps such that r(u) > ek and r(v) > e[kb], we have w(I’) larger than

£6

W = LE_4J k- [kb];
the greedy adversary is optimal.

Proof. Let |I'| = q. Let Iy > Iy > ... > [, be the loads of the edges so far. We refer to the multiset of
loads as the load profile. Note that for an optimal adversary, 7 depends only on the load profile and it
does not matter exactly which edge has which load. We use J to denote the set of the LE*‘LJ edges with
the highest loads. An adversary is greedy if it sets w(J) = W and w(I’ \ J) = 0 in every step. This way,
an edge from J is picked uniformly at random in every step and no other edge is ever picked. We refer to
the L€*4J highest loads as the upper load profile. For the greedy adversary, 7 depends only on the upper
load profile. We say an upper load profile Lgl) > Lgl) > .2 L(Li)*‘l | dominates another upper load profile
P >0 > ... > L, if for all i, it holds that L{" > L{”. When L) dominates L2 and the adversary
acts greedily, starting from a L(!) leads to a higher value of 7 than starting from L(2).

We prove the claim by induction on the remaining number of early steps, n. For n = 1, the claim is
trivial. Since there is only one step remaining, 7 is maximized when the edges with higher loads have the
maximum probability of being picked. Therefore, given any weight assignment, if there is an edge e ¢ J
with positive weight, we can either transfer some of e’s weight to J (when w(J) < W), or delete some of e’s
weight (when w(J) = W), and 7 would grow.

For n > 1, we can assume by induction that whatever happens in this step, from the next step forward,
it is optimal for the adversary to act greedily. Therefore, for the adversaries we examine in the rest of this
proof, we assume they act greedily after the current step. Now, take any non-greedy weight assignment w.
Given that the weights are set to w in this step, let 7(w) be the probability that after the early steps finish,
the maximum load is larger than T = e3[kb]. We alter w slightly to obtain a weight assignment w’ such

that 7(w’) > 7(w) (where 7(w’) is defined similarly to 7(w)). There are two cases.
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First, consider the case where w(J) < W. In this case, there must be a an edge e ¢ J with w(e) > 0,
since we have w(I’) > W. Take such an edge e with the lowest load. Also, there must be an edge ¢’ € J
with w(e’) < k- [kb], otherwise it would have held w(J) = W. We transfer a unit of weight from e to €.
That is, we define w'(e) = w(e) — 1, w'(e’) = w(e) + 1, and let w’ be equal to w for every other edge. To
show 7(w’) > 7(w), loosely we can say that except for the instances where e’ is picked instead of e, the two
weight assignments lead to the same outcome. Therefore, we only need to show that ¢’ being picked instead
of e in this step, leads to a better chance of the maximum load exceeding T in the rest of the early steps.
This is intuitively true because e’ has a greater load than e.

Formally, each of these two weight assignments leads to a process of n steps. We introduce a coupling
for them as follows: Consider an outcome of the first process, starting with weights w. If the first process
has picked e in the current step, then with probability ﬁ (i.e. overall probability ﬁ) we assume the
second process picks e’ in this step and carries on independently of the first process (this corresponds to the
alteration in the weight assignment). Otherwise, we let the second process have the exact same outcome
as the first process. It can be easily seen that the second process created here, has the same outcome
distribution as an independent process that starts with weights w’.

To show 7(w') > 7(w), it suffices to prove that when €’ is selected in this step, then the probability
of the maximum load going over T" in the next n — 1 steps is larger than when e is selected. Because the
adversary acts greedily in the next steps, we only need to examine the upper load profiles. Let L be the
current upper load profile, let L") be the upper load profile resulting from picking e, and L) be the upper
load profile resulting from picking /. We use 7(L(") to denote the probability of the maximum load going
over T after the next n — 1 steps are carried out with the greedy adversary, when the initial load is L(*). We
define 7(L®) similarly. We need to show 7(L?) > r(L®). Let vy be |e~*|-th highest load, i.e. l|.-4| = 7.
We consider two cases. If l[(e) < v — 1, then when e is picked the upper load profile does not change, i.e.
LM = L, since there are already L5*4J edges with load larger than L. Meaning that picking e is as good
as picking no edges this round because it will not change the upper load profile. Also, L(?) dominates L.
Therefore, L®) dominates L), and as a result 7(L(?) > 7(LM).

Now, consider the case where [(e) = 7. In this case, if e is picked, then I(e) becomes v + 1. As a result,

in the upper load profile, an element ~ is replaced with v + 1. That is, we have:
LY =L\ {i(e)yu{i(e)+1} and L@ =L\ {l()}U{i(e)+1}

In Claim 5.1.15, we prove that 7(L(®)) > 7(L()). To apply Claim 5.1.15, note that I(e’) > I(e). This
completes the proof of 7(w’) > 7(w) for when w(J) < W.

The claim follows similarly when w(J) = W. There must be an edge e ¢ J such that w(e) > 0, otherwise
the weight assignment would indeed be greedy. Take such an edge e with the lowest load. We define
w'(e) = w(e) — 1 and let w’ be equal to w on all the other edges. For the coupling, when the first process
picks edge e, with probability ﬁ the second process will randomly pick an edge from I’ with probability
proportional to w’. Otherwise, we let the outcomes be the same. We still have to examine two cases where
I(e) <y —1and I(e) =v. Note that in the case where another edge €’ is selected instead of e, it holds that
I(e) > l(e).

By a series of the two types of alterations we have discussed, w can be transformed into the greedy

assignment of weights. As proved above, with each alteration, 7 will not decrease. Therefore, the greedy
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adversary is optimal for this step as well. This completes the step of the induction and concludes the

proof. O

Claim 5.1.15. Let Lq,...,L|c-4) be an upper load profile. Let i and j be indices such that L; > L; and
define
LW ={Ly,....Ly,....,Lj+1,...,L -4},

and
L® ={Ly,...,Li+1,....Lj,...,Ljc—4) } .

Then it holds that T(L®) > 7(LM). Where 7(L) denotes the probability that the mazimum load exceeds T

after n steps are carried out with the greedy adversary.

Proof. We prove the claim by induction. For n = 0, it holds trivially since the maximum element of L is
at least as large as the maximum element of L), For n > 0, if L; = L;, then LM and L® are the same
multisets. Hence 7(L(M)) = 7(L(?).

If L; > L;, we consider the two processes starting with LW and L@, and couple them so that they pick
the same index in the first step and carry on independently. Let the chosen index be p, by which we mean
the edge with a load equal to L, has been picked. This leads to two new upper load profiles L®) for the
first process, and L™ for the second process. Also, define another upper load profile L’ which is equal to
L, except for L;, which is equal to L, + 1. Then, L’, L®) and L™ satisfy the conditions of the claim, with
the same indices 7 and j. Therefore, by induction, we have 7(L*) > 7(L(®). Hence, whatever happens in
this step, the second process has a greater chance of exceeding the threshold. This completes the step of the

induction and concludes the proof. O
With the help of Claim 5.1.14, we can prove Claim 5.1.12.

Proof of Claim 5.1.12. Take an adversary and some edge (u,v) € M;. If (u,v) is picked with probability at
least (1 — ¢) then the claim holds. Therefore, we can assume that (u,v) is picked with probability smaller
than (1 —¢€). As a result, due to Claim 5.1.13, we can assume that the adversary lets the total weight be
larger than W = |e=*| - k- [kb] for all but s = 210%7}5/5) steps where r(u) > ek and r(v) > e[kb]. That is, the
adversary satisfies the conditions of Claim 5.1.14. Now, we bound the probability that the maximum load
after these steps is larger than T = £3[kb]. Since we have already established that the greedy adversary is
optimal, it suffices to bound the probability for the greedy adversary.

By the characterization of Claim 5.1.14, a fixed set L€_4J edges of I’ have positive weight in all the
early steps. This reduces the problem of bounding the maximum load to an instance of the balls into bins
problem. The probability that a fixed edge e € I’ is picked in a fixed set of T early steps, is at most
(%)T = (LEEALJ )T. Because the weight of each edge is exactly k - [kb] and the total weight is at least
W. Therefore, by taking the union bound over all the possible edges and sets of early steps (there are at

most k 4 [kb] < 2[kb] steps), the probability that any edge is picked in more than T early steps, is at most:

() (5 )T (7 )T =) (o )T
)2y
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_ <4;£@)T264

< (466)63 [kb]9g—4

AN

E.

Where the first inequality holds since (}) < (%)k, and the last inequality holds for small enough & since
kE>e 8.

Now, assuming (u,v) was not picked during the process, we construct F'. Take the endpoint z of (u,v)
that first violates r(z) > eb(z). Before this inequality is violated, there must be at least (1 — £)b(z) steps
where an edge adjacent to z is picked. At most s = logi# < ek < eb(z) of these steps have total weight
smaller than W, meaning that the rest of them are early steps. Therefore, if we just let F' equal to the edges
adjacent to z that are picked in the early steps, it holds that |F| > (1 — 2¢)b(z). Also, as proved in the
last paragraph, with probability (1 —¢) no edge appears in F more than ¢3[kb] times. This concludes the
proof. [

Now, we can define the fractional matching x on M U B. Recall that we have fixed a maximum matching

M* of G, and let M; = M*N(V(M) x V(M)). For every edge e € B\ M7, let t. be min(e3[kb], B.), where
B, is the number of occurrences of e in B. For every edge (u,v) € BN M with u € V(M) and v € V(M),

we define:

te=min |k— > te,[kb]— >t

e’ €65 (u)\ M} e’ €85 (v)\ My

As a result, for every edge e in B\ M7 we have t, > ¢®[kb]. Finally, for e € B, we define

and for e € M, we define xezl—%.

Claim 5.1.16. For every edge (u,v) € M{ with w € V(M) and v € V(M), with probability (1 — ¢) it holds
that t(u) =k or t(v) = [kb].

Proof. The claim follows from Claim 5.1.12. When (u,v) is picked in B, the claim holds by the definition of
t(uw)- When (u,v) is not picked in B, the claim follows from the existence of multiset F' C B as stated in
Claim 5.1.12. O

Claim 5.1.17. It holds that E [z(B)] > (1 — 45)bJ%1 | M.

Proof. The charging argument that we use is quite similar to that of Claim 5.1.4. We repeat the proof in its
entirety for the sake of completeness. Order the edges of B arbitrarily as eq,...,en, and let B; be the set
of first 7 edges. With respect to B;, we define a potential ¢; on every edge (u,v) € My with u € V(M) and

veV(M): Z Z
te te

e€dp,; (u) e€dp, (v)

k0 k] |’

¢i(u,v) = max
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which is equal to the maximum fraction of the used capacity on its endpoints. We also let:

¢i= >, ¢ilu,v).

(u,v)eM;

For an edge e;, we charge it ¢; = ¢; — ¢;_1. For each edge e;, it holds that ¢; < t., - (% + ﬁ) Because
it is adjacent to at most two edges of M7, and it can increase the potential on either one by at most t% and

% respectively. Therefore, we have:
N

éN = Z ¢ < ( kb}) Ztel. (5.3)

We call an edge (u,v) of M; with u € V(M) and v € V(M), saturated if it satisfies t(u) > (1 — 2¢)k or
t(v) > (1 —2¢)[kb], i.e. if it satisfies ¢ (u,v) > (1 —2¢). If we let X be the number of saturated edges, then
by definition it holds:

on > (1 —2e)X. (5.4)

Putting (5.3) and (5.4) together we get:

@ -2x s (b ) S

or equivalently:

Dt =01 —25)]%)( =1 _25)% . lf’fTleX > (1 — 30 8y

Due to Claim 5.1.16, each edge in M7 is saturated with probability at least (1 — ¢). Therefore we have

E [X] > (1 —¢) |M7]|. Given the fact that z(e;) = |'kb'|7 it follows:
Y 1 1
E (1- E[X]> (1 —4e)—— |M7|.
(8] = B |2 ] 3) g BIX] > (1 - o) |y 0

Claim 5.1.18. It holds that x(M) > (1 — 1) (IM3] + 5 [M;]).
Proof. The proof is identical to the proof of Claim 5.1.3 and thus we omit it. O
Claim 5.1.19. M U B contains an integral matching of size (1 —£)*>"_ xe.

Proof. The proof is very similar to that of Claim 5.1.5. The claim follows from Proposition 2.2.5 since the

value of the fractional matching is at most 1 — § on M, § on BN M, and € on B\ M. O

Proof of Claim 5.1.11. First, we use Claims 5.1.17 and 5.1.18 to show E 3", ] > (1 —€)(2 — vV2)u(G). Tt
holds that:

E er] =z(M) + E [2(B)]
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1
> <1 - b) (|M2 |+ = |M1 |> +(1- 4€)b+ 1 | M| (Claims 5.1.17 and 5.1.18)

> (1 - 4e) Kl—i) M2*|+(; 2b+bi1>|Mf]

Sincebzl—f—\/iwehavel—%:%—%—i—%—2—[ Therefore,

Zme] (1 - 4e)(2 = VR (M| + [M3]) = (1 - 42)(2 — VD)u(G). (5.5)

To complete the proof, we note that by Claim 5.1.19, M U B contains a matching of size (1 —)?(1 —
4e)(2 = V2)u(G) = (1 — 6¢) - 585 - u(G). Replacing e by £ concludes the proof. O

Lifting the Assumption That the Adversary is Oblivious and M is Maximal

Thus far, we have taken M to be a maximal matching that we maintain. For this to be possible, we have
relied on the assumption that the adversary is oblivious. Notably, this is the only place where we use this
assumption. It is an open problem to maintain a maximal matching against an adaptive adversary within
a poly(logn) update time. Therefore, to resolve this issue, we lift the assumption by taking M to be an
almost maximal matching instead, meaning M is a maximal matching if we ignore ¢ - u(G) vertices. There
are existing algorithms that can maintain an almost maximal matching against an adaptive adversary in

poly(log n) worst-case update time [60, 172].

Proposition 5.1.20. There exists a data structure that maintains an almost mazximal matching in a fully

dynamic graph with poly(logn) worst-case update time against an adaptive adversary.

It remains to show that the approximation ratio does not suffer, i.e. Claim 5.1.11 holds even when M is
an almost maximal matching. Note that we have only relied on the fact that M is maximal when we use
| M|+ |M5| = p(G) in (5.5). When M is an almost maximal matching, we have |M{| 4+ |M5]| > (1 —¢)u(G)
instead. Hence inequality (5.5) still holds with an extra factor of (1 —¢).

Lifting The Assumption That B is Maximal

We have analyzed the algorithm so far assuming that it has access to B, a maximal matching H. However,
as stated in Proposition 5.1.9, each edge of B is “missed” with probability €. As a result, E [u(G[M U B])]
is going to suffer a factor of (1 —¢). Because if we fix any matching in M U B, then the algorithm will
successfully find each of its edges with probability (1 — ¢). Assuming B is a maximal matching we have
proved E [u(G[M U B])] > (1 — O(¢))(2 — V2)(|M{| + |Ms]). Therefore, when the edges are missed with
probability ¢, inequality (5.5) still holds with an extra factor of (1 — ). Therefore, Claim 5.1.11 is true.

Implementation and Update Time Analysis

In this subsection, we provide the implementation details and the runtime analysis of Algorithm 19. To

facilitate the analysis, we break it down into several smaller parts.
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Oracle Access to B

To utilize Proposition 5.1.10 effectively, we require a fast method to obtain all vertices within close proximity
to a random vertex v. Let A(G[M U B]) be the maximum degree of the graph that only includes the
edges of M U B. Thus, A(G[M U B]) = O(k). Let d = O(¢ 3logk) be the number of rounds needed in
Proposition 5.1.10 for graph G[M U B]. The following lemma outlines a formal approach to obtaining these

vertices efficiently.

Lemma 5.1.21. Let vy, vs,...,v, be a set of random vertices in G such that r = O(¢~2logn). There exists
an algorithm that runs in 5(rkdn) time and for each vertexr v;, returns all vertices within distance d of v;
in graph GIM U B] with high probability.

Proof. Let R = {v1,vs,...,v,.} and v € R. We initiate the process from vertex v and execute a breadth-first
search (BFS). Note that for vertex v we do not have the list of its incident edges in B and we only maintain
the maximal matching explicitly. To retrieve the list of incident edges of vertex v in B, we invoke the oracle
defined in Proposition 5.1.9 for each instance of v in H. This enables us to obtain the adjacency list of vertex
v in the graph G[M U B]. This process is repeated as we execute the BFS, utilizing the oracle as described
above whenever we require the adjacency list of a vertex. The process concludes when we have reached all
vertices at a distance of d. We repeat this process for all vertices of R.

Let 7 be the permutation that we use in the algorithm over edges of H. Let I(v,7) be the number of

vertices in a distance of at most d from v in G[M U B] and u} = v,u}, ... ,u;’( be all vertices that are

v,m
visited by BFS if we start from vertex v. Thus, I(v,7) = O(k?%). Let T(u, ) be the t)ime needed by the oracle
in Proposition 5.1.9 for vertex v and permutation 7. By Proposition 5.1.9, we have E, [T (u, )] = O(n).
While the expected total running time would be O(l(v, ) - n) if u?, ul, ..., Uj(y,y Were chosen uniformly
at random (since I(v,7) is constant), it is important to note that these vertices do not follow a random
selection. Instead, they are the vertices visited by the BFS algorithm starting from a random vertex v. Let
S(v,m) = Zi(:viw) T(uj,n). We prove that Eg [, cp S(v,m)] = O(rk®n). Let m be the number of edges in

H. We have

I(v,m) EIT u?”f;-r
Egrx ZRS(U,W)] :Z;ZR Zl W
n—1\ E[T(v,7
<ZZZ(U7W).<T_1>.M
T (v, )]

<op) 3 BT
< O(kd) . Z Z r- E[T(U,ﬂ)]

m!-n

O(rk?) - By 2 [T(v,7)]
= O(rk’n),

where the last inequality follows by E, [T'(v,7)] = O(n), which implies that for a random set R, BFS takes
O(rk‘n) time in expectation.
In order to achieve a high probability bound on the time complexity, we sample O(logn) sets of r random

vertices R, along with a permutation 7. For each of these ©(logn) samples, we execute the described BFS
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instance. The termination condition is met when, in one of the instances, the BFS halts for all vertices in
R. Using Markov’s inequality, we can deduce that each individual instance terminates within O (rkn) time
with a constant probability. Consequently, at least one of these instances terminates within 9] (rkin) time

with high probability. This completes the proof. O

Computing the Maximum Matching in G[M U B]

Once we have all the vertices within a close distance of vertex v, we can use Proposition 5.1.10 to estimate
w(G[M U B]). We design an algorithm that can answer to the query of whether a vertex is matched in
(1 — e)-approximate matching of G[M U BJ.

Claim 5.1.22. Let v be a random vertex in the graph G, and let D, represent all the vertices in G[M U B]
that are within a given distance d of v. Suppose that subgraph G[D,] is given. There exists an algorithm
that determines if v is matched in (1 — €)-approzimate matching of GIM U B), L, that works in O(k?) time

per query such that if we let L(v) to be the indicator that shows matching status of v, and (= %Zvev L(v),

then we have (1 —¢) - u(G[M U B]) < E[{] < u(G[M U B)).

Proof. First, since A(G[M U B]) = O(k), d = O(e~3logk), we have |D,| < O(k?). We use the algorithm
of Proposition 5.1.10. The running time of the algorithm is linear with respect to |D,|. Thus, for a vertex
v, the running time is O(k?). Furthermore, since ‘ represents the size of the matching generated by the

algorithm described in Proposition 5.1.10, it holds (1 —¢) - u(G[M U B]) < E[{] < u(G[M U B)). O
Lemma 5.1.23. Computing 1 in Algorithm 19 takes 6(rkdn) time with high probability.

Proof. Let v1,vs,...,v, be the sampled vertices in Algorithm 19 of Algorithm 19. By Lemma 5.1.21, the
total time to obtain vertices within distance d of v; for all ¢ in G[M U B] takes 6(rkdn) time with high
probability. Let D,, be all vertices in G[M U B] that are within distance d of v;. By Claim 5.1.22, the time
needed to determine if v; is matched is O(k?), condition on the fact that D,, is given which finishes the

proof. O

Lemma 5.1.24. Let p be the estimate in Algorithm 19 of Algorithm 19. Then, with high probability,
(2 - V2 2)- ju(G) - en < E[ji] < u(G).

Proof. Let L be the algorithm in Claim 5.1.22, and vy, vs, ..., v, be the sampled vertices in Algorithm 19 of
Algorithm 19. Moreover, let X; be the indicator if v; is matched by £, i.e. X; = L(v;). Let £ = 2> pev L(v).
For any realization of B which depends on the permutation 7w over edges of H , by Claim 5.1.22, we have
(1—¢)-u(GIM U B)) < E[f] < ji(G[M U B]). Hence,

(1-¢)-E[u(GIM U B))] < E[] < E[u(G[M U B])]. (5.6)

Note that E[X;] = 2E[{]/n, given that the number of matched vertices is twice the number of matching
edges. Define X = 7| X;. Thus,

E[X] = =— ==, (5.7)
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Using Chernoff bound on X,

Pr[|X — E[X]| > \/12E[X]logn] < 2exp <12];[];([];])gn> = 34

n

Since p=(1—¢)- %, with probability of 1 —2/n* we get

- _n(E[X]+ /12E[X]logn) en
2r

oe

2
nE[X] 12n2 E[X]logn en
< ( 2r = 2r 2
~ E[(]1
e [B@+ w _ %n (By (5.7))
~ 2 B[]
S EEE ”4 9 - %” (Since r = 24c~2log n)
cE[f- L+ (Since E[f] < n),

thus,

Combining with (5.6),
(1—-¢)-E[p(GMUB])] —en < < E[p(GIM U B
Plugging Claim 5.1.11,
(1-2)-(2-V2—e) u(@) —en < fi < u(@),
and
(2—-V2—de) - u(G) —en < i < u(G),

yeilds the proof using ¢’ = £/4 in the algorithm. O

Proof of Theorem 5.1.6. By Lemma 5.1.23 and Lemma 5.1.24, we have a semi-dynamic algorithm with query
time of O(rken) where r = O(e~2logn), k = O(¢%), and d = O(c*). Also, the worst-case update time
of the algorithm is poly(logn), which works against an adaptive adversary, and it returns an estimate i of
maximum matching of G such that (2 — v2 — &) - u(G) — en < E[f1] < u(G). Therefore, the reduction in
Proposition 5.1.7 yields the proof. O

5.2 Sublinear Algorithm for TSP

In this section, we prove the following results:
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Theorem 5.2.1 (Formally as Theorem 5.2.37). For any € > 0, there is a randomized algorithm that
w.h.p. (1)2 — €)-approzimates the size of mazimum path cover in O(n - poly(1/e)) time.

Theorem 5.2.2. For any € > 0, there is a randomized algorithm that w.h.p. (1.5 + €)-approzimates the
cost of (1,2)-TSP in O(n - poly(1/e)) time.

Theorem 5.2.3. For any € > 0, there is a randomized algorithm that w.h.p. (1 + 5)(16—1 ~ 1.833)-

approzimates the cost of graphic TSP in 6(71 -poly(1/e)) time.

Q

Theorem 5.2.4. For any € > 0, there is a randomized algorithm that w.h.p. (1 + £)(3 1.666)-

approzimates the cost of graphic TSP in n?>~%() time.

5.2.1 Technical Overview

In this section, we give an overview of our algorithms, especially our sublinear time maximum path cover
algorithm of Theorem 5.2.1 which is the key to the other results as well.

Let us start with using matchings to approximate maximum path cover. Consider a graph that has a
Hamiltonian path. Here, the optimal maximum path cover has size n — 1. On the other hand, any maximum
matching can have at most n/2 edges, which is by a factor 2 smaller than our optimal path cover. On top
of this, we only know close to 1/2 approximations for maximum matching if we restrict the running to be
close to linear in n [34, 43], thus can only achieve an approximation close to 1/4.

Instead of a single matching, Chen, Kannan, and Khanna [68] showed how to estimate the number
of edges in a mazimal matching pair in O(ny/n) time, where a matching pair is simply two edge disjoint
matchings. It is not hard to see that the number of edges in a maximal matching pair is at least half the
number of edges in a maximum path cover. The problem, however, is that a maximal matching pair is not
a collection of paths! In particular, the two matchings can form cycles of length as small as four. Therefore,
one may only be able to use 3/4 fraction of the edges of a matching pair in a path cover. This is precisely
why the algorithm of [68] only obtains a % X % = % approximation for path cover, and a 2 — % = 1.625
approximation for (1,2)-TSP.

If we could modify the matching pair algorithm of [68], and avoid cycles by manually excluding edges
whose endpoints are the endpoints of a path in the current matching pair, then we could avoid the 3/4 factor
loss discussed above and achieve a 1/2-approximation. Unfortunately, checking whether the endpoints of an
edge are endpoints of a path requires knowledge about whether a series of other edges belong to the solution,
which seems hard to implement in sublinear time.

Instead of checking for cycles manually, we introduce the following Algorithm 20 which avoids cycles
more naturally. While our final algorithm is a modified variant of Algorithm 20 described below, we start

with Algorithm 20 as we believe it provides the right intuition.
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Algorithm 20: A new algorithm for path cover.

1 Initialize P + 0.
2 Each vertex v has two ports that we denote by v° and v'. Each of these ports throughout the
algorithm will be either free or occupied. Initially, all ports are free.
3 Tterate over the edges in some ordering w. Upon visiting an edge e = (u, v):
o If v0 and u® are free, add e to P, mark v° and u" as occupied, and skip to the next edge.
o If v! and u® are free, add e to P, mark v' and u" as occupied, and skip to the next edge.
o If v0 and u! are free, add e to P, mark v° and u' as occupied, and skip to the next edge.
Return P.
Two properties of Algorithm 20 are crucial. First, it prioritizes occupying (u”,v°) (compared to (u', v°)

or (u% v!)) which in particular implies that any component in P must have a (u°,v") edge. Second, it never

occupies (u!,v') with an edge (u,v). While it is easy to see that the output of Algorithm 20 has maximum

degree 2, and is thus a collection of paths or cycles, the two properties above actually guarantee that it never
includes any cycle. See Figure 5.2. We provide the formal proof of this later in Section 5.2.2. Additionally,
we show that the output of Algorithm 20 must be at least half the size of a maximum path cover, as we
prove next. Hence, if we manage to estimate the size of the output P of Algorithm 20, then we have proved
Theorem 5.2.1.

Invalid: Invalid: Invalid: Valid
a vertex has two 0’s has no (0, 0) edge (1,1) not allowed (not a cycle)

Figure 5.2: Examples of why the output of Algorithm 20 will not have cycles.

Our final algorithm is slightly different from Algorithm 20 discussed above. In particular, we slightly
relax it—see Algorithm 21—so that it can be solved via a randomized greedy maximal independent set
(RGMIS), for which we have a rich toolkit of sublinear time estimators. Existing approaches (particularly
the algorithm of Yoshida, Yamamoto, and Ito [176] and its two-step implementation by Chen, Kannan,
and Khanna [68]) can be employed to estimate the value of this modified Algorithm 21 in O(n\/n) time.
We achieve the improved, and near tight, 5(n) time bound guarantee of Theorem 5.2.1 by building on
the analysis of Behnezhad [34] for maximal independent set on the line graphs (i.e., maximal matchings).
Though we note that several new ideas are needed, because the MIS graph in our case will not be exactly a

line graph. We defer more discussions about this to Sections 5.2.2 and 5.2.3.
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Implications for TSP: By having an a-approximate maximum path cover algorithm, we immediately
obtain a (2 — «)-approximation for (1,2)-TSP. Therefore, the algorithm above immediately proves Theo-
rem 5.2.2 that we can (almost) 1.5-approximate (1,2)-TSP in O(n) time. For our Theorem 5.2.3 for graphic
TSP, we first observe that our improved path cover algorithm can be employed to provide a better lower
bound for the optimal TSP solution. This improves the 1.92-approximation of [68] as black-box to 1.9-
approximation (Section 5.2.6). However, the final improvement to 1.83 requires more ideas, in particular, on
how to better estimate the number of certain bridges in the graph. See Section 5.2.7 for more details about
this.

5.2.2 New Meta Algorithms for Maximum Path Cover

In this section, we present a new meta algorithm for maximum path cover that obtains a 1/2-approximation.
The algorithm, as we will state it in this section, will not be particularly in the sublinear time model. We
discuss its sublinear time implementation later in Sections 5.2.3 and 5.2.4.

Our starting point is the Algorithm 20 described in Section 5.2.1. Let us first formally prove that it

obtains a 1/2-approximation, and that no component in it is a cycle.

Claim 5.2.5. The output of Algorithm 20 is a collection of disjoint paths.

Proof. Since P has maximum degree two, it suffices to show none of its connected components are cycles.
Property (i) above implies that at any point during the algorithm, any degree one vertex v has its port v°
occupied. Now take an edge e = (u,v) that forms a cycle if added to P. Both v and v must have degree one
and so u? and v° are occupied. Since by property (ii) edge e does not occupy both v! and u!, the algorithm

does not add e to P thus not completing a cycle. O

Claim 5.2.6. Let P* be any path cover using weight one edges. Then the output of Algorithm 20 has size
at least 1| P*|.

Proof. For any edge e = (u,v) € P* define ¢(e) = 1(degp(u) + degp(v)). We first claim that for every edge
e = (u,v) in G, we have ¢(e) > 1/2 (or, equivalently, degp(u) + degp(v) > 2). This is clear for edges e € P
due to the contribution of e itself to its endpoints’ degrees, so fix e € P. Consider the time that we process
e = (u,v) in the algorithm and decide not to add it to P. We claim that out of v°, v, u% u! at least two
ports must be occupied. Suppose w.l.o.g. and for contradiction that only v® is occupied for x € {0,1}. Then
(u,v) can occupy v'~* and u® and be added to P. This contradicts (u,v) not being added to P and proves
our claim that ¢(e) > 1/2.

From the discussion above, we get that

Do dle)= Y 1/2=|P*|/2

ecP* ecP*

Moreover, because every vertex has degree at most two in P*, we get

Soe)=1 Y deap(u) +degp(v) < 123 degp(v) = |Pl

ecP* (u,v)eP* veV

The two inequalities above combined imply that |P| > |P*|/2. O
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As discussed, our final algorithm is different from Algorithm 20 discussed above. One problem with
Algorithm 20 is that it cannot be cast as an instance of the randomized greedy maximal independent set
(RGMIS) algorithm for which there is a rich toolkit of sublinear time estimators. To remedy this, we present
a modified variant of Algorithm 20 whose output is (almost) as good, but in addition can be modeled as an
instance of RGMIS. We denote the output of RGMIS on a graph G with a permutation 7 on its vertices by
RGMIS(G, 7).

The algorithm is stated below as Algorithm 21. Similar to the output of Algorithm 20, the output of
Algorithm 21 can be verified to have maximum degree two. Thus, it is a collection of paths and cycles. But
unlike Algorithm 20, the output of Algorithm 21 can have cycles. This happens since, unlike Algorithm 20,
each connected component of the output of Algorithm 21 is not guaranteed to have an edge (u,v) occupying
both u° and v°. Nonetheless, we are able to show that this bad event only happens for a small fraction of
connected components of the output of Algorithm 21 in expectation, and so once we remove one edge of
each of these cycles, the resulting collection of disjoint paths has almost the same size.

Algorithm 21: A modification of Algorithm 20 that uses RGMIS.

1 Parameter: K (think of it as a large constant integer).
2 Let G = (V, E) be the subgraph of weight one edges. We construct a graph H = (Vy, Ey) from G
on which we run RGMIS.
3 Each vertex in H corresponds to an edge e in G and two ports (as in Algorithm 20) of the endpoints
of e that it occupies. Formally, for any (u,v) € E we have K + 2 vertices in H:
e One vertex that corresponds to occuping u’ and v!.
e One vertex that corresponds to occuping u' and v°.

e K vertices that each corresponds to occuping u° and v°.
Consider two distinct vertices @ and b in H corresponding to edges e, and e; in G:
o If e, = ¢, then we add an edge between a and b in H.
e If e, and e, share exactly one endpoint v and both a and b occupy the same port of v, we add an

edge between a and b in H.

Find a randomized greedy maximal independent set I of H.
Let P be the set of edges in G corresponding to the vertices in I.
Return P.

Observation 5.2.7. Let C be a connected component in the output of Algorithm 21. If C is a cycle, then
every edge in C occupies one 0-port and one 1-port (that is, no edge occupies two 0-ports).

Proof. Suppose that C has n’ vertices. Since each vertex in a cycle has degree two, both ports of each vertex
in C' must be occupied. Hence, n’ O-ports and n’ 1-ports of C' are occupied in total. Given that any edge
occupies at least one O-port by the algorithm, we cannot have an edge that occupies two 0-ports, or else we

should occupy more 0-ports than 1-ports of C, which is a contradiction. O

Next, we show that up to a factor of (1 + 2/k) which is negligible for K in the order 1/e, the output of

Algorithm 21 is an (almost) 1/2-approximation of the maximum path cover value.

Observation 5.2.8. Let C be a connected component in the output of Algorithm 21. If C is a path, then it

contains at most one edge that occupies two 0-ports.
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Proof. Let C be the path (vq,vs,...,v,). Since the degree of any vertex v; for 1 < i < r is two in the path,
both ports of v; must be occupied. For v; and v,., on the other hand, only one port is occupied. Hence, the
total number of 0-ports that are occupied by C' minus the number of 1-ports occupied by it is at most two.
This means that there is at most one edge that occupies two O-ports since all other types of edges occupy

exactly one O-port and one 1-port. O

Lemma 5.2.9. et P be the output of Algorithm 21 on graph G. Then

Lp(G) <E|P| < (1 n f() o(G),

where the expectation is taken over the randomization of computing RGMIS in Algorithm 21.

Proof. Let P* be a maximum path cover. For any edge e = (u,v) € P* define ¢(e) = ;(degp(u) +degp(v)).
With the exact same argument as in the proof of Claim 5.2.6, we get that ¢(e) > 1/2, which implies

> dle) = > 1/2=p(G)/2.

e€P* eepP*

Since the degree of each vertex in P is at most two, we get

Z ¢(e) = Z degp(u) + degp(v Z degp(v) = |P|.

e€P* (u v)EP* veV

»MH

By combining above inequalities we get % p(G) < |P|. Note that we do not need the randomization for the
proof of the lower bound.

By construction of P, every vertex has degree at most two in P. Hence, all connected components of P
are cycles and paths. We claim that at most K—+2 fraction of connected components are cycles in expectation.
Since the expected number of connected components is at most E|P|, from this we get that the expected
number of cycles is at most 2E |P|/(K + 2). By removing one edge from each cycle, we obtain a valid
solution for maximum path cover problem. Thus,

2E|P| K

s BIPl<e) = EIPIE (14 %) ()

E|P| - =
7] K+2 K+2

So it remains to show that at most K “ fraction of connected components are cycles in expectation. As
we process edges one by one according to the ordering of RGMIS, let A be the set of edges that none of their
incident edges are added to the solution of Algorithm 21. By definition of A, if one copy of edge (u,v) is
in A, then all other copies of (u,v) are also in A. Therefore, at any point during running RGMIS; if a new
component is added to the solution, the edge (u,v) that gets added to the solution occupies (u’,v?) with

probability at least since K copies out of the K + 2 copies are for (u®,v"). Let Cy be the number of

K+2
times that the newly added component is an edge occupying two O-ports, and Cj be the number of times
that the newly added component is an edge occupying one 0-port and one 1-port. By the above argument,
we have

E[Cy] K

E[Co] + E[C1] K+2 (5.8)
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Note that after running Algorithm 21, it is possible that the number of connected components is actually
smaller than Cy + C, since some of the components may merge as the algorithm proceeds. However, by
Observation 5.2.8, two components that their first edge occupies two 0-ports will not merge together. Also,
by Observation 5.2.7, none of the cycle components have an edge that occupies two 0-ports. Therefore, in
the end, there exists at most E[Cy] + E[C]] connected components and at least E[Cp] of them will not be
cycles. This completes the proof. O

5.2.3 A Local Query Process for the Algorithm and its Complexity

In this section, we define a query process to estimate the size of the output of Algorithm 21.

In graph H of Algorithm 21, each vertex corresponds to an edge in the original graph. More precisely, we
make K + 2 copies of each edge (u,v) such that one of the copies corresponds to an edge occupying (u’,v!),
one for (u!,2°), and K for (u°,v%). We use G’ = (V, E’) to show the new graph with these parallel edges.
During the course of Algorithm 21, two different edges that share the same endpoint and port cannot appear

in the solution together. We use the following definition to formalize this notion.

Definition 5.2.10 (Conflicting Pair of Edges). Two edges e,e’ € E’ that share an endpoint v are conflicting
if both e and €' correspond to same port v* fori € {0,1}. We call (e,e’) a conflicting pair of edges.

In order to estimate the size of the output of Algorithm 21, we define a vertex oracle that given a vertex
v and a permutation w on E’, returns the degree of vertex v in the output of Algorithm 21. These are akin

to the query processes used before in the works of [34, 176], but are specific to our Algorithm 21.

Algorithm 22: “vertex oracle” VO(u, ) to determine the degree of vertex v in RGMIS(G’, 7).

1 Let e; = (u,v1),...,e, = (u,v,) be the edges incident to u with 7(e1) < ... < 7(e,).
2d+0
3 foriinl...r do

a | if EO(e;,v;,m) = TRUE then d + d + 1;

5 return d

Algorithm 23: “edge oracle” EO(e,u, ) to determine an edge e is in RGMIS(G’, 7). Also, u must

be an endpoint of e.

1 if EO(e,u,m) computed before then return the computed result.;

2 Let e; = (u,v1),...,e, = (u,v,) be the edges incident to e such that w(e;) < ... < w(e,) < 7(e).
Also, (e, ¢;) is a conflicting pair for all 1 <4 <.

3 foriinl...rdo

4 L if EO(e;, v;, m) = TRUE then return FALSE;

5 return TRUE

Note that in Line 2 of the Algorithm 23 we only recursively call the function on edges that their label,
conflict with edge e since if other edges appear in the RMGIS subgraph, we can still have e in the RGMIS
subgraph. Before analyzing the query complexity of the vertex oracle, we prove the correctness of the vertex

oracle.

Claim 5.2.11. For any edge e = (u,z) € E' that is occupying ports u* and 27, if EO(e,u, ) is called while
computing VO(v, ), then EO(e,u, ) = TRUE iff e € RGMIS(G', ).
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Proof. We prove the claim using induction on ranking of edge e. Assume that the claim is true for all edges
with ranking smaller than 7(e). If EO(e, u, ) is called by EO(e’ = (w, z), z, w) or directly by VO(v, 7), then
by definition of Algorithm 23 and Algorithm 22, all edges ¢” = (w’, z) with m(e”) < w(e’) that are occupying
27 are queried before ¢’ which means that none of them return TRUE. Hence, by induction hypothesis, none of
the edges incident to z that are occupying z# with lower rank are in the RGMIS(G’, 7). Moreover, EO (e, u, )
calls all incident edges to u with lower rank that are occupying u’ and return TRUE if none of them are in
the RGMIS(G’, 7) by induction hypothesis. Therefore, EO(e, u,n) = TRUE iff e € RGMIS(G', 7). O

Claim 5.2.12. Let v € V and d be the output of VO(v,m). Then d is equal to the degree of vertex v in the
subgraph outputted by RGMIS(G', 7).

Proof. The observation follows by combining the fact that the vertex oracle queries edges in increasing order
and Claim 5.2.11. O

Let T'(v, ) denote the number of recursive calls to the edge oracle during the execution of VO (v, 7).

Theorem 5.2.13. For a randomly chosen vertex v and permutation © on E’, we have that
E, [T (v,7)] = O(d - log® n)

where d is the average degree of the graph G.

Let Q(e, v, ) be the number of EO(e, -, ) calls during the execution of VO(v, 7). Moreover, let Q(e, )

be the number of EO(e,-, ) calls starting from any vertex. In other words, we have that Q(e,7) =
Z’UEV Q(ea v, 77)'

Observation 5.2.14. For every edge e and permutation 7, Q(e, ) < O(n?).

Proof. Let e = {z,y}. For a fixed vertex u, either the vertex oracle VO(u,n) queries the edge oracle
for e directly, or through some incident edge e’. Hence, the edge oracle of e is called through at most
(K +2)(deg(z) — 1) + (K + 2)(deg(y) — 1) of its incident edges (K + 2 appears since each edge has K + 2
copies), which implies that Q(e,u,7) < (2K +4)(n — 1) + 1. Therefore,

Qle,m) < Y Qe,u,m) < n((2K +4)(n — 1) +1) < O(n

ueV

The main contribution of this section is to show that the expected number of EO(e, ) calls over all

permutations 7 is O(log2 n), which is formalized in the following lemma.
Lemma 5.2.15. For any edge e € E', we have E-[Q(e, -, 7)] = O(log® n).

Assuming the correctness of Lemma 5.2.15, we can complete the proof of Theorem 5.2.13.
Proof of Theorem 5.2.13.

E, . [T(v,7)] = %Eﬂ [ 7Tm] = %E,, >3 )

eV veEV e€E’
= %EW { Z ZQ(e,v,W)} = %Ew { Z Q(eaﬂ-):|
ecE' veEV ecE’

= LS BQe )] = - Y Ollog?n)

eckE’ ecE’
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= %O(|E/\ log®n) = O(d - log® n). O

During the recursive calls to the edge oracle that starts from vertex v, the edges in the stack of recursive

calls create a trail.

Observation 5.2.16. Let S = (e; = (v,u),ea,...,¢e.) be the stack of recursive calls starting from vertez v.
Then (e1,e2,...,e.) is a trail in G'.
Proof. Since in Line 2 of Algorithm 23, edge oracle only queries incident edges, (e, e, ..., e,.) is a walk. It

remains to show that all edges are distinct. Suppose that e; = e; for some ¢ < j which implies 7(e;) = 7(e;).

Since the edge oracle queries edges in decreasing order, we have m(e;) < m(e;) which is a contradiction. [

We direct the edges of the trail from v to the other endpoint. We call a trail that starts from v on the
graph with edge permutation 7, a (v, 7)-query-trail. For an edge e = (z,y), let € denote the directed edge

from x to y and e denote a directed edge from y to x.

Observation 5.2.17. Let P = (1,65, ...,€4) be a (v, 7)-query-trail; then w(ey) > m(ea) > ... > w(ex).
Proof. During the answering whether an edge is in RGMIS(G’, ), Algorithm 23 recursively calls on edges
with 7 values lower than the value of the current edge. Therefore, the stack of recursive calls will be

decreasing with respect to 7 values. O

Let Q(€,7) C Q(e,m) be the set of all query trails that end at € (with the same direction). In what

follows, we obtain a bound for the query complexity for €. We use this lemma to prove Lemma 5.2.15.

O(log®n).

Lemma 5.2.18. For any edge e, we have E;[Q(€,7)] =
Proof of Lemma 5.2.15. Since Q(e,7) = Q(€,7) U Q(e, n), by Lemma 5.2.18 we have

E-[Q(e, m)] < Ex[Q(&,m)] + E[Q(e,7)] = O(log” n) + O(log” n) = O(log® ri)]

—

Given a permutation 7w and a trail P = (€1,€3,...,€1), we define ¢(m, P) to be another permutation o

over the edges such that:

(o(e1),0(ea),...,o(ex—1),0(ex)) == (w(e2), 7(e3),...,m(ex), m(e1))

m(e) = a(e) ve' ¢ P

Given an edge €, by using the above mapping function we can construct a bipartite graph H with two parts
A and B such that each part has |E’|! vertices showing different permutations of edges. For a permutation
7 € A and a (v, 7)-query-trail P that ends at & for some arbitrary vertex v, we connect 7 in A to ¢(r, P) in
B. Note that by construction of H, deg(na) = Q(€,74) for all 74 € A, since we have a unique edge for each
query-trail that ends at € with permutation 74. Hence, in order to prove Lemma 5.2.15, it is sufficient to
prove that By, a[degy (74)] = O(log> n). Let Q(€,m) be the set of all query-trails for permutation 7 that
ends at € Let 8 = clog®n for some large ¢. We partition permutations into two sets of likely and unlikely
permutations called L and U as follows:

L= wEH‘qmax |P| < U:=1I\ L.
PeQ(ém)
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Likely permutations are those permutations that the longest query-trail ending at € has length at most
£ and unlikely permutations are the remaining permutations. Let Ay be the set of vertices corresponding
to the likely permutations in A and Ay be the set of vertices corresponding to the unlikely permutations.
The intuition behind this partitioning is that the set of unlikely permutations makes up a tiny fraction of

all permutations which is formalized in Lemma 5.2.19.
Lemma 5.2.19. If ¢ is a large enough constant, then we have |Ay| < |E'|!/n?.

Before proving Lemma 5.2.19, we introduce the parallel implementation of the greedy maximal indepen-
dent set.
Parallel Randomized Greedy Maximal Independent Set: Let G be a graph and 7 be a permutation
over its edges. In each iteration, we pick all vertices whose rank is less than all their neighbors and remove
all their neighbors. We denote the number of rounds in this algorithm until G becomes empty as round
complezity and we show it with p(G, 7).

It is clear that the output of the parallel randomized greedy MIS is the same as RGMIS(G, 7). We have

the following known result about the round complexity of parallel randomized greedy MIS.

Lemma 5.2.20 ([61, Theorem 3.5]). For a uniformly random chosen permutation m over edges of G, we
have p(G, ) = O(log® n), with probability of at least 1 — #

In order to use the above lemma, we need to show that for an unlikely permutation, the round complexity

is large and therefore, small fraction of permutations are unlikely as a result of Lemma 5.2.20.

Claim 5.2.21. Let P be query-trail in G' with permutation 7. Then p(G',7) > L@J

Proof. Let P = (é1,€3,...,61,) be a query-trail. By Observation 5.2.17, we have 7(ey) > m(ez) > ... > w(ex),
where ey, is the last edge on the trail. Let p(e) show the round in which edge e is deleted by the parallel
algorithm. If we can show that for i < k—1, p(e;) > p(e;12), then we have that p(ep) > | £ | which completes
the proof. We prove it using a contradiction. Assume that p(e;) < p(ei42) for some 1 < i < k—1. Note that
pleir1) > p(e;), otherwise, when e; 1 is deleted from the graph, one of its corresponding ports that is shared
with e; and e;;2 was occupied which implies that at least one of e; and e;42 should be deleted at the same
time. Hence, in round p(e;), edge e;41 is still present in the graph. Therefore, e; is not a local minimum in
round p(e;) and is deleted due to presence of an edge e’ in the solution. Note that ¢’ # e; ;1 since e;41 is
not the minimum edge because e; 15 is still in the graph. If €’ is only incident to e;, EO(e;—1,-,7) should
call EO(¢, -, ) before EO(e;, -, 7) since €’ is the local minimum in round p(e;) and therefore 7(e’) < 7(e;).
If ¢’ is incident to both e; and e;41, EO(e;, -, ) should call EO(¢/, -, w) before EO(e;41,-,m) since €’ is local
minimum at round p(e;) and therefore 7(e’) < m(e;+1). In both cases, the edge oracle terminates and will
not query edge e; 2. Hence, the assumption that p(e;) < p(e;+2) leads to a contradiction and the proof is

complete. 0
Now we are ready to prove Lemma 5.2.19.

Proof of Lemma 5.2.19. For each unlikely permutation m € U, there exists a query-trail of length larger
than 8. By Claim 5.2.21, we have p(G,7) > L%J Since § = clog®n, by choosing ¢ large enough and
Lemma 5.2.20, we have that |U|/|II| < 1/n?. Therefore, |U| < |E’|!/n? which implies that |Ay| < |E’|!/n?

since Ay represents vertices that correspond to unlikely permutations. O]
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Next, we show that each vertex mp € B, has at most 8 neighbors between likely permutations in part A

in bipartite graph H.
Lemma 5.2.22. Let my be a vertex in Y. Then my has most 8 neighbors in Xp,.
Before proving this lemma, we show how we can prove Lemma 5.2.18 using Lemma 5.2.19 and Lemma 5.2.22.

Proof of Lemma 5.2.18. Note that by Observation 5.2.14, degree of each vertex m4 € A is at most O(n?).

Combining Lemma 5.2.19, we have
E(Au, B) < |[E'|l/n?- O(n?) < O(|E']!).

Moreover, by Lemma 5.2.22, each vertex mp € B has at most O(f3) neighbors in Ar. Since H is a
bipartite graph, E(Ar, B) < O(B) - |AL|. Therefore, sum of degrees of all vertices in A is at most

E(Ar,B) + E(Auy,B) < O(8) - |[AL| + O(IE'|)) < O(B - |E'|!).
For a random vertex in A, the expected degree is %ﬁ'\') = O(|E'|). Combining with 3 = clog®n and

deg(ma) = Q(€,m4) completes the proof. O

The rest of this section, we prove Lemma 5.2.22. Before proving Lemma 5.2.22, we prove that if two
different query-trails that are mapped to two different permutations of Ap to g € B by ¢, the shorter

query-trail must be subgraph of the longer one.

Lemma 5.2.23. Let m and @' be two different permutations, and P and P' be (v,7)- and (v',7')-query-trail,
respectively, that both end at edge €. If ¢(m, 13) = ¢(, 13’) and |]3| > |13’|, then P' is a subgraph of P.

We prove this lemma by series of observations and claims. Let P = (¢f,,...,é) and P' = (¢)/,...,é)
such that e = e; = €. If P is not a subgraph of ]3, then it must branch after an edge €;’. This means that

¢; = ¢ fori < band ey]1 # eyi1’. Note that ey; and ey71” can be copy of the same edge.

Observation 5.2.24. Let w be a random permutation over E'. For a (u,w)-query-trail, if f and [’ are two

consecutive edges in the trail, then (f, f') is a conflicting pair.

Proof. Since the edge oracle calls EO(f',-,7) in EO(f,-,x), (f, f') must be a conflicting pair. O

Observation 5.2.25. Let f1, f2, f3 be three different edges incident to some vertex uw and let m be a random
permutation over E'. Let P be a (z, 7)-query-trail that calls EO(fs,-,7) in EO(f1,-, 7). Also, let P, be a
(y, ") -query-trail that calls EO(f3,-,7') in EO(fa,-,7"). Then (f1, f2) is a conflicting pair.

Proof. By Observation 5.2.24, (f1, f3) is a conflicting pair. Assume that both f; and f3 occupied port u'.
Moreover, since (f2, f3) is a conflicting pair, then fs is also occupying u’. Therefore, (f1, f2) is a conflicting

pair. O

Observation 5.2.26. w(ep) = 7'(ept1)-
Proof. Since ey71 is not in P, we have that ¢(n/, P')(eps1) = 7' (epg1). Also, ¢(m, P)(epr1) = w(es) since
qﬁ(w,]s) shifts edges of the trail P by one. Given that permutation ¢(7r,17_") is equal to qﬁ(w’,ﬁ’), we have

W(eb) :7Tl(eb+1). O
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Without loss of generality, we can assume that m(ep) < 7'(ep) since we did not make any difference

between 7 and 7’ until this point.

Observation 5.2.27. 7/(ept1) < 7' (ep).

Proof. By combining Observation 5.2.26, our assumption that 7(e;) < 7'(ep), and the fact that 7' is a

permutation, we have that 7/(epr1) < 7'(ep). O

Claim 5.2.28. If n(f) < 7(ep) or ©'(f) < w(es) for some edge f, then w(f) = 7'(f).

Proof. There are five different possible cases for f:

e f ¢ PUP: Since ¢ only changes the edge on the query-trail and ¢(m, P) = ¢(n/, P'), we have
w(f) =7'(f)-

o fe{él,....é_1}: Since ¢(m, P)(eis1) = (', P')(es41) for 1 < i < b, we have m(e;) = 7 (e;). Hence,

m(f) ='(f).

e f = ¢é: In this case, condition 7(f) < 7(ep) does not hold since 7(f) = 7 (ep). Also, 7'(f) = 7' (ep) >
m(ep). Therefore, condition 7' (f) < m(ep) does not hold.

o f € {&u41,...,E}: By Observation 5.2.17, we have that 7(f) > m(e;). Therefore, condition m(f) <
7(ep) does not hold. Let f = ¢ for i > b. Since ¢(m, P) = ¢(n', P'), we have 7'(f) = w(e;_1) > m(es).

Therefore, none of the conditions in the claim statement holds.

o fe {evi1,...,6"}: By Observation 5.2.17, we have that 7' ( f) > 7' (ep). Combining by our assumption
that 7/(e) > 7(ep), we have 7'(f) > m(ep). Let f = &' for i > b. Since ¢(m, P) = ¢(x', P'), we have

that w(f) = n'(e}_;) > 7' (ep) > 7(ep). Therefore, none of the conditions in the claim statement holds.
The proof is thus complete. O

Claim 5.2.29. ¢, € RGMIS(G', 7).

Proof. We prove the claim by contradiction. Assume that ey ;1 ¢ RGMIS(G’,7’). Hence, there exists an
edge f which is incident to epy; such that 7/'(f) < 7’'(eps1). Thus, EO(eprq,-,m') will recursively call
EO(f,-,n’). Let f be incident to e; and e;41 for i € {b,b+ 1}. In the query-trail P, EO(ejy1,-,m) calls
EO(e;, -, m). Therefore, using the Observation 5.2.25, we have that (f,e;) is a conflicting pair. Note that
by Observation 5.2.26, we have 7'(f) < w(ep). Hence, n(f) = #'(f) < w(ep) by Claim 5.2.28. Since
both permutations are identical for ranks lower than m(ep), edge f must appear in RGMIS(G’, 7) and the
query-trail P is not a valid query-trail since EO(e;, -, m) terminates upon calling EO(f, -, 7) (see Figure 5.3).

O
Proof of Lemma 5.2.23. We prove that query-trail P’ is not a valid (v, ')-query-trail. Note that by Obser-
vation 5.2.27, EO(ey,, ) calls EO(eyy1,-,7") before EO(ey, -, 7’). Thus, by Claim 5.2.29, EO(epy1, -, 7')
will return TRUE and execution of EO(e;, ,-,7’) terminates at this point. Therefore, query-trail P’ is a

subgraph of query-trail P. O

Now we are ready to complete the proof of Lemma 5.2.22.
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Figure 5.3: Illustration of proof of Claim 5.2.29. The highlighted blue trails show query-trails P and P,
Query-trail P is not valid since EO(e;, -, 7) terminates upon calling EO(f, -, 7).

Proof of Lemma 5.2.22. For each edge between m4 € Ay, and mp € B in graph H, we write a label x (74, 75)
on the edge which is equal to the length of the query-trail corresponding to this edge in H. By Lemma 5.2.23,
all the labels for edges of a fixed vertex mp € B that are incident to Ay should be different. Moreover, by
the definition of likely permutations, all query-trails of permutation A, have length less than or equal to 5.

Thus, each vertex mp € B has at most 3 neighbors in Aj,. O

5.2.4 Our Estimator for Maximum Path Cover

In this section, we use the oracle of the previous section to estimate the number of edges in the output of
Algorithm 21. In Section 5.2.3, we provide a lower bound on the number of recursive calls to our local query
process. Note that this bound does not necessarily imply the same running time algorithm. For example,
if we generate the whole permutation over all copies of edges before running the algorithm, it takes ©(m)
which is no longer sublinear. Using by now standard ideas of the literature, we show in Section 5.2.10 how we
can implement the query process in almost the same running time (multiplied by a polylogarithmic factor)

which is formalized in the following lemma.

Lemma 5.2.30. There exists a data structure that given a graph G in the adjacency list format, (implicitly)
fixes a random permutation w over its edges. Then for any vertex v, the data structure returns the degree of
vertex v in the subgraph P produced by Algorithm 21 according to a random permutation w. Each query v

to the data structure is answered in O(T(v,w)) time w.h.p. where T(v, ) is as defined in Section 5.2.3.

Note that in our local query process, we need access to the adjacency list of weight-one edges. So the
challenge that arises here is how to estimate the size of the output of Algorithm 21 in the adjacency matrix

model. We present a reduction from adjacency matrix to adjacency list that appeared in the literature [34].
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In this reduction, each query to the adjacency list can be implemented with O(1) queries to the adjacency
matrix and still we are able to estimate the maximum path cover with some additive error.

Let v = 16 Kn. We construct a graph G= (Ve, Eg) for weight-one edges of graph G as follows:

e Vi is the union of Vi, V3 and Uy, Us, ..., U, such that:

— V4 and V4 are two copies of the vertex set of the original graph G.

— U, is a vertex set of size 7 for each i € [n].
e We define the edge set such that degree of each vertex is in {1,n,n + v}:

— Degree of each vertex v € V; is n. The i-th neighbor of v is the i-th vertex in V; if (v,4) € E,
otherwise its i-th neighbor is the i-th vertex in V5 for ¢ < n. Note that graph (Vi, Eg N (V; x V1))

is isomorphic to G.

— Degree of each vertex v € V5 is n+ 4. The i-th neighbor of v is the i-th vertex in V5 if (v,i) € E,
otherwise, its i-th neighbor is the i-th vertex in Vj for ¢ < n. For all n < i < n + ~, the i-th

neighbor of v is i-th vertex in U,,.

— Degree of each vertex u € U; is one for i € [n]. The only neighbor of u is the i-th vertex of V5.

By the construction of G, the only neighbor of v € |J]_, U; can be determined without any query to the

adjacency matrix. Also, the i-th neighbor of each vertex in Vi U V5 can be determined with one query.

Observation 5.2.31. For each vertex v € Vg and i € [degy(v)], the i-th neighbor of vertex v can be

determined using at most one query to the adjacency matriz.

Fix a vertex v € V5. When we run Algorithm 21, intuitively with high probability the first edge that is
incident to v and occupies port v? is between v and u € U,,. Furthermore, with high probability the first two
edges that are incident to v and occupies port v! are between v and u € U,. A vertex v € V5, is an abnormal
vertex if the above properties do not hold for v. Let R € V5 be the set of abnormal vertices. In the following
observation, we show that for each vertex v € V5 \ R, all incident edges of v in the output of Algorithm 21

are between v and vertices of U,,.

Claim 5.2.32. E; |R| <n/(4K)

Proof. Fix a vertex v € V5. For a random permutation over copies of edges of G‘, the first incident edge to

v that occupies port v° is between v and U, with a probability of at least % >1- 8%(. Moreover,
the first two edges that occupy v! are between v and U, with probability of at least % >1- %.

Since both events are independent, the probability of v not being an abnormal vertex is at least

1\? 1
1—— ) >1—- —
(-%) >'-m

which implies E, |R| < n/(4K). O

Claim 5.2.33. For each v € Vo \ R, all incident edges of v in the output of Algorithm 21 are between v and

vertices of U,.
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Proof. By definition of an abnormal vertex, let the first edge in the permutation incident to v be between v
and w € U, which occupies v°. Since all copies of edges incident to w are between v and w, this edge will be
added to the solution of Algorithm 21. Moreover, we know that the first two edges that are incident to v and
occupy port v! are between v and U,. Let these two edges be (v,u;) and (v,us) where uy,us € U,. Note
that the only way that (v,u;) is not added to the solution of Algorithm 21 is when w; = w. In this case,
since there is only one copy for each edge that occupied port v!, then us # w. Therefore, Algorithm 21 adds
(v, us2) to its output if it has not added (v,u1). Since both ports of v are occupied in this case, all incident

edges of v in the output of Algorithm 21 are between v and vertices of U,. O

Observation 5.2.34. Let P be the output of Algorithm 21 on G. Then

SP(CIAUR) <BIPN(ViUR) x (GUR)| < (14 =) p(GVi U R)).

Proof. By Claim 5.2.33, if we run Algorithm 21 on G, for any vertex v € Vo \ R, all incident edges of v
in the output are between v and U,. Hence, none of the edges between Vo \ R and V; U R will be added
to the output of Algorithm 21. Since, the permutation over edges of V4 U R is uniformly at random, by

Lemma 5.2.9, we obtain the claimed bound. O

In the above sequence of observations, we show that there are few abnormal vertices in V5, which implies
that most of the incident edges to vertices of V; in the output of Algorithm 21 are in G[Vl] (only those
between V; and R violate this property). Therefore, a natural way to estimate the number of edges in the
output of Algorithm 21 on G, is to estimate the number of edges in G[V4] in the output of Algorithm 21
on G. With this intuition in mind, we need to bound the query complexity of the algorithm for a random

vertex in V7.

Claim 5.2.35. Let v be a random vertex in V1 and m be a random permutation over edges of graph that is

created by copying Ex according to Algorithm 21. Then

E’UNV],TF[T(U7 ﬂ-)] = O(n)
Proof. By Theorem 5.2.13, we have that

K- |Eg|

Euonvy (0] = O(=p

2
log™ [Ve)-
Summing over all vertices in Vi, we obtain

Y Ex[T(v,m)] = O(K - |Eg| - log? [Vg|) = O(n®),

’UEVG

since |Vs| = O(n?), K = O(1/¢), and |Eg| = O(n?). Therefore, for a random vertex in V4, we get

Eoovi[T(0,m)] < | D ExlT(v,m)] | /IVi] = O(ni]

vEVg
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Algorithm 24: Final algorithm for maximum path cover.

1 Let G = (Ve, Eg) as described above.

2 7+ 192 K2 -logn.

3 Sample r vertices uj, ug, ..., u, uniformly at random from V; with replacement.
4 Sample r ports py,pa,...,p, uniformly at random from {0, 1}.

5

Run vertex oracle for each u; and let X; be the indicator if port u" is occupied with an edge in

G[V1] in output of Algorithm 21.
Let X =3,y Xi and f=X/r.
7 Let p= 72(;12) (fn—4%).

8 return p

(<]

Lemma 5.2.36. Let p be the output of Algorithm 24 on input graph G. With high probability,

(5-%) -

where K is the parameter which is defined in Algorithm 21.

< p < p(G),

==

Proof. Let P be the set of edges outputted by Algorithm 21 on G with both endpoints in V;. By Lemma 5.2.9,
we have that E|P| < (1 + 2) - p(G). Furthermore, by Claim 5.2.32 and the fact that the degree of each
vertex in the output of Algorithm 21 is at most two, in the output of Algorithm 21 on G[V; U R] we have
at most n/(2K) edges with one endpoint in R. Hence, combining with Lemma 5.2.9 and Observation 5.2.34

we get

%p(G) - % <E|P|<(1+ %) - p(@). (5.9)

Since each edge in the output of Algorithm 21 counted twice in Algorithm 24, we have

B[X,] = PrlX, = 1] = 2201,
n
and,
E[X] = 27"?” (5.10)

Since X is sum of r independent random variables, by Chernoff bound (Proposition 2.3.1) we get

Pr(|X — E[X]| < \/6B[X]logn] < 2exp (_W) 2

n
Combining fn = Xn/r and the above bound, with probability of at least 1 — 2/n? we have

fne n(E[X] + /6 E[X]logn) _ nE[X] n 6n2 E[X]logn

r r 72

ZQE‘P‘iUm (By (5.10))
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A E|P
=2E|P|+ 7116;{2' (Since r = 192 - K* - logn)
~ n A
_ i <n).
€2E|P|:I:4K (Since E|P| <n)
Since, p = % (f-n— {%), hence
K - n K -
_ P|— 7) <p< E|P|.
K+2(| ox) <P=K1g B
Combining with (5.9), implies the claimed bound. O

Theorem 5.2.37. Given an adjacency matrix access for input graph G, there exists a randomized algorithm

that w.h.p. runs in 6(71) time and produces an estimate p, such that

(; —z—:) p(G) —en < j < p(G).

Proof. Let K = % and p be the output of Algorithm 24 on G. In Algorithm 24, by combining Lemma 5.2.30
and Claim 5.2.35, the running time for each sample is O(n) Since the number of samples is r = 192K?2 logn,
and K is a constant, the total running time of the algorithm is O(n) Moreover, by Lemma 5.2.36 we get

the approximation ratio in the statement. O

5.2.5 Our Estimator for (1,2)-TSP

In this section, we use the algorithm for estimating the size of maximum path cover as a black box to estimate
the size of (1,2)-TSP. First, note that if there is no Hamiltonian cycle with weight one edges of the graph,
then the set of weight-one edges of the graph (1,2)-TSP is a solution for maximum path cover of graph
G. Also, in the case that there exists a Hamiltonian cycle, then the size of maximum path cover is n — 1.
Moreover, if P* is the maximum path cover of a graph G, then it is possible to create a TSP by connecting

these paths using edges with weight two. This intuition helps to formalize the following observation.

Observation 5.2.38. Let 7(V') be the cost of (1,2)-TSP of graph G = (V, E). Then, we have
2n—p(G)—1<7(V) <2n—p(G).

Now we are ready to present the final algorithm for estimating (1,2)-TSP.

Algorithm 25: Final algorithm for (1,2)-TSP.

Construct G = (Va, Eg) implicitly as desribed in Section 5.2.4.
Let p be the output of Algorithm 24 on G.

F=2n—p

return 7

=

W oN

Lemma 5.2.39. Let 7 be the output of Algorithm 25 and (V') be the cost of (1,2)-TSP of graph G = (V, E).

With high probability, -
<F< (24 2.
r(V) <7< G+ ) T(v),
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where K is the parameter which is defined in Algorithm 21.

Proof. By Observation 5.2.38, we have 2n — p(G) —1 < 7(V) < 2n— p(G). Algorithm 25 outputs 7 = 2n—p
as the estimate, where p is the output of Algorithm 24. Hence, by Lemma 5.2.36, we have 2n—p > 2n—p(G).
Also, by Lemma 5.2.36, we have

1 1 n
— < _ (= — —) . —_
2n —p < 2n (2 K) p(G)+K
3p(G)  4n  2p(G) .
< et e Sl /Aol Sl
<an - O A 2 (Since p(G) < n)
4
< (g + E)(Qn —p(G)—1) (Since K < n)
4
< (g + g) . T(V) (Since T(V) =2n — p(G)),
which completes the proof. O

Theorem 5.2.40. Let 7(V) be the cost of (1,2)-TSP of graph G = (V,E). For any € > 0, there exists an
algorithm that estimate the cost of (1,2)-TSP, 7, such that

(V) <7< 4e)-7(V),
w.h.p in O(n) running time.

Proof. We choose K = %. By Lemma 5.2.39, if 7 is the output of Algorithm 25, we get

3
T(V) <7< (5 +e)-7(V).
Also, since the running time of Algorithm 25 is the same as the running time of Algorithm 24, by Theo-
rem 5.2.37, the total running time is O(n), which completes the proof. O

5.2.6 Our Estimator for Graphic TSP

In this section, we use our algorithm for estimating the size of maximum path cover to estimate the size of
graphic TSP. In a recent work, Chen et al. [68] showed that it is possible to obtain a (27/14)-approximate
algorithm for graphic TSP by estimating the matching size and the number of biconnected components in
the graph. Since the size of graphic TSP is at most 2n (the cost of MST is n — 1), they proved that if a
graph has large matching and a few biconnected components, the cost of graphic TSP is significantly lower
than 2n. Since estimating the number of biconnected components is not an easy task in sublinear time, they
use a proxy quantity that can be estimated in sublinear time.

We show that if we use our estimator for maximum path cover as a black-box instead of matching
estimator in algorithm of [68], we can improve the approximation ratio to 19/10. Moreover, we show that
we can estimate the number of bridges in O(n) We exploit this estimation for further improvement to get
a 11/6-approximate algorithm for graphic TSP.

Chen et al. [68] introduced the following definition of bad vertex as a proxy for estimating the number of

biconnected components.
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Definition 5.2.41 (Bad Vertex). We say a vertex v € V is a bad vertez, if one of the following holds:
e degree of v is 1,
e v is a cut vertex with degree 2.

In the following series of lemmas, we bound the cost of graphic TSP based on the size of maximum path
cover and number of bad vertices. Almost all the steps of this part are similar to the algorithm for graphic
TSP of [68] — except the path cover subroutine that we use instead of maximal matching subroutine. We
restate some of the useful lemmas to achieve the approximation bound that the black-box algorithm can get,
and in the next subsection we improve this bound. First, we prove that if the size of the maximum path

cover is small, the cost of graphic TSP is bounded away from n.

Claim 5.2.42. [f the size of maximum path cover of graph G is at most p, then the cost of graphic TSP is
at least 2n — p.

Proof. Let (vg,va,...,v, = vg) be the optimal graphic TSP of graph G. Note that the subgraph induced by
weight-one edges of this cycle is a solution for path cover. Hence, at most p edges in cycle (vg, v, ..., v, = vg)

have weight one. All the remaining edges have a weight of at least two which implies the claimed bound.
O

Furthermore, the following lemma from [68], provides a lower bound for a graphic TSP of graph in terms

of number of bad vertices.

Lemma 5.2.43 ([68, Lemma 2.8]). If the number of bad vertices of graph G is at least 3, then the cost of
graphic TSP is at least n+ B — 2.

Chen et al. [68] showed that in a biconnected graph, if there exists a matching of large size, the cost of

graphic TSP is significantly smaller than 2n.

Lemma 5.2.44 ([68, Lemma 2.7]). Let G be a graph and M be a matching of G. Then the cost of graphic
TSP is at most 2n — | M]|.

Lemma 5.2.45 ([68, Lemma 2.11]). Let G be a graph and M’ be a matching that none of its edges is a
bridge. Then the cost of graphic TSP is at most 2n — %|M’|

We now upper bound the cost of graphic TSP in terms of size of maximum path cover and number of

bad vertices.

Lemma 5.2.46. If the size of mazimum path cover of graph G is p(G) and it has § bad vertices, then the
cost of graphic TSP is at most 2n — £(p(G) — 28).

Proof. Let [ be the number of non-trivial biconnected components and M’ be a maximum matching in graph
G that none of its edges is a bridge. Also, let B be the number of bridges in G. By the proof of Lemma 2.9
of [68], the cost of graphic TSP is at most min{2n — Z|M’|,2n — I}. Note that there are at least p(G) — B
edges of the maximum path cover that are not bridge. Since all non-bridge edges of the maximum path

cover are still union of several disjoint paths, there exists a matching with size of at least half of the edges
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of these paths. Hence, there exist a matching of size at least 3(p(G) — B). On the other hand, in the proof
of the same lemma, they showed that [ > % — [ which implies that the cost of graphic TSP is at most

min{Zn §|M/|,2nl} < min{Qn %(p(G) — B),2n — g +B}

There are two possible cases:

e If B<L %p(G) + gﬁ, then we have

20— 2(p(G) — B) £ 20— 3(6(G) — £4(G) ~ £8) = 20— £ (6(G) ~ 26).

o If B> 2p(G) + £, then we have

B
-5 B < 2p(G) ~ 25+ B =2n— L(o(G) - 29).

Therefore, the cost of graphic TSP is at most

1 B 1
min {Qn - g(p(G) — B),2n — 3 + B} <2n-— g(p(G) —-2p5). O

Now we are ready to introduce the first algorithm for estimating the cost of graphic TSP, which uses our
maximum path cover subroutine instead of the matching subroutine as a black-box. In Algorithm 26, we
first estimate the size of the maximum path cover and the number of bad vertices of the graph and report
the graphic TSP cost in terms of the two estimations. The subroutine used for counting number of bad

vertices is similar to the one in section 2.2 of [68].

Lemma 5.2.47 ([68]). Let 8 be the number of bad vertices. For any constant e > 0, there exists an algorithm

that w.h.p estimates the number of bad vertices B, such that B < B < B+en, in O(n) running time.

Algorithm 26: First algorithm for graphic TSP.

1 Construct G = (Ve, Eg) implicitly as desribed in Section 5.2.4.
2 Let p be the output of Algorithm 24 on G.

3 Let 3 be the estimate of number of bad vertices.

4

5

7= 2n—1(p-20)
return 7

Lemma 5.2.48. Let 7 be the output of Algorithm 26 and T(V') be the cost of graphic TSP of graph G =
(V, E). With high probability,
19 1
<F<(Z 4.
where K is the parameter which is defined in Algorithm 21.

Proof. Let 8 be the number of bad vertices. By Lemma 5.2.36 and Lemma 5.2.47 p < p(G) and g < B.
Hence, we have 7(V) < 7 by Lemma 5.2.46.
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By Lemma 5.2.36 and Lemma 5.2.47, we can estimate p(G) and 3 such that (3 — +) p(G) —

B<pB+ % if we choose € = % Thus, we have

=3
IN
e}
o
=
o,

%gzn;(fj()'p(c);%m;))
<2n— %(9 —20) + 5K (Since p(G) < n).

On the other hand, assume that the approximation ratio that the algorithm obtains is o + 1/K for some

a < 2. Thus, we get

1 n
. > - — i >
(a+ K) (V) za-7(V)+ I7a (Since 7(V) > n)
> o -max{2n — p(G),n+ 5 — 2} + % (By Claim 5.2.42 and Lemma 5.2.43)
> o -max{2n — p(G),n + } + % —4.

So in order to show that 7 < (a+ +) - 7(V), it is sufficient to show that

1 p(G
2n—7(M—2ﬂ) <a max{2n — (G),n—i—ﬁ}—i—ﬁ—zl.
5 2 K
If n is large enough, then we have 4—” < % — 4, which implies that we need to prove
1 p(G
2n — S(%) —20) < a-max{2n — p(G),n + B}.

Now, let p(G) = a2n and f =yn for 0 <z <1 and 0 < y < 1. To obtain a, it suffices to solve the following

program

maximize «

subject to % S a,

This is a constant size program that can be easily solved; the solution is 19/10.1 This completes the proof.

O

Theorem 5.2.49. Let 7(V') be the cost of graphic TSP of graph G = (V, E). For any e > 0, there exists an

1See e.g. this WolframAlpha link.


https://www.wolframalpha.com/input?i=Maximize%5B%282-1%2F5*%28x%2F2+-+2y%29%29+%2F+Max%5B2-x%2C+1%2By%5D%2C+%7B0%3C%3D+x+%3C%3D1%2C+0%3C%3Dy%3C%3D1%7D%2C+%7Bx%2Cy%7D%5D
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algorithm that estimate the cost of graphic TSP, 7, such that

1
r(V) <7< (15 +€) V),
w.h.p in O(n) running time.

Proof. Let T be the output of Algorithm 26. If we choose K = %, then by Lemma 5.2.48, we have

19
T(V) <7< (1—0 +e)-7(V).
Also, by Theorem 5.2.37 and Lemma 5.2.47, estimating p and B can be done in O(n) time. O

5.2.7 Further Improvement for Graphic TSP

In this section, we design an algorithm to estimate the number of bridges in given graph G. Equipped with
this tool, we are able to estimate the number of non-bridge edges in the path cover which helps to improve
the approximation ratio. Before describing the techniques for estimating the number of bridges, we prove
the following lemma that provides a lower bound on the cost of graphic TSP based on the number of bridges

in the graph.

Claim 5.2.50. If the number of bridges in the graph G is at least B, then the cost of the graphic TSP is at
least n + B.

Proof. Since the metric in the graphic TSP is corresponding to the shortest path distances in graph G, then
a TSP tour is corresponding to a closed walk that contains all vertices. Thus, each bridge should be crossed
at least two times in this walk in order for the walk to be closed and cover all vertices. Therefore, the cost
of graphic TSP is at least n + B. O

In the following series of lemmas, first, we prove that there are a few bridges that both of their endpoints
have a high degree and then we show an efficient way to estimate the number of bridges that have at least
one endpoint with a low degree. Combining the above arguments is the main idea to estimate the number

of bridges.

Lemma 5.2.51. For any integer ¢ > 2, there exists at most 27” bridges that both of their endpoints have a
degree larger than c.
Proof. Let B be the set of bridges that both of their endpoints have a degree larger than c. We construct a
tree, T, with edge set equal to BB such that each vertex of T corresponds to a component of vertices that are
compressed to a single vertex. We construct Ty iteratively. In the beginning, we consider the bridge-block
tree of the original graph. In each step, if there exists a bridge e = (u,v) (note that u and v are vertices of
the tree and corresponding to a set of vertices of the original graph) such that at least one of its endpoints
has a degree less than or equal to ¢, we merge v with v and add all edges of u to v. We continue this process
until there is no bridge with an endpoint of degree less than or equal to c.

Now, we prove that |B|] < 27" Let z, denote the number of vertices in the original graph that are
compressed to vertex v € T. We remove vertices of Tz one by one until there is no vertex in the tree. At
each step, we remove a leaf v € T and at the end when only one vertex is remaining, we remove that vertex.

Let y, be the number of incident edges to v in T that are removed before removing v. At the time that we
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are removing leaf v, we have z, +y, + 1 > ¢+ 1, since the endpoint of the leaf that is the component of v
has at most x, incident edges in the same component in the original graph, y, incident edges to the other
components that are removed before, and there is only one remaining incident edge to other components
(the other endpoint of the leaf). Thus,

Yow= Y (c—y)=(Bl+De— Y v (5.11)

vETR vETR veTp

Since vertices of each component are disjoint, we have > x, = n. Moreover, we have ) . v, = |B]

vETR
since each edge of B counted when one of its endpoints is deleted from the tree. Combining above bounds

and inequality (5.11), we have

n= Z xy > (|B] 4+ 1)c— |B]

veETRB
Therefore,
Bl< il
c—1 c
where the last inequality holds for sufficiently large n. O

Lemma 5.2.52. Let ¢ > 2 be a constant and u is a vertex such that deg(u) < ¢. Then we can test if each
of incident edges of u is a bridge in O(n) total running time.

Proof. We can query all neighbors of u in O(n). Assume that {v1,vq,...,v,} are neighbors of u for r < c.
Now we divide the vertices of the graph except w into r sets Vi, Vs, ..., V... For each vertex w # u, we query
the distance of w to all {vy,vs,...,v,.}. Let v; be the closest one to w (if there is a tie, choose the one with
the lowest index). Then we put w in V;. Note that since ¢ is a constant and r < ¢, this step can be done in
O(n).

Now we claim that (u,v;) is a bridge iff the following conditions hold:
e For each w € V; and ¢ # j, d(w,v;) — d(w,v;) = 2.
e For each w € V; such that i # j, d(w,v;) — d(w,v;) = 2.

Suppose that e = (u,v;) is a bridge. Since removing e creates two connected components C,, and C,,, all
vertices in Oy, (resp. Cy) have a closer distance to v; (resp. ). In other words, all shortest paths between
w € V; to v; for i # j, cross edges (v;,u) and (u,v;). In addition, all the shortest paths between w € V; and
v; for i # j, cross edges (vj,u) and (u,v;). Therefore, both conditions hold.

Now suppose that e = (u, v;) is not a bridge. In this case, there must be an edge between V; and at least
one of V; as otherwise, V; will be disconnected from the rest of the graph by removing e. Without loss of
generality, assume that this edge is (w,w’) such that w € V;, w’ € V;, and i # j. Also, w.l.o.g., we assume
d(w,v;) < d(w',v;). Since there is an edge between w and w’, we have d(w’,v;) < 1+d(w,v;) < 1+d(w', v;),
which contradicts the conditions.

To test whether the conditions hold, we need to query the distance of each vertex to all {vg,v1,...,v.}

which can be done in O(n) in total since r is a constant. O
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Lemma 5.2.53. Let B be the number of bridges in graph G. For any e > 0, there exists an algorithm that
outputs an estimate B in O(n) such that B < B < B +en.
Proof. By Lemma 5.2.51, there are at most 5 bridges with both endpoints have degree larger than %. Let

B be the number of bridges that at least one of their endpoint has degree of at most %. Thus,

B—%ngB. (5.12)
We sample © = 256 -4 -log n vertices uniformly at random with replacement. Let u be the i-th sampled
vertex. If the degree of the vertex is larger than g, we let X; = 0. Otherwise, let {v1,va,...,v;} be the
neighbors of u where k < %. By Lemma 5.2.52, we can test if each of the incident edges of u is a bridge in
O(n) total running time. For each edge (u,v;) if deg(u) < deg(v;) or deg(u) = deg(v;) and index of u is
smaller than v;, we test if the edge is a bridge or not. Let X; show the number of successful tests for incident
edges of u. Note that in the above algorithm, each bridge with low-degree endpoints only counted once.
Let X = (3.7 X;)/r and nX + 32 be our final estimate of the number of bridges. Hence, E[X] = B/n.
Since X is the average of  independent random variables such that 0 < X; < 4/¢, by Hoeffding’s inequality

(Proposition 2.3.2) we obtain

_ _ e et 9
Pr||X - BIX]| 2 7] <200 (128) =

where the last inequality follows from r = 256 - e~ - logn. Therefore, with probability of 1 — %,

nX € nE[X] £ %8

:Bi% (Since E[X] = B/n).
Combining above range and inequality (5.12), we get
5 3en

Since the number of sampled vertices is 7 = 256 - e~ - log n, the total running time is O(n). O

Now we are ready to introduce the improved algorithm for graphic TSP.

Algorithm 27: Improved algorithm for graphic TSP.

Construct G = (Va, E¢) implicitly as described in Section 5.2.4.
Let p be the output of Algorithm 24 on G.

Let B be the estimate of the number of bridges.

7=2n-3(p— B)

return 7

=

[S BV V]

Lemma 5.2.54. Let 7 be the output of Algorithm 27 and 7(V') be the cost of graphic TSP of graph G =

(V, E). With high probability,
11 1
<7< (—4+ =)

where K is the parameter which is defined in Algorithm 21.
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Proof. Let p(G) be the size of maximum path cover and B be the number of bridges in the graph. There

are at least p(G) — B edges of maximum path cover that are not bridge. These edges construct disjoint
1

5 ~
Lemma 5.2.45, the cost of graphic TSP is at most 2n — £(p(G) — B). Therefore, since p < p(G) and B < B,
we get 7(V) < 7.

paths which implies there exists a matching of size 3 (p(G) — B) that none of its edges is a bridge. Hence, by

By Lemma 5.2.36 and Lemma 5.2.53, we have (% — %) -p(G) — % < pand B< B+ % which implies
1/.1 1 n
F<om— —((z— =) p(G)—(B+ =2
<z (G-g) @ - B+ )
1 G 2
§2n—§(¥—3)+£ (Since p(G) < n).

Also, assume that the approximation ratio that the algorithm obtains is @ 4+ 2/K for some o < 2. Thus,

2 2n
(Oz-i—E)-T(V)ZOz'T(V)-FF

2
> o -max{2n — p(G),n + B} + Fn (By Claim 5.2.42 and Claim 5.2.50).

(Since 7(V') > n)

Therefore, to show that (e + &) - 7(V) > 7, it is sufficient to show

2n — é(@ — B) < a-max{2n — p(G),n + B}.

Now, let p(G) = zn and B = yn for 0 < z < 1 and 0 < y < 1. To obtain «, we write the following

maximization problem,

maximize «

subject to % < a,
0<z< 1,
0<y<1
The solution to this problem is 11/6.2 This completes the proof. O

Theorem 5.2.55. Let 7(V') be the cost of graphic TSP of graph G = (V, E). For any e > 0, there exists an
algorithm that estimate the cost of graphic TSP, 7, such that

(V) <7< (5 +e) V),

w.h.p in O(n) running time.

2See e.g. this WolframAlpha link.


https://www.wolframalpha.com/input?i=Maximize%5B%282-1%2F3*%28x%2F2+-+y%29%29+%2F+Max%5B2-x%2C+1%2By%5D%2C+%7B0%3C%3D+x+%3C%3D1%2C+0%3C%3Dy%3C%3D1%7D%2C+%7Bx%2Cy%7D%5D
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Proof. Let T be the output of Algorithm 27. If we choose K = é, then by Lemma 5.2.54, we have

11
(V) S 72 (5 +2) (V).
Also, by Theorem 5.2.37 and Lemma 5.2.53, estimating p and B can be done in O(n) time. O

5.2.8 A Slightly Subquadratic Algorithm for Graphic TSP

With the recent advances in designing sublinear algorithms for maximum matching [42, 43, 57, 59], we can
now achieve a more precise estimation of the size of graphic TSP at the cost of increased running time. In
this section, we present an algorithm that approximates the graphic TSP with an accuracy within a factor
of 5/3 + ¢ in O(n>~%(M). We use the following result by Bhattacharya, Kiss, and Saranurak [57] to design
our slightly subquadratic graphic TSP estimator.

Proposition 5.2.56. Suppose that we have access to the adjacency matriz of graph G. Then, There ezists

an algorithm that estimates the size of the mazimum matching of graph G, fi, such that

2-Q.(

w.h.p inn D time.

Combining this algorithm with the framework of Chen, Kannan, and Khanna [68] implies a (13/7 + ¢)-

2=9:(1) time. Our algorithm in Section 5.2.7 makes an improvement on

approximation for graphic TSP in n
both the running time and approximation ratio for the graphic TSP over this recent result. Furthermore,
using Proposition 5.2.56 and our estimator for counting the number of bridges, we are able to obtain a

5/3-approximation ratio. Now we are ready to propose our algorithm.

Algorithm 28: Slightly subquadratic algorithm for graphic TSP.
1 Let & be the output of Proposition 5.2.56 on G.

2 Let B be the estimate of the number of bridges.

3 7=2n—%(i—B)

4 return 7

Lemma 5.2.57. Let 7 be the output of Algorithm 28 and 7(V') be the cost of graphic TSP of graph G =
(V, E). With high probability,

(V) <7< (C4e) rV).

Proof. Let B be the number of bridges in G. There exists a matching with a size of at least u(G) — B that
none of its edges is a bridge. Thus, by Lemma 5.2.45, it holds 7(V) < 2n — £ (u(G) — B). Combining with
i < 1(G) and B < B, we get 7(V) < 7.

Additionally, by Proposition 5.2.56 and Lemma 5.2.53, we have fi > u(G) — en and B < B + en. Thus,

7<2n— 5 ((W(G) —en) — (B +¢€n))

<2n— -(u(G) — B) 4 2en (Since u(G) < n).
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Assume the approximation ratio of the algorithm is « + 2¢ for some « < 2, we must have

(a+2)-7(V)>a -7(V)+ 2en (Since 7(V') > n)
> a-max{2n — u(G),n + B} + 2en. (By Lemma 5.2.44 and Claim 5.2.50)

In order to show (a + 2¢) - 7(V) > 7, it is sufficient to show

2n — g(,u(G) — B) < a-max{2n — u(G),n + B}.

Let u(G) = zn and B = yn for 0 < 2z < 1 and 0 < y < 1. To obtain «, we write the following

maximization problem,

maximize «

2-5(-y) o

Subj ect to m S

)

The solution to this problem is 5/3.3 O

Theorem 5.2.58. Let 7(V') be the cost of graphic TSP of graph G = (V, E). For any e > 0, there exists an
algorithm that estimate the cost of graphic TSP, T, such that

(V)7 (G4 (),

2-Q.(

w.h.p inn D running time.

Proof. Let T be the output of Algorithm 28. By Lemma 5.2.54, we have

(V) <7< (% +¢e)-1(V).

Moreover, by Proposition 5.2.56 and Lemma 5.2.53, estimating i and B can be done in n2~%() time. O

5.2.9 Lower Bound for Approximating Maximum Path Cover

“Conditional” Hardness for the Approximation Ratio

In this section, we prove that if there exists a constant o > 0 and an algorithm that returns a (% + a)-

approximate estimate for the size of maximum path cover in O(n) time in a bipartite graph, then there is a
( % + «a)-approximate algorithm for estimating the maximum matching size in O(n) time. This remains an

important open problem in the study of sublinear time maximum matching algorithms. See in particular

3See e.g. this WolframAlpha link.


https://www.wolframalpha.com/input?i=Maximize%5B%282-1%2F3*%28x+-+y%29%29+%2F+Max%5B2-x%2C+1%2By%5D%2C+%7B0%3C%3D+x+%3C%3D1%2C+0%3C%3Dy%3C%3D1%7D%2C+%7Bx%2Cy%7D%5D
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[43]. This implies that short of a major result in the study maximum matchings in the sublinear time model,
which have received significant attention in the literature (see [176, 34, 43, 42, 59] and references therein),
our path cover algorithm has an optimal approximation ratio.

Let G = (V,U, E) be a bipartite graph. We construct a graph G’ = (V',U’, E’) such that a better than
%—approximate estimate of maximum path cover on G’ leads to a better than %—approximate estimate of
maximum matching in G. Let r be a large constant. We create r copies of G, showing the i-th copy with
G; = (V;,U;, E). Also, we create another r — 1 copies Hy, ..., H,_1 of G with H; = (V;,U;11, E). Now we
let the G’ = (UJ,_, Gi) U (U:;ll H;). Now we claim that the size of maximum path cover of the graph G’ is

roughly 2r - 4(G) which can be used as an estimator for the maximum matching of G.

Vi Vy Vi

W Va Ve
Gl Hl G2 H2 oo GT
U] UZ U?) U’r

Ui Us Us U

Figure 5.4: Tllustration of graph G’ = (V/,U’, E’). Each G; is shown by a rectangle and each H; is shown
by a parallelogram. Top and bottom horizontal lines illustrate V; and U;. Blue highlighted parts represent
the vertex cover of the graph.

Before proving the main result of this section, we characterize some properties of the constructed graph

G

Claim 5.2.59. u(G’') =r- u(G).
Proof. First, since all graphs {G;}7_; are the same as G and are vertex-disjoint, if we consider the maximum
matching of G in each of the r graphs, we will have a matching of size r - u(G). Thus, u(G’) > r - u(G).
Let V U U be the minimum vertex cover of G such that V € V and U € U. By Konig’s Theorem
(Proposition 2.2.1), we have [V U U| = u(G). Now we show there exists a vertex cover of size r - u(G)
for graph G’. Let V; € V; (resp. U, € U;) be the copy of vertices V (resp. U) in graph G;. We claim
(Ui, Vi U 01) is a vertex cover for G’. If an edge is in G;, then at least one of its endpoints is in vV, uU;
since Vl U Uz is a vertex cover of G;. Moreover, by the construction, Vz U Ui+1 is a vertex cover of H;.
Hence, each edge of H; is also covered by the vertex cover. Therefore, since there exists a vertex cover of
size (U, ViulU)| =r-|[VUU| =r-u(G), then we have u(G’) < r- u(G) which completes the proof. [

Observation 5.2.60. It holds (2r — 1) - u(G) < p(G') < 2r - u(G).

Proof. Since the union of maximum matching of all graphs {G,}7_, and {H; :;11 creates a path cover, we
get (2r — 1) - u(G) < p(G’). Futhermore, if there exists a path cover of size larger than 2r - u(G), then
the maximum matching of these paths will be larger than r - u(G) which contradicts Claim 5.2.59. Thus,
p(G') < 2r- pu(G). O

Now we are ready to show the reduction.
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Lemma 5.2.61. For any constant a > 0, if there exists an algorithm that can estimate the mazximum path
cover within a (5 +a)-factor in O(T(n)) time, then the same algorithm can be used to estimate the mazimum
matching of bipartite graph G within a (1 —¢) - (3 + a)-factor in O(T(n/e)) time.

1

Proof. We construct graph G’ as described at the beginning of the section with r = 5-. By Observa-

tion 5.2.60, (1 —1)- u(G) < p(G') < L - u(G). Let p be the estimate of the algorithm for the maximum path

&€

cover of G’. Hence, we have

M | =

Gta)E-1) @) <ji<

5 . - (G).

Now let i = ¢ - p be the estimate for the maximum matching of G. Hence,

(1-9)(5 +0) (@) < fi < (@),

Since the number of vertices and number of edges of G’ is r = % times more than G, then the running time
will be O(T'(n/¢)). O

A reduction to matchings can also be proved for (1,2)-TSP, albeit with an extra promise for the matching
instance that the matching is either perfect or half-perfect. This problem, formalized below, also remains
open in the study matchings. We show that a better than 1.5-approximation for (1,2)-TSP in O(n) time

would resolve this question.

Problem 5.2.62. Suppose that we are given a bipartite graph G = (L, R, E) with |L| = |R| = n and are
promised that either u(G) = n or u(G) = (3 + €)n/2 for any desirably small constant € > 0. Provided

adjacency matriz access to the graph, does there exist an n*T°W) time algorithm that distinguishes the two?

Theorem 5.2.63. If there is an algorithm that estimates the size of (1,2)-TSP within a (% —eg)-factor for

some fized constant ¢ € (0, ﬂ in n'T°)  then Problem 5.2.62 can indeed be solved in n'*T°() time.
Proof. Let G and G be two graphs with n vertices such that p(G1) = n and u(G2) = (5 + 2). We
construct graph G = (V{, E}) and G = (V3, Eb) as described at the beginning of the section with r = %

By Observation 5.2.60, we have p(G}) > (% —1D)n and p(Gj) < (é + £)n. Thus, by Observation 5.2.38, we
get

V)< Sn— (2 —1n=(Z+1
7( 1)760” (50 )n (50+ n,

4 1 1 3 1
T(VQ/)Z%n*(ngg)n*lZ(g*i)”a

for sufficiently large n, which implies

T(Vy)  3—eo/4 S 3
Vi) 2+e 2

Therefore, the algorithm for (1,2)-TSP can distinguish between G} and G% which implies Problem 5.2.62

can be solved in n'*+°M) time for & = £0/16. O

Lower Bound for Graphic TSP: note that we can reduce an instance of (1,2)-TSP to graphic TSP
by adding a new vertex and connecting the newly added vertex to all vertices of the graph. Therefore, the

n'*t°() time lower bound also holds for graphic TSP.
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Information-Theoretic Lower Bounds on the Running Time

Since any constant approximation algorithm for estimating maximum path cover can be used to estimate
the size of matching within a constant factor, then all of the lower bounds for O(1)-approximating maximum
matching in sublinear time also hold for (1)-approximating maximum path cover in sublinear time. We

restate some of these lower bounds along with a short proof (see [34] for a detailed discussion).

Lemma 5.2.64. Any algorithm that estimates maximum path cover within a constant multiplicative factor
requires (n) queries in the adjacency list model.

Proof. Consider two graphs that the first one does not have any edge and the second one has only a single
edge. In order to give any multiplicative approximation for maximum path cover, the algorithm needs to

find the edge which requires Q(n) queries in the adjacency list model. O

Lemma 5.2.65. Any algorithm that estimates maximum path cover within a constant multiplicative factor
require Q(n?) queries in the adjacency matriz model.

Proof. Consider the same construction as Lemma 5.2.64. To give any multiplicative approximation for
maximum path cover, the algorithm needs to find the edge which requires Q(n?) queries in the adjacency

matrix model. 0

Lemma 5.2.66. Any algorithm that estimates maximum path cover within a multiplicative-additive requires
Q(n) queries in the adjacency matriz model.

Proof. Consider a graph with no edge and a graph with one Hamiltonian cycle and no other edges. In order
for the algorithm to distinguish between these two graphs, it must find at least one edge of the second graph

which requires 2(n) queries in the adjacency matrix model. O

There is also a lower bound for multiplicative-additive estimation of matching in adjacency list model

[159] that also holds for maximum path cover.

Lemma 5.2.67. Any algorithm that estimates mazximum path cover within a constant multiplicative-additive

factor requires Q2(d) queries in the adjacency list model.

5.2.10 Implementation Details

In this section, we discuss why Lemma 5.2.30, restated below, holds.

Lemma 5.2.30. There exists a data structure that given a graph G in the adjacency list format, (implicitly)
fixes a random permutation w over its edges. Then for any vertex v, the data structure returns the degree of
vertex v in the subgraph P produced by Algorithm 21 according to a random permutation w. Fach query v

to the data structure is answered in O(T(v,w)) time w.h.p. where T(v, ) is as defined in Section 5.2.3.

The proof of Lemma 5.2.30 uses standard ideas from the literature [156, 34]. The only modification,
essentially, is to show that these algorithms also work for multi-graphs. Let us focus on the specific algorithm
proposed in [34, Appendix A]. Given the adjacency list of a graph G = (V, E), it defines gives a procedure
LowEST(v, %) that first draws a random rank E — [0, 1] on each edge (implicitly), then for any input vertex
v and an integer ¢ < degq(v), returns a vertex u such that (v, u) is the i-th lowest rank edge incident to v. It

is proved in [34] that if the procedure is called for a fix vertex v and all indices ¢ with 1 < ¢ < r, then the total
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running time is O(r) The only difference between the implementation of our algorithm and the one in [34]
is that we have multiple copies of a single edge in the original graph. First, we observe that the procedure
LOWEST(v, 1), in addition to returning the neighbor w, can also return the rank of the edge (v,u). (This is
explicitly computed by LOWEST(v, i) in [34].) Now let G’ be the multigraph with K copies of each edge of
G. Instead of a multigraph, we can assume that we have K copies of same graph G called G1,Ga,...,Gk.
Also, for each 4, let LOWESTq, be the LOWEST procedure corresponding to graph G;. For each vertex v,
we use a balanced binary search tree (BST) that stores the ranks of the lowest incident edge to v in each
graph. So at any point during the course of the algorithm, there are at most K different values in the BST
of vertex v. Now for the next LOWEST query to the multigraph graph G’ for vertex v, we can return the
minimum edge in the BST of vertex v. Since K is a constant and the any query to a BST is answered in

O(logn) time, the total running time will be the same as [34, Appendix A] within a O(logn)-factor.

5.3 Sublinear Algorithm for Steiner Tree

In this section, we present a sublinear-time algorithm for the Metric Steiner Tree problem. For the sake of

completeness, we restate some of the relevant definitions below.

Definition 5.3.1 (Sublinear Metric Steiner Tree). In the metric Steiner tree problem, we are given a set of
points V, a set of terminal points T CV, and query access to an oracle O to the |V| x |V| distance matrix
of a metric space (V,w), where O(u,v) returns the weight w(u,v) of the edge (u,v).

Let ST(V, T, w) denote the weight of a minimum-weight Steiner tree on instance (V,T,w). Then, the goal
is to design an algorithm that estimates ST(V,T,w) using the fewest possible queries to the distance matriz

via the oracle O.

Definition 5.3.2 (Threshold Set Cover). Given a universe of elements U and a collection F of subsets of
U, in the Threshold Set Cover problem the goal is to estimate ThSC(U, F) := [U|—SCU, F), where SC(U, F)
denotes the size of an optimal set cover solution for (U,F), i.e., the minimal number of sets in F whose

union equals U.

Following the notation of [69] and for simplicity, in our technical sections, we also refer to this problem

as set cover. We prove the following theorems in this section:

Theorem 5.3.3 (Our Algorithm for Threshold Set Cover). There exists an algorithm that, given a set
system (U, F) with oracle access to its adjacency matriz (also known as membership queries), outputs a
multiplicative-additive (1/2,e - {U|)-approzimation to Threshold Set Cover, in O(|F|3/3) time, with high
probability.

Theorem 5.3.4 (Sublinear Algorithm for Metric Steiner Tree). There exists an algorithm that, given an
instance of metric Steiner tree denoted by (V,T,w) with oracle access O to the distance matriz of (V,w),
outputs a (2 —n)-estimate of ST(V, T, w) using O(n/3) queries to O, where ) > 0 is a universal constant,

with high probability.
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5.3.1 Technical Overview

In this section, we provide a brief overview of the technical challenges involved in designing our algorithms.
To design a sublinear time algorithm for the Steiner tree problem, we use the framework developed by Chen,
Khanna, and Tan [69]. They demonstrated that breaking the 2-approximation barrier for the Steiner tree
problem can be reduced to solving an instance of a set cover problem. We refer the reader to Section 4.1 of
[69] for details on this reduction.

We denote the variant of the set cover problem as Threshold Set Cover. Given a collection of sets F over a
universe of elements U, we aim to estimate the value of ThSC(U, F) = |U|-SC(U, F), where SC(U, F) denotes
the size of the optimal set cover of the given instance. To achieve our goal of breaking the 2-approximation
barrier for the Steiner tree problem, we need to estimate ThSC(U, F) with a (v, e- [U]) multiplicative-additive
error, where v must be a constant and ¢ is any (small enough) constant. For this problem, we only have
access to a membership oracle of the instance, meaning we can query whether a particular element e is in
a particular set S or not. Note that this type of access is generally considered more challenging compared
to an adjacency list oracle, where the algorithm can access either the ith element of a set S, or the ith set
containing an element e. The reason is that if an element is included in only a constant number of sets, the
algorithm is required to spend Q(|F|) queries to find just one set that contains the element. Consequently,
we cannot use the results from the literature on sublinear set cover [111, 127] because they all rely on an
adjacency list access model.

We will now provide an informal, step-by-step description of our algorithm for Threshold Set Cover,
highlighting its differences, innovations, and technical challenges in comparison to the algorithm of Chen,
Khanna, and Tan [69]. For simplicity, in this technical overview we assume that |F| = O(|i{]), since this
represents the worst-case scenario for the Steiner tree problem. However, our formal proof does not depend

on this assumption. We let n = | F]|.

First step: sparsification of the Threshold Set Cover instance. The goal of this step is to produce
a new instance where each element and each set has a low degree—specifically, where each element is in only
a few sets, and each set contains only a few elements. This step is standard in designing sublinear algorithms
for the set cover problem for different access models, and a slightly different version of it is also used in the
algorithm by [69]. Our slight modification of the sparsification step allows us to relax some constraints in
the reduction from the Steiner tree problem to Threshold Set Cover, enabling us to achieve the same query
complexity for both problems.

Let x > 0 be some constant that we optimize later. Consider a set S € F and suppose we randomly
sample 6(711*“") elements from the universe and query the membership of all the sampled elements in S.
If the size of S is at least (Nl(nx), we expect to see a large intersection. Conversely, if the size of S is
much smaller, we expect to see a small intersection. If a large intersection exists, we can remove the set
S and all its elements from the instance. Since this event occurs at most 6(711_“”) times, we can account
for the removed elements and sets using the additive error in our estimation. Similarly, we can show that
all elements belonging to more than (l(nw) sets can be covered by a random subcollection of sets of size
6(711_’”). Therefore, without loss of generality, by spending 6(712_”‘) time, we can assume that each set

contains at most O(n®) elements, and each element is included in at most O(n®) sets.
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Second step: constructing an auxiliary graph H and estimating the size of its maximum match-
ing. Similar to [69], we construct a graph H with a vertex set where each vertex corresponds to an element
of U. We connect two vertices if their corresponding elements appear together in at least one set from F. It
is important to note that we do not construct H explicitly, as doing so would be computationally expensive
and require 2(n?) time. As shown by [69], if the size of the maximum matching of H is large, it is evident
that ThSC(U, F) is significantly smaller than |U]. Conversely, if the size of the maximum matching of H
is close to zero, then ThSC(U, F) is also close to zero. This is sufficient for our purposes, as our goal is to
obtain a constant-factor approximation. Intuitively, each matching edge in H indicates that there are two
elements that can be covered together, which increases the value of ThSC(U, F).

There is extensive literature on estimating the size of maximum matching in sublinear time [26, 34, 42,
41, 40, 57, 59, 60, 132, 144, 156, 159, 176], with significant progress made in recent years. For our application,
we use the algorithm of Behnezhad [34] to estimate the size of a random greedy maximal matching (RGMM)
of the graph. In summary, this algorithm can estimate the size of the RGMM of a graph in 6(6?) time

if given access to the adjacency list of the graph, where d denotes the average degree of the graph. We can

now use this algorithm as a black box:

e The average degree of H is O(n2?), since each element is in O(n®) sets and each set contains O(n®)

elements.

e Each time the algorithm visits a vertex in H (corresponding to an element), we can spend O(n!*®)

time to find its adjacency list in H. This involves first querying all sets that include the element, and

then making queries between those sets and all elements.

Therefore, we can simulate the algorithm from [34] in O(d - n1*®) = O(n!*3%) time. By balancing this with
the sparsification step, which requires 6(712_”:) time, we can set © = 1/4 to achieve an algorithm with a
running time of O(n"/4). This is essentially the running time of the algorithm by Chen, Khanna, and Tan
[69].

Third step: using the algorithm of Behnezhad [34] in a white-box manner. To improve the
running time of our algorithm, we need to open up the RGMM algorithm from [34] and utilize its properties
to apply it more effectively. The RGMM algorithm is a local algorithm that explores the neighborhood
of a given vertex to determine whether it is matched. A key observation is that during each exploration,
the algorithm requires a random neighbor of the vertex that has not been explored yet. However, in the
previous approach, we constructed the entire adjacency list of the vertex, which is redundant and inefficient.
Intuitively, we only need to randomly identify one of the vertex’s neighbors in each step.

However, the first challenge we encounter is that we cannot select a neighbor uniformly at random. To
illustrate this, consider the following example. Suppose that we have five elements U = {ej,...,e5} and
three sets: S = {e1,ea,e3}, So = {e1,e2,e4}, and S5 = {ey, e, e5}. Suppose that we want to find a random
neighbor of e; in H. If we first find all sets that include e; and then query between those sets and all
elements uniformly at random until we find an edge in H, we are likely to see the edge (e1,e2) because it
appears in all sets. Consequently, the algorithm has a bias towards finding neighbors that appear in more
sets with the element.

To overcome this challenge, rather than defining an auxiliary simple graph H, we define an auxiliary

multigraph H. In this multigraph, if two elements appear in the same set multiple times, we add an edge for
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each of those occurrences. Note that the average degree of H remains at most 6(712””) However, the algorithm
and analysis for RGMM from [34] are designed for simple graphs. We extend these results to multigraphs
and show that we can estimate the size of RGMM for a multigraph, given access to its adjacency list. This
extension may be of independent interest and could be useful for tackling other problems in sublinear time.
To establish this, we build on the exquisite approach first introduced by Yoshida, Yamamoto, and Ito [176]
and further explored in various settings [34, 43, 44]. We employ techniques such as the analysis of the round-
complexity of maximal independent sets [90], double-counting arguments to bound the average complexity
of RGMM on multigraphs, and others; we encourage the reader to refer to Section 5.3.3 for further details.

Now, suppose that for each vertex the RGMM algorithm explores in H, we first query all sets to identify
those that include the corresponding element. Since the algorithm explores at most 6((1) vertices in H, this
step will cost at most O(d-n) = O(n'+2*) in total. Let v be a vertex that the RGMM algorithm is exploring
at the moment. Define S, to be the collection of sets that include element v. Now, if we query uniformly
at random between all elements and the collection S, each incident edge of v in the multigraph H has an
equal probability of being sampled, which resolves the first challenge. For now, assume that the degree of
all vertices in H is d. Since |S,| = O(n®) and there are O(n) elements in total, we expect to find an element
in one of the sets of S, every 5(n1+“’ /d) queries. Thus, to identify a random neighbor of a vertex in H,
we need to spend O(n***/d) time. The RGMM algorithm queries for a random neighbor of a vertex O(d)
times, since the exploration size is 5(6?); therefore, the total cost is 6(n1+$). Combining this with the cost
of sparsification, the total cost of the algorithm is O(max(n2~®,n!*2%)), which is O(n%/3) if we set z = 1/3.

The second challenge arises because the RGMM algorithm may predominantly visit vertices with a very
low degree in H. For such vertices, finding a random neighbor can be much more time-consuming. Generally,
if a vertex v in H has degree degy (v), then each time the algorithm finds a random neighbor of v, it needs
to spend O(n*t®/degy; (v)) time. Therefore, if the algorithm frequently encounters vertices with constant
degree, each query to find a random neighbor can cost 5(711*“’). With the exploration size being 5((?),
this can significantly increase the query complexity of the algorithm. As a property of the local RGMM
algorithm, we demonstrate that each vertex is visited by the algorithm in proportion to its degree in H.
More formally, we prove that RGMM requires O(degy (v)/n) neighbors of v on average, for a uniformly
random permutation of edges. Thus, the degree-dependent factors cancel each other out, and the average
cost of this part can be upper-bounded by 6(n1+w), which is enough for us to get the 6(715/ 3) running time
for the Threshold Set Cover.

5.3.2 Sublinear Algorithm for Set Cover

In this section, we formalize and analyze our algorithm for the set cover variant described above. Throughout
this section, we assume that U denotes the universe and F denotes the collection of sets. We will slightly
abuse notation by letting k = || and n = |F|. Without loss of generality, we can assume that n > k.* We
use SC(U, F) for the size of the minimum set cover of the input instance. Our goal is to design an algorithm
that estimates the value of x = k — SC(U, F) with at most ek additive error and a constant multiplicative
factor. For v, € (0,1] and 2 > 0, we say that Y is a multiplicative-additive (71, 72)-approximation of the

value y if v1x —v2 < X < x. Similar to the reduction from the Steiner tree problem to set cover in [69],

4For the sake of this problem, for each element in the universe we can add a set that only contains the element. The same
assumption is also made in [69].
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we need to estimate k — SC(U, Fzo) where Fo denotes the collection of all sets in F except those of size
exactly 2. For simplicity, we focus on estimating y, and in the final step of this section, we will explain how
to handle sets of size 2 in our algorithm. For our application, we need ; to be constant and v, = €k where

¢ is a small fixed constant.

A High-Level Description of the Algorithm: Our algorithm for estimating the value of y is formalized
in Algorithm 29. Apart from the collection of sets F and the universe of elements U, the algorithm runs
with two parameters, a and (3, both of which can be determined based on the values of x and y, which
we optimize in the final step of the analysis. The algorithm has three phases: 1) sparsification of the sets,
2) sparsification of the elements, and 3) estimating the size of a maximum matching of the auxiliary graph
H (Definition 5.3.5). In the following, we first describe each component in words before moving on to the

formal proofs.

(Step 1) Set Sparsification: This component of the algorithm is formalized in Algorithm 30. The
algorithm maintains a collection of sets F and a universe of elements U that are initially equal to F and
U, respectively. We iterate over all sets in F one by one and for each set S, we sample r; = |L7 |/ random
elements from /. Intuitively, if |S nu | > ﬁ(a), we expect to have an element of S in the r; random sampled
elements. Having this in mind, if there is a large enough intersection (Q(log n)) between the sampled elements
and S, we remove set S and all its elements from F and U , respectively (we add this set to our solution).
Therefore, after the execution of the algorithm, each remaining set in F has at most 5(a) elements. On the
other hand, if |S N U | is smaller than «, we expect to see a small intersection with the r; sampled elements.
Consequently, the number of times the algorithm removes a set and its elements from F and U is at most
k/a = o(k), which can be accounted for by the additive error in the estimation. Also, if at any point the size
of the maintained universe becomes smaller than some threshold (in the algorithm the value of the threshold
is é(a), the algorithm stops processing the rest of the sets (Algorithm 30) since U = 5(@). This step differs

from the algorithm in [69] because we sequentially sparsify the sets, whereas their approach is non-adaptive.

(Step 2) Sparsification of Elements: This part of the algorithm is formalized in Algorithm 31. Similar
to the previous step, we want to sparsify our instance such that each element in the remaining instance
appears in at most O(f) sets. Let U and F be the output of Algorithm 30. We sample ry = |14|/8 random
sets from the collection F. With the same intuition as the previous step, if some element is in at least
Q(ﬁ) sets of F , we expect to see it in many sampled sets. We partition the elements of U into Ujey, and
Uhnigh, depending on whether their intersection with the randomly sampled elements is smaller than a given
threshold or not. With high probability, each element in U, appears in at most 6(5) sets of F, and each
element in Up;q, appears in at least ﬁ(ﬁ) sets of F. This suffices to show that any random subset of F of
size €k/2 can cover all elements of Up,gn, which can be included in the additive error of the estimation. This
step is similar to the approach used in [69].

After steps 1 and 2 of the algorithm, we have the property that each set in the remaining instance has

at most O(a) elements, and each element in the remaining instance is in at most O(3) sets.

(Step 3) Estimating the Maximum Matching of Auxiliary Graph H: We construct an auxiliary

multigraph H with vertex set Ujy,. For each set S € F , we add an edge in H between every two elements
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of S. Note that we do not explicitly construct the multigraph H because doing so would require (nk)
time, which is not feasible. We now estimate the size of the maximum matching in H to produce our final
estimate. Intuitively, if x is very small (close to zero), meaning that nearly k sets are required to cover
the universe, then the maximum matching in H will also be small. To see this, note that a matching edge
implies that its two endpoints can be covered by the same set. Conversely, if x is large (almost equal to
k), then H will have a large matching because each set in the set cover solution covers many new elements,
which can be almost paired up in H. Thus, obtaining a constant approximation for the size of the maximum
matching in H is sufficient to achieve our goal, and we do this by estimating the size of a random greedy
maximal matching in H. To that end, we modify and analyze the algorithm from [34] for multigraphs and
adapt it to our access model for the multigraph H, as discussed in detail in Section 5.3.3. The algorithm
in [69] constructs a similar graph, but it is not a multigraph in the sense that, for any two elements that

appear together in multiple sets, only a single edge is added between them in H.

Definition 5.3.5 (Auxiliary Multigraph H). Let F and U be as defined in Algorithm 29, respectively, of
Algorithm 29. We construct an auziliary graph H with vertex set Uy, such that for each set S in F and
each two different elements e, e’ € Ujow, we add an edge (e,e') to H. Note that H is a multigraph: multiple

sets may contain both elements e and €', and we add an edge for each of these sets.

Algorithm 29: Sublinear Time Algorithm for Set Cover

1 Input: Collection of sets F and universe of elements U.

2 Parameter: a < n®, [ <+ 10max(k/n'=Y,1)-nlog(n)/k.

3 Let F and U be the output of Algorithm 30 with input F, U and «.

4 Let Uppy and Upigr, be the output of Algorithm 31 with input F, ¢, and 3.

5 Let H be the auxiliary multigraph defined in Definition 5.3.5. > We do not build H explicitly.
6 Let 11 be the estimate of E, [GMM(H, )| using the algorithm in Section 5.3.3.

7 Let X « i+ U\ Upow| — ek/2.

8 return Y.
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Algorithm 30: Sparsification of Sets
1 Input: Collection of sets F, universe of elements U/, and parameter « that controls the
sparsification ratio.
2 F F, U+ U, c+0. > We use c only for the analysis.
3 for S € F do
4 if |U| < 10alogn then
5 L break
6 U] /a.
7 Let eq,eq,...,e, be r; random elements of U.
8 Make queries between S and elements ey, ..., e, .
9 if {e1,...,e,,}NS| > 10logn then
10 F« F\{S}.
11 c+—c+1.
12 for e € U do
13 if e € S then
14 | U {e).

15 return ]:',Z/?

Algorithm 31: Sparsification of Elements

1 Input: Collection of sets F , universe of elements U , and parameter § that controls the

sparsification ratio.

ro |m/5

if 75 < 20logn/e then
4meea Unigh 0.

return Uy, Upigh-

[

w

6 Let {S1,S59,...,5,,} be ry random sets from F.

7 Make queries between all elements in ¢/ and sets in {Sy, S, ..., S, }.

8 Let Ujoyy be the elements that appeared in at most 20logn/e many sets.

©

Z/{high — a \ ulow-

10 return Ujoyw, Unigh-

Proof of Correctness

In this section, we prove the correctness of Algorithm 29.

Claim 5.3.6. For any set S such that the condition of Algorithm 30 holds during the execution of Algo-
rithm 30, with high probability it holds that |S N m > «, where U denotes the universe that Algorithm 30

maintains at the time it processes S.

Proof. Suppose that S is a set such that [S N Z;I| < « at the time that Algorithm 30 processes this set. Let
X; be the random variable that indicates e; € S. Thus, we have Pr[X;] < |[SNU|/|U|. Let X = Sl X
By linearity of expectation, we have E[X] < rla/\l;l| = 1. Also, note that X;’s are negatively associated
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random variables. Let A = (9logn)/ E[X]. Therefore, using the Chernoff bound for negatively associated

random variables (Proposition 2.3.5) we have

2 E[X]
Pr[X > (14 )\ E[X]] < (()1-&-A>

1+ A
) E[X]
< (/\)\) (Since A > 1)
9logn
= (;) ® (Since A = (9logn)/ E[X])
1
< - (Since \ > ¢?)

which implies that with probability of at least 1 — n=?,
X < (1+MNE[X] =E[X] +9logn < 10logn.

Since we have n sets, using a union bound, with a probability at least 1 — n~8, for any set such that the
condition of Algorithm 30 holds, we have |S NU| > a. O

Claim 5.3.7. Let ¢ be the variable used in Algorithm 30. With high probability, we have ¢ < k/a.

Proof. By Claim 5.3.6, for every set S such that the condition on Algorithm 30 of Algorithm 30 holds, with
high probability we have that |S nU | > «. Hence, each time the algorithm increases c, the size of U decreases

by a. Therefore, the total number of times the algorithm increases ¢ is upper-bounded by k/a. O

Claim 5.3.8. Let F and U be the output of Algorithm 30. Then, each set S € F has at most 20c logn
elements in U with high probability.

Proof. First, note that if the algorithm stops because of the condition of Algorithm 30 and does not process
S, it holds that || < 10alogn and the claim trivially holds.

Let S be a set such that at the time that Algorithm 30 processes S, we have |S ﬂLA{| > 20 log n. Similar
to the proof of Claim 5.3.6, let X; be the random variable that indicates e; € S and X = Z:;l X;. Hence,
E[X] > 20rialogn/|U| = 20logn. Since X;’s are negatively associated random variables, using Chernoff
bound (Proposition 2.3.5) for A = (91logn)/ E[X], we have

oA E[X]
Pr[X < (1-MNE[X]] < ((H,\)m>

o E[X]
< ()\/\) (Since A > 1)
9logn
_ (;) ® (Since A = (9logn)/ E[X])
< 1 (Since A > e?)

n?

which implies that with a probability of at least 1 — n=?,

X > (1-=MNE[X]=E[X]—9logn > 20logn — 91logn > 10logn.
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Therefore, the condition on Algorithm 30 of Algorithm 30 must hold for all such sets with a probability of

8

at least 1 — n~° using union bound. O

Lemma 5.3.9 (Sets Sparsification Guarantee). Let F and Uyow be outputs of Algorithm 30 and Algorithm 31.
Also, let S € F. Then, with high probability, S contains at most 6(04) elements of Ujow -

Proof. Note that Uje,, C U where U is the output of Algorithm 30. Also, by Claim 5.3.8, we have |S ﬂm <

20alog n. Thus, with high probability we have |\S N Ujpw| < 20alogn = O(a). O

Lemma 5.3.10 (Elements Sparsification Guarantee). Let Ujoy, be as output by Algorithm 31 and let e € Ujon, -
Then, with high probability, there are at most 6(6) sets of]:" that contain e.

Proof. Let e be an element of I, where U is the output of Algorithm 30. We show that if at least 403 log nje
sets in F contain e, then e € Up;gn in the output of Algorithm 31 with high probability.

Let X; be an indicator variable for S; containing e. Thus, we have E[X;] > 408logn/(en). Define
X =312, X,. Hence, E[X] > ry - 403logn/(en) = 40logn/e. Since X;’s are negatively associated random
variables, using Chernoff bound (Proposition 2.3.5) for A = (9logn)/ E[X], we have
1

PrlX < (1- N E[X] < -

(Similar to the proof of Claim 5.3.8)
which implies that X > 20logn with a probability of at most 1 —n~?, since
X > (1-MNE[X]=E[X]—9logn > 40logn/s — 9logn > 20logn/e.

Using a union bound for all elements in U that are in at least 408 logn/e sets of F, with high probability all

of them are going to be included in Up;q. As a result, for each e € Uiy, € is in at most 5(5) sets of F. [

Claim 5.3.11. Let F’ be a random collection of ek /5 sets of F. Then, with high probability, every element

in Unign is in one of the sets of F'.

Proof. Let e € U be such that at most 158 logn/e sets of F contain e. Similar to the proof of Lemma 5.3.10,
let X be a random variable that denotes the number of sets S; (for i = 1,2,...,79) that contain e. Using a
Chernoff bound, we can prove that with a probability of at least 1 — n =2, for all such elements e, we have
X < 20logn/e. Therefore, all elements in Upiqn are in at least 155logn/e sets of F.

Consequently, when |F’'| > €k/5, the expected number of sets in F’ that cover element e € Upigy, is at

least
1561ogn 1 %>15nlogn 1 ek

€ n 5 = ek n 5
where we used that 5 > n/k (see Algorithm 29 in Algorithm 29). Using Chernoff bounds again, we expect

=3logn

all these elements to be covered by at least one set with high probability, which concludes the proof. O

Claim 5.3.12. Let SC(Ujo, F) be the optimal set cover size for the universe of elements U, and the
collection of sets F which are the outputs of Algorithm 31 and Algorithm 30, respectively. Let 1 be the output

of Lemma 5.58.17 (i.e., a size estimate of a random greedy maximal matching of H ) with ek/2 additive error.
Then, it holds that

N ck _ N
(lulow| - Sc(ulowa/r)) - ? S 1% S |ulow| - SC(uloum]:)-

DN | =
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Proof. Let M be any maximal matching of H. First, we show that
1 . .
5 (Whou] = SCULws F)) < IM] < Wiow| = SCUhiow: F):

If for each edge in M, we take the corresponding set, and for the rest of the elements we take a set that only
covers that element, we will have covered all elements of Uj,,, with at most [Uj.| — | M| sets, which implies
that |M| < [Uiow| — SC(Uiow, F). On the other hand, no set can cover two elements that are unmatched by
M at the same time. Thus, we have [Ujoy | — 2| M| < SC(Z/Ilow,J:").

Since the output of Lemma 5.3.17 can be smaller than the minimum-sized maximal matching by an

additive factor of at most £k/2, we get the claim. O

Claim 5.3.13. Conditioning on the high-probability events of Claim 5.3.7 and Claim 5.3.11, it holds that
SCU, F) < SCUion, F) + k2.

Proof. All elements of U \ (Uiow UUnign) can be covered using the ¢ sets that are deleted in Algorithm 30.
Moreover, by Claim 5.3.7, we have ¢ < o(k) since a > w(1). On the other hand, the elements of Uj,g, can
be covered using ¢k/5 sets, as shown in Claim 5.3.11. Finally, the elements of Uj,, can be covered using
SC(Ulow,f) sets. Therefore, the union of these three collections covers all elements, and the size of this

solution is at most SC(Ujoy, F) + €k/2, which completes the proof. O

Lemma 5.3.14. Conditioning on the high-probability events of Claim 5.8.7 and Claim 5.8.11, it holds that
x/2 —ek < X < x. (Recall that x = k — SC(U,F) and X is the output of Algorithm 29, defined on its
Algorithm 29.)

Proof. We have that

k
X =+ U\ Uow| — % (Output of Algorithm 29)
R k
< Uhow| — SCUiow, F) + U\ Usow| — % (By Claim 5.3.12)
R k
= U] — SCUrow, F) — %
< |U| —SCU,F) (By Claim 5.3.13)
= X.
On the other hand,
- - ck
2(X+5k) =2 (/1‘—’_ |u\ulow| + 2)
>2 <MZQOW| - Sc(ul;’”’f) + U \ulow|> (By Claim 5.3.12)
> U] — SCUiow, F)
= |U| — SC(Uiow, F)
> U] - SCU, F)

=X
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which concludes the proof. O

Time Complexity

Claim 5.3.15. Algorithm 30 runs in O(nk/«) time with high probability.

Proof. First note that Algorithm 30 samples at most k/« elements for each set in F (Algorithm 30). So if we
ignore the block of if-condition in Algorithm 30, the runtime is at most O(nk/«). Further, by Claim 5.3.7,
the condition on Algorithm 30 holds at most &/« times with high probability. Since each time the algorithm
enters the if-condition it spends O(k) time to iterate over all elements, the total running time is at most
O(k?/a + nk/a) = O(nk/a). O

Claim 5.3.16. Algorithm 31 runs in O(k?/3) time.

Proof. The algorithm samples ro = O(k/S) sets and for each of them makes a membership query between

the set and all elements. Hence, the total running time is upper-bounded by O(k?/3). O

We will prove the following lemma about the complexity of RGMM in the next section. However, to

complete the time analysis, we state the lemma here.

Lemma 5.3.17. Let H be the multigraph defined in Definition 5.3.5. There exists an algorithm with an
expected running time of O-(kB + afin) that estimates the value of E-|GMM(H, )| with ek additive error
with high probability.

Lemma 5.3.18. The total running time of the algorithm is 6(71/1‘/04 + k?/B + nafB) with high probability.

Proof. The algorithm runs in expected time 5(nk/a + naf) as shown by Claim 5.3.15, Claim 5.3.16,
Lemma 5.3.17, and the fact that ¥ < n. To ensure a high-probability bound on the running time, we
execute O(logn) instances of the algorithm in parallel and use the estimate from the first instance that
finishes. Since the expected running time is O(kn/a + k2/8 + naf3), the first instance is likely to terminate
within O(nk/a+k2/B+naf3) time with probability 1—1/ poly(n). (We remark that since our approximation
guarantees hold with high probability, they also hold with high probability for each of the instances.) O

Putting Everything Together

We combine our ideas to obtain our final theorem for estimating y = k — SC(U, F). Then, we extend our
analysis and make slight modifications to the algorithm to estimate k — SC(U, F.t2) which is crucial for

designing a sublinear algorithm for the Steiner tree problem.

Theorem 5.3.3 (Our Algorithm for Threshold Set Cover). There exists an algorithm that, given a set
system (U, F) with oracle access to its adjacency matriz (also known as membership queries), outputs a
multiplicative-additive (1/2, e -|U|)-approzimation to Threshold Set Cover, in O(|F|3/3) time, with high prob-
ability.

Proof. First, ifk < O(nz/ 3), then we can easily query between all elements and sets and compute the estimate
in O (n°/3) time since all the steps of the algorithm such as finding the maximal matching can be run in linear

time with respect to the size of the input. Now suppose that k > n?/3. We use Algorithm 29 to produce
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the estimate Y, setting 2 = 1/3 and y = 1/3. By Lemma 5.3.14, we have that Y is a multiplicative-additive
(1/2, ek)-approximation to the value of .

Moreover, we have o = n'/? and 8 = 10max(k/n*~¥,1) - nlog(n)/k = O(n'/3). By Lemma 5.3.18,
the total runtime of the algorithm is upper-bounded by O(kn/a + k2/8 + na8) = O(n®/3) because of the
assumption that k < n. O

Now we show how we can estimate k — SC(U, F..2) with a slight modification. The only change that is
needed in our algorithm is to remove edges of H that are produced by sets of size 2 in F. Hence, when
the algorithm estimates E,[GMM(H, )] using the vertex oracle, the oracles must not use those edges in
the exploration as they do not exist in graph H. Thus, in the implementation of Lemma 5.3.17, when the
algorithm queries pairs (u, S) where u € Uy, and S € F,, to find neighbors of v in H, if u € S, the algorithm
starts querying between all elements of & \ v and S until it finds another element in S. If the algorithm
finds another element of S, then it accepts the edge (v,u) as a valid edge, and otherwise it continues the
random search. So each time the algorithm finds such pair (v, S), it invokes the above procedure to validate
the edge. In the next theorem, we demonstrate how to bound the running time of the modified algorithm

and discuss its approximation ratio.

Theorem 5.3.19. There exists an algorithm that outputs a multiplicative-additive (1/2,ek)-approxzimation
of value of x =k — SC(U, Fx2) in O(|F|3/3) time with high probability.

Proof. We need to show that the new estimation is a multiplicative-additive (1/2,ek)-approximation of
k—SC(U, Fx2). We follow the same approach as proof of Lemma 5.3.14. To follow the same steps, we need
analogous claims similar to Claim 5.3.12 and Claim 5.3.13. The exact same proof of Claim 5.3.12 also works

to provide a bound on SC(Uje, .7:"752). More specifically, we have
1 A ek .
5 (Iulow| - Sc(ulowvfyéZ)) - ? S 1% S |ulow| - Sc(ulowa]:#Q)-

Further, to show that SC(U, Fyo) < SCUiow, F2) + £k/2, note that we have ¢ = o(k) (see Algorithm 30
for definition of ¢) which implies that U \ (Uiow U Unigrn) can be covered using o(k) sets of size larger than 2
(all sets that are removed in Algorithm 30 have size larger than 2). Additionally, elements of Up;gn can be
covered using ¢k /5 sets of F according to Claim 5.3.11. Thus, we can cover elements of Up;gp using 2ek/5
sets of ]:"752 since we can replace each set of size 2 with two sets of size 1 that cover a single element. Finally,
elements of Uj,,, can be covered using SC(L{low,ﬁﬁ) sets. The union of all these sets is a valid solution
for SC(U, Foza) which has a size of at most SC(Upw, Fa) + €k /2. Therefore, the error of our estimation is
(1/2,¢k).

Now it remains to bound the running time of the modified algorithm. We prove that the same bound on
the running time as in Lemma 5.3.17 holds. Now consider a vertex v that is corresponding to an element in
Uy Let F, be the collection of sets that include v. Also, let F/, = {S|S € F, and |S| = 2}. Let r = | F,|
and F, = {S1,...,S-}. Also, let 7; = |S; N (Uiow \ v)|. Hence, in Lemma 5.3.17, when the algorithm queries
a pair (u, S) and it returns u € S, the probability that S = S; is 7,/ >_._, 7;. For this set, using a Chernoff

bound, the algorithm needs to spend at most O(k/7;) time to see another element of S; or explore all elements
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of U. Therefore, the expected additional time the algorithm needs to spend compared to Lemma 5.3.17 is

>(sr)0(4) -0(X ') <0 ()

7

where the last inequality follows by the fact that degy (v) < >0, 7; since degy(v) = (i 7) — [{S]S €
F, and |S| = 2} after the modification of the graph H. On the other hand, by Lemma 5.3.33, the expected
number of times that the oracle calls an adjacent edge of vertex v, is at most 5(deg (v)/k) (note that we
use k here and n in Section 5.3.3 are equivalent since in the next section we used n as the number of vertices
of a given graph). Also, these two variables have a negative correlation. Therefore, the total cost for all
vertices is at most O(rk). Combining with the fact that » = O(3) (Lemma 5.3.10), the total additional cost
is 5(1@6), which is dominated by other terms in Lemma 5.3.18 which implies that the algorithm has the same

running time as Theorem 5.3.3 if we choose a and 3 similarly. O

5.3.3 Random Greedy Maximal Matching on Multigraphs

In this section, we show that the algorithm of [34] can be extended to work efficiently on multigraphs. First,
we prove that if we have access to the adjacency list of a multigraph H, then it is possible to estimate the
size of a random greedy maximal matching of H in 6(J) time, where d is the average degree of H. We
denote H = (Vi, Er). We slightly abuse notation by using n to denote |Vi| (note that n here is equivalent
to k in the set cover section). We also let 7 represent the permutation over the edges of H that we use to
select edges of the RGMM.

Similar to the work of [34], we define a vertex oracle VO, which, given a vertex v € Vi and a permutation
7 over the edges of H, determines whether v is matched in GMM(H, 7). This oracle explores the neighbor-
hood around v locally to answer the query and does not need to examine the entire graph. Additionally,
to implement VO(v, ), we define an edge oracle EO, which, given an edge e € Fy and a permutation 7
over the edges of Ey, determines whether e is matched in GMM(H, 7). Similar local oracles for random
greedy maximal matching, random greedy maximal independent sets, and their modified versions have been
extensively used in the literature [34, 43, 44, 154, 156, 176].

Both oracles are formally defined in Algorithm 32 and Algorithm 33.

Algorithm 32: Vertex oracle VO (v, ) to determine if vertex v is matched in GMM(H, ).

1 Let e; = (v,u1),...,eq = (v,uq) be the edges incident to v (including all copies of multiedges) with
mler) < ...<m(eq).

2 foriinl...ddo

3 if EO(e;, u;, m) = TRUE then

4 L return TRUE

5 return FALSE
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Algorithm 33: Edge oracle EO(e,v, ) to determine an edge e is in GMM(H, 7) where v is an

endpoint of e.

1 if EO(e,v, ) computed before then return the computed result;

2 Let e; = (v,u1),...,eq = (v,uq) be the edges incident to e (including all copies of multiedges) such
that m(e1) < ... < 7(eq) < w(e).

3 foriinl...ddo

4 if EO(e;, u;, ) = TRUE then

5 L return FALSE

6 return TRUE

It is not hard to see that the outputs of both the vertex oracle and the edge oracle are consistent with the
RGMM, as the status of an edge (whether it is in the RGMM or not) depends only on the status of edges
with a smaller rank in 7. Both oracles utilize this property by querying the neighboring edges with smaller
ranks in the permutation to determine if they are matched. Based on the results for these lower-ranked

edges, the oracle can then decide if the vertex or edge will be matched.
Observation 5.3.20. VO(v, ) = TRUE if and only if v is matched in GMM(H, 7).
Observation 5.3.21. EO(e,v, ) = TRUE if and only if e € GMM(H, 7).

We define T'(v, ) as the number of recursive calls made by VO(v, ) for a vertex v € Vi and a permu-

tation m over Fg. The main result of this section is the following bound on T'(v, 7).
Theorem 5.3.22. Let d be the average degree of H. It holds that B, [T (v, )] = O(dlogn).

Let Q(e, ) be the number of oracle calls to EO(e, -, 7) during the execution of VO for all vertices and

permutation 7. The following lemma is the main building block of the proof of Theorem 5.3.22.
Lemma 5.3.23. Let e € Ey. It holds that E[Q(e, )] = O(logn).

Before proving Lemma 5.3.23 we complete the proof of Theorem 5.3.22. Recall that degy;(v) denotes the

degree of vertex v in H, where multiedges are counted according to their number of occurrences.

Proof of Theorem 5.3.22. We have

E,  [T(v,m)] = %Eﬂ [ Z T(U,?T)} = %Ew [ Z Q(@,ﬂ')}
veVy e€eEy
= 3 S EQlem)
veVy edv
= % Z degg (v) - O(logn)
veVhy
= O(d - logn).

O

In what follows, we focus on proving Lemma 5.3.23. The general framework and approach we use to

demonstrate this claim are similar to those in [34], with some modifications to accommodate multigraphs.
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We repeat all the steps to ensure completeness. For edge e = (u,v), we use € to denote the directed edge
from u to v and e for the directed edge from v to u. Similarly, we define Q(€, ) (resp. Q(e,m)) as the total

number of queries to the edge e directed from u to v (resp. from v to ).
Observation 5.3.24. For any edge e, we have E;[Q(e, )] = E,[Q(€, 7)] + E,[Q(e, 7)].
Proof. The proof follows from the fact that Q(e, 7) = Q(€,7) UQ(e,7) and Q(€,m) N Q(e, ) = 0. O

Let R be the set of edges stored in memory for recursive calls during the execution of the vertex oracle
defined in Algorithm 32. Additionally, if the edge e = (u,v) is visited with direction from u to v (i.e.,
EO(e,v, ) is called), we assume that € is stored in R; otherwise, € is stored in R. It is not hard to observe
that at any point during the oracle calls, the edges stored in R have decreasing ranks according to the

permutation .

Observation 5.3.25. Let (e, ea,...,eq) be edges that are stored in R during the execution of vertex oracle
(e1 stored first). Then, it holds that w(e1) > m(e2) > ... > w(eq).

Proof. The proof follows from the fact that EO(e, -, 7) only queries edges e’ for which 7(e’) < 7(e). Conse-

quently, the edges stored in memory at any point are ranked in decreasing order. O

Observation 5.3.26. Let (e, ea,...,eq) represent the edges stored in R at some point during the execution

of the vertex oracle, in the order they are visited by the oracle. Then, (e1,ea,...,eq) forms a path in H.

Proof. From the definition of the edge oracle, P = (e, ea,...,€q) is clearly a walk in the graph since each
time the edge oracle queries an incident edge. Now we show that P is a path. For the sake of contradiction,
let e; be the smallest index where (e1,...,e;-1) is a path but (e1,...,e;) is not. Let e; = (w, z) where w
is shared with e;_;. Hence, vertex z is one of the endpoints of e1,...,e;—1 (it might be e;_; since we have
multiedges). Let e; (j < i) be the edge that the edge oracle queries as an incident edge of z at the time it
visits z. By Observation 5.3.25 we have that m(e;) < m(e;). Thus, the edge oracle already queried e; before
e; and the reason it did not add e; to the matching is because some other neighbor of w with smaller ranking
is already in the matching. Therefore, that neighbor must be queried before e; and the edge oracle must

stop querying neighbors of w at that point, which is a contradiction. Therefore, P is a path. O

We define a query path as a path that is stored in R at some point during the execution of vertex
oracle. Let P = (é1,€3,...,€4) be a query path for some permutation 7 € II, where II denotes the set of
all permutations over the edges of multigraph H. Next, we define a function that maps a permutation 7 to
some permutation based on P.

Definition 5.3.27 (Function f). Let P = (€1,€3,...,€q) be a query path and ™ € 11 be some permutation

—

over the edges of H. We define a function f(w,P) € II that maps permutation m to another permutation
f(m, P) such that f(m, P)(e;) = w(eip1) fori <k, f(m, P)(ex) = w(e1), and f(m, P)(e) = w(e) fore ¢ P.

Now based on Definition 5.3.27, we are able to construct a bipartite graph Hﬁ = (Xﬁ,Yl-f, Eﬁ) for a

given edge € that is crucial for proving Lemma 5.3.23.

Definition 5.3.28 (Bipartite Graph Hf = (X&,Yf, ES)). Let € be an edge in H with some direction. We
define Hy = (X&,Y5, ES) to be a bipartite graph such that |X§| = Y| = |Eg|!, where each vertex in
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each part corresponds to a permutation over the edges of H. Let x, € Xy be a vertex that corresponds to
permutation © and Pbea query path obtained on permutation w for some vertex oracle call that ends to €.

Then, Eﬁ contains the edge (z, Yi(n 13)), where Yi(x By € Yg corresponds to permutation f(ﬂ,ﬁ).
Observation 5.3.29. degye (vx) = Q(€, ).

Proof. For each query path that ends with € that can be produced by some vertex oracle call on permutation

7, we add an incident edge to 2. Hence, degye (zz) = Q(€,m). O

As a result of Observation 5.3.29, in order to prove Lemma 5.3.23, it is sufficient to prove that B, _ ¢ [degye (2)] =
O(logn). We call a permutation 7 € II a bad permutation if and only if there exists a query path for this
permutation that ends at € and it has a length larger than clogn for some large constant c. We use Y; C Xﬁ
to denote the set of vertices that correspond to bad permutations in Xﬁ. We prove the following two lemmas,

which are sufficient to achieve our goal.

Lemma 5.3.30. If ¢ is a large enough constant, then |Y§[| < |Eg|'/n?.

Lemma 5.3.31. Lety € Yl-f. Then the number of neighbors of y in Xﬁ \YIET 18 at most clogn.
Their proofs are deferred to later sections.

Proof of Lemma 5.3.23. First, note that degye (z5) < O(n?) for z, € X§. To see this, suppose that we
run VO(v,7) for some vertex v. The edge oracle for e is either directly called by VO(v,7) or from some
neighboring edge oracle calls (the first time that the oracle visits the edge because of caching in Algorithm 33
of Algorithm 33). Hence, VO(v, ) produces at most n edge oracle calls to e. Since we have n different
options for v, the total number of query paths to € is at most O(n?). Further, each edge of z, in graph Hﬁ
corresponds to a query path that ends with €. Therefore, we have degp: (zr) < O(n?).

Now, we prove that E, _x¢[degpe (z)] = O(logn). The total number of edges between Y and X§ \Ylej[
is at most |Y1-°ﬂ - clogn by Lemma 5.3.31. Moreover, the total number of edges between Yl-f and Yﬁ is at

most \ijﬂ - O(n?) because degpe (2x) < O(n?). Therefore, we have
[Efi| < Y| - clogn + [Xq| - O(n®) < O(|Ep|! - log m).

where the last inequality follows by Lemma 5.3.30. Thus

B \Eﬁ| < O(|Eu|! - clogn)

— < O(logn).
Bl = Ean = Ollogn)

E, xz [degHg ()]

Plugging in Observation 5.3.29, we obtain E.[Q(€, 7)] = O(logn). Finally, by Observation 5.3.24, we have
E.[Q(e,m)] = O(logn). O
Implementation Details of RGMM for Multigraphs

Until now, we demonstrate that the query complexity of our vertex oracle is O(dlogn). Now we show how

to utilize this oracle to estimate the size of RGMM. The following result is due to [34].

Proposition 5.3.32 (See Appendix A in [34]). Let T'(v) be the time needed to return a random neighbor
of vertex v that is not exposed to v yet. Also, let Q(v) be the expected number of times that the algorithm
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needs a random neighbor of v if we start the oracle calls from a random vertex for a random permutation.

Then, the expected time to Tun the vertex oracle for a random verter and a random permutation is at most
>, T(v) - Q(v).

Remark 11. Note that [34] proved the above lemma for T'(v) = O(1), but essentially the same proof applies
to any T'(v).

Up to this point, we are able to estimate E,|GMM(H, )| (using ©(1) uniformly random vertex oracle
calls) efficiently if we have access to the adjacency list of the multigraph H because of Proposition 5.3.32.
However, this is not feasible in our application because we do not have access to the adjacency list of H,
and building it before running the vertex oracle is too costly. We use the following property of RGMM to

refine Proposition 5.3.32 into a tighter bound that can be applied to our set cover problem.

Lemma 5.3.33. Let Q(v) be the expected number of times that the oracle queries an adjacent edge of v if

we start the oracle calls from a random vertex, for a random permutation over the edges of the multigraph

H. It holds that Q(v) = O(degy (v)/n).

Proof. Let e1,ea,...,€deg, (v) be all edges incident to v in H. Thus, we have
1 1 degpg (v) 1 degpg (v) 1
Q(’U) = Q(ei’ﬂ—) = - Q(ei’ﬂ—)
o T 2 0 X X
1 degp (v)
= - ETI' ()
2 L EelQem)
1 degpg (v)
=— O(logn) (By Lemma 5.3.23)
n
=1
= O(degy (v)/n)

O

Corollary 5.3.34. Let T'(v) be the time needed to return a random neighbor of vertex v that is not exposed

to v yet. Then, the expected time to run the vertex oracle for a random vertex and a random permutation is
22, O(T(v) - deggy (v) /).

Proof. The proof can be obtained by plugging Lemma 5.3.33 into Proposition 5.3.32. O

Proof of Lemma 5.3.30

We use the following result for the round-complexity of the parallel randomized greedy maximal independent
set by [90].

Proposition 5.3.35 ([90]). Let ® be a permutation of the vertices of a graph G with n vertices, drawn

uniformly at random. For any constant ¢, with probability 1 — n=¢, we have p(G,7) = O(logn).

Given a graph G, we can construct its line graph L(G) by adding a vertex in L(G) for each edge of G
and adding an edge between two vertices of L(G) if their corresponding edges share an endpoint in G. It is
easy to see that a random greedy MIS on L(G) is equivalent to a random greedy maximal matching of G,

which implies the following corollary as a result of Proposition 5.3.35.
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Corollary 5.3.36. Let w be a permutation of the edges of a graph G with n vertices, drawn uniformly at

random. For any constant ¢, with probability 1 —n~¢, we have p(L(G),w) = O(logn).

Note that for any edge that appears in the solution of parallel random greedy MIS of L(H), if the edge
oracle queries that edge, the answer to this query is going to be consistent since they simulate the same
greedy algorithm with respect to the given permutation. Now we prove that the round-complexity of random
greedy MIS on the line graph of H is large for bad permutations which is enough to show Lemma 5.3.30.
Let 7 be a bad permutation. Hence, there exists a query path P= (é1,€3,...,6.) for this permutation such
that 7 > clogn. Let p(e;) be the round edge e; is removed from L(H) when we run parallel randomized
greedy MIS on L(H) with respect to m. We claim that p(e;) > p(e;y2) for 1 < i < r — 1. For the sake
of contradiction, assume that p(e;) < p(e;12). Thus, p(e;) < p(e;41) since if e;41 removed from the graph
before e;, it means that it is removed because an edge adjacent to e;+1 but not adjacent to e; is in MIS of
L(H) which implies that e;1o must be removed at the same or before, so p(e;y2) < p(e;+1) < p(e;) which
is a contradiction. So it must hold that p(e;) < p(e;+1) which implies that either e; and e;1 are getting
deleted from L(H) in the same round or e; is removed before e;;1. Hence, when we are removing e;, it is not
a local minimum with respect to m. Now consider the round that e; is removed from L(H). Let e; = (u,v)

and v be the shared endpoint with e; ;. There are three possible scenarios:

e ¢; is removed because another multiedge (u,v) is in MIS: Let €/ = (u,v) be the multiedge that
is a local minimum in the round we remove e;. Note that we have 7(e’) < w(e;). Thus, the edge oracle
of e;_1 must first queries e’ before e;. Then, since e’ is in random greedy MIS of L(H) it must stop

the process at this point and does not query e; which is a contradiction.

e ¢; is removed because edge (u, w) is in MIS where w some vertex of the graph: Let e/ = (u,w).
Similar to the previous case, the edge oracle for e; 1 must first query ¢’ and since €’ is in the solution

it must stop the process which is a contradiction.

e ¢; is removed because edge (v, w) is in MIS where w some vertex of the graph: Let ¢’ = (v, w).
Similar to the previous case, the edge oracle for e; must first query e’ and since €’ is in the solution it

must stop the process which is a contradiction.

Therefore, we have p(e;) > p(e;+2) which implies that p(ea) > p(eq) +1 > p(eg) +2 > ... > r/2—1. Let
¢ be sufficiently large enough. Hence, we have p(L(H),n) > r/2—1 > clogn/2—1. By Corollary 5.3.36, this

situation occurs for at most a 1/n? fraction of permutations, which completes the proof of Lemma 5.3.30.

Proof of Lemma 5.3.31

Let y, € Yl-‘f. Also, let ©x,, 2y, € Xﬁ \Yﬁ be two vertices corresponding to permutations 7m; and 7wy such
that they are connected to y.. Let P; and P be the two query paths such that £, 131) = f(mo, ]32) = .
We show that either P, C P, or P, C P;. In other words, one of P; or P, must be a subpath of the other
path. This is enough to complete the proof of Lemma 5.3.31 the longest query path of all permutations in
Xﬁ is O(logn) by the definition. So for the rest of this subsection, we focus on proving this claim.

Let B, = (€kyy---,€3,€61) and P, = (er, ..., €' €1") where we have e; = ¢} = e. For the sake of
contradiction, suppose that none of the two paths is a subpath of the other one. Because of this assumption,

there exists some ¢ such that € = e_j" for 7 < i and e, # e;1’. Without loss of generality, assume that
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mi(e;) < ma(e;) (because of the symmetry up to this point in the proof). By the definition of function f
(Definition 5.3.27) and the fact that = = f(ﬂ'l,ﬁl) = f(ma, 132), we have

— —

ma(€ir1) = f(m2, Po)(eit1) = f(m1, Pr)(€i1) = mi(ei). (5.13)
Moreover, combining with equality (5.13) and the assumption that m(e;) < ma(e;), we get
m2(eir1) = mi(e:) < ma(ei).
On the other hand, we know w9 is a permutation over edges of H which implies that
ma(eir1) < ma(e;). (5.14)

Let é be an arbitrary edge. We claim that if min(m(€),m2(€)) < m1(e;), then m(é) = m2(é). If é ¢ Py U Pa,

then the claim clearly holds. If é € {e1,...,e;—1}, i.e. é=¢; for j < i, we have

— —

mi(e) = mi(e;) = f(m1, Pr)(ejr1) = f(m2, Po)(eji1) = ma(ej) = m2(€).

In all other cases, min(7y(€),m2(é)) > 71 (e;).

Claim 5.3.37. Assuming that neither of Py or Py is a subpath of the other, the edge e;1+1 is in the random

greedy maximal matching of H with respect to permutation .

Proof. If e; 11 is not in the RGMM of permutation e, there must exists some edge é that blocks e; 1 from
being in RGMM such that m3(é) < m2(ej+1). Combining with equality (5.13), we obtain ma(é) < m1(e;).
Since min(m (€), m2(é)) < m1(e;), we have m1(é) = ma(é). Thus, m1(é) < m1(e;). Because both w1 and 7 are
similar up to ranking 7(e;), then edge é must also be in RGMM of permutation 7.

Let e;71 = (u,v). There are three possible scenarios for é:

e ¢ = (u,v), i.e. is one of the multiedges between u and v similar to ¢;;;: In this case, either
VO(u,m) or EO(e;42,u,m) query EO(é,v,m) before EO(e;41,v, 1) since m1(é) < m1(e;41). Since

é is in RGMM of permutation 71, the process terminates and P, is not a valid query path.

e ¢ = (u,w) for some vertex w: In this case, either VO(u, 1) or EO(e;42,u, ) query EO(é, w,m1)
before EO(e;41,v,m1) since m1(é) < mi(ej+1). Since é is in RGMM of permutation 7, the process

terminates and P is not a valid query path.

e ¢ = (v,w) for some vertex w: In this case, either EO(e;y1,v,m) query EO(é, w,m) before
EO(e;, -, m1) since m1(é) < mi(e;). Since é is in RGMM of permutation 71, the process terminates

and P is not a valid query path.
Therefore, ;41 is in the random greedy maximal matching of H with respect to permutation 7. O]

Now we are ready to prove the contradiction which completes the proof of Lemma 5.3.31. By inequality
(5.14), edge oracle EO(ej, ,-,m2) must query e;;1 before e;. Also, by Claim 5.3.37, edge e;;1 is in the
random greedy maximal matching of H with respect to permutation 72, which means that P; is not a valid

query path.
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Implementation of RGMM for Set Cover with Our Access Model

In this section, we demonstrate how we can change the RGMM algorithm to work with our access model in
the set cover problem instead of having access to the adjacency list. The challenge arises when the algorithm
needs to find a random neighbor of a vertex v (which corresponds to an element in the set cover problem) in
graph H. Naively, the algorithm queries all sets in S and finds all sets that cover the element corresponding

to v. Then, for each of the sets, it queries all elements in U, to find all neighbors of v in H.

Lemma 5.3.17. Let H be the multigraph defined in Definition 5.3.5. There exists an algorithm with an
expected running time of 55(1436 + afin) that estimates the value of E|GMM(H, )| with ek additive error
with high probability.

Proof. First, it is important to mention that the number of vertices in H is k. In order to estimate
E.|GMM(H, r)| with ek additive error, it is sufficient to run the vertex oracle for ©(1/e - poly log k)) ran-
dom vertices and permutations. Then, using a Chernoff bound, it is easy to show that we can estimate
E.|GMM(H, )| with ek additive error.

In order to simulate the oracles in our access model and use Corollary 5.3.34, we demonstrate how we
can find a random neighbor of a vertex v in H. Consider the first time that the algorithm needs to find a
random neighbor of v. We first query all sets in S to identify those that contain the element corresponding
to v. Let S, be the collection of sets that include v. This step takes O(n) time since |S| < n. By
Lemma 5.3.10, we have |S,| < O(8) with high probability. Now consider all pairs of (u, S) where v € Uow
and S € Sv. There are at most a(kﬂ) such pairs. We start to query these pairs randomly until finding
an element that exists in one of the sets of S,. Note that in expectation, the algorithm needs to make
T(v) = O(kfB/ degy(v)) queries to find such an element which is a neighbor of v in H. Therefore, using a
concentration inequality such as a Chernoff bound, with high probability the algorithm finds such an element
in T'(v) - poly logn = O(kf/ deg (v)) attempts. Also, since the algorithm makes all the queries in random
order, it has the same probability of seeing any edges adjacent to v.

Therefore, each time that the algorithm needs to find a neighbor of vertex v in H, it spends at most
O(n+kfB/ deg(v)) time. Now by Corollary 5.3.34, the expected time to run the vertex oracle for a random

vertex and a random permutation is

;5 (T(v) : iegH(v)> _ ;5 ((n + kB/ degp (v)) 'degH(v)> _ ;5 <n degy(v) | ﬂ)

k k

-0 <k5+n.z deg?”)

v

= O(kB + nd),

where d is the average degree of multigraph H.

On the other hand, each set in Sv has at most 6(04) neighbors in Uj,,, by Lemma 5.3.9. Therefore, vertex
v has at most O(a - 8) neighbors in H since |S,| < O(8). Thus, we have d < O(a - 3) which completes the
proof. O
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5.3.4 Connection to Steiner Tree

In this section, we show how our improved algorithm for set cover (from Section 5.3.2) implies an improved

sublinear algorithm for metric Steiner tree. Formally, we show the following theorem.

Theorem 5.3.4 (Sublinear Algorithm for Metric Steiner Tree). There exists an algorithm that, given an
instance of metric Steiner tree denoted by (V,T,w) with oracle access O to the distance matriz of (V,w),
outputs a (2 — n)-estimate of ST(V,T,w) using 5(115/3) queries to O, where n > 0 is a universal constant,
with high probability.

The overall structure of our algorithm is similar to the algorithm of Chen, Khanna and Tan [69]. The
main difference in our algorithm compared to [69] is in the set cover component. In the following, we
first provide an overview of their algorithm and then we provide the query-efficient implementation of their
algorithm and our modification to it. We will finally provide the query complexity analysis and the proof
of Theorem 5.3.4. Note that the approximation analysis of our algorithm follows directly from the proof of
Theorem 3 in [69].

Algorithm at a High Level

Step 1: Minimum spanning tree over terminals. The algorithm of [69] as a first step starts with an
MST T* over the terminals T' (whose cost can be estimated in nearly linear time using the sublinear MST
algorithm of Czumaj and Sohler [75]). It is known that w(7*)/2 < ST(V,T,w) < w(T™*). To get a strictly
better-than-2 approximation of ST(V, T, w), it suffices to detect whether ST(V, T, w) is closer to w(7*)/2 or
w(T*). Hence, the rest of the algorithm is either to provide “significant” local improvements over w(7*)
using “set cover” like structure (i.e., step 2 in Section 4 of [69]) or “local structure” (i.e., step 3 in Section
4 of [69]), and thus output (1 — O(n))w(T™*) as the estimate of ST(V, T, w); or conclude that ST(V,T,w) is
closer to w(7™*) and output it as the estimate of ST(V, T, w). Then, they show how to implement these steps

using sublinear queries to O.

Step 2: Improvement using set cover. First, they partition the edges into L = O((log k)/e) buckets
such that the edges of the ith bucket have weights in [(1 +¢)"~1, (1 +¢)?). Let H; be the graph built on all
the terminals and all the edges upto the ith bucket. They define an instance of set cover corresponding to

each level ¢ where ideally,
e The elements correspond to the connected components of H; 1.
e The sets correspond to the Steiner vertices.

e A set W, (corresponding to a Steiner vertex v) contains an element ug (corresponding to a component

S) if the distance between v and some terminal in S is less than a threshold 7 (think of it as 2 - (1+¢)?).

How to use set cover in making a decision about the Steiner tree cost. They show that if one
can solve each of these set cover instances approximately, then one can check whether the total contribution
of these set cover improvements is more than O(n) - w(7*). In particular, in that case ST(V, T, w) is strictly
less than (1 — O(n)) - w(7T™*). Intuitively, this is because one can include the Steiner vertices corresponding

to the set cover solution and remove a subset of the edges in 7*, while still maintaining a feasible solution
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to the Steiner tree instance. Hence, this implies that the cost of the constructed solution of the Steiner tree
instance is less than (1 — O(n)) - w(7*).

A challenge and the notion of representatives. The main challenge with the above algorithm is
computing the set cover instance. More precisely, in the third bullet point above, in order to check whether
a set (corresponding to a Steiner vertex v) contains an element (corresponding to a connected component
S), they need to compute the distance of v to all terminals ¢t € T which could be very costly. Instead, they
define a net on S which is a maximal subset S C S such that any pair of terminals in S has distance at least

£-(1+4¢)’. They call the terminals in S the representatives.

Modified set cover instance and the notion of light /heavy levels. Now, to detect if a set contains
an element, we only need to check the distance of v to all terminals in S. When \5’ | is small, this can be
done efficiently. So, in their algorithm they only assign an element to a connected component S if the size
of its representatives is small. To show that this does not introduce a large error, they define a level i to be
light if the total sum of the edges of T* in bucket i is “small”, and define it to be heavy otherwise. They
show that one can ignore all the levels i that are light, and moreover if a level is heavy, then most of its
components have small sets of representatives and thus the error introduced by ignoring the components .S
with large net size is negligible.

Finally, we note that the notion of representatives will be used in other parts of the overall algorithm

such as computing 7* which we will go over when describing the implementation of this step.

Step 3: Improvement using “local structure”. In this step, they consider the hierarchical structure of
the connected components. Specifically, they focus on components S that have exactly two child components,
S1 and Ss, where each of these child components also has exactly two child components: Sy1, Si2 for Sy
and So1, Soo for S;. Then, they check whether there exists a single Steiner vertex v that can be used to
connect components Si1,S12, 521,522 and instead remove the corresponding edges in 7* connecting these
components. Similarly to step 2, if the overall advantage of all these 2-level local improvements is more than
O(n) - w(T™*), then the algorithm outputs (1 — O(n)) - w(7T™*) as its estimate of ST(V, T, w).

Given that our algorithm does not change this step at all, we refer the reader to [69] for further details.

Moreover, the query complexity is exactly the same as in [69].

Implementation of the Algorithm

Here, we focus on a query-efficient implementation of the algorithm, and particularly highlight where the set
cover component was used and how we modify it.

First, we note that one cannot compute H; exactly, so [69] shows that it suffices to work with an
approximate graph H/ such that H; C H] C H;41.

Subroutines. Next, [69] define some useful subroutines for simulating the set cover instance on H:

e Find(u,i): This receives a terminal u and a level 4, and finds some representative terminal v’ in the
same connected component of H) that contains u. Moreover, they show that this subroutine can be

implemented using 6(/€) queries.
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e BFS(u,4): This subroutine reports all representative terminals that are in the same connected com-
ponent in H/ as u, if the total number of such representatives is O(L/e) = O(1/¢). Otherwise, the
procedure is terminated. This procedure employs Find subroutines and has total query complexity of
O(k/<) which is O(k) given that ¢ is a constant.

Parameters. The algorithm uses four parameters, whose values will be later set to optimize the query

complexity of the algorithm.

e M is a threshold parameter used on the number of components that contain a “small” number of
representatives. Note that these are the components to which we assign an element in the universe U;

of the corresponding set cover instance (U, F;).
e R is a threshold parameter defining “low-degree” and ”high-degree” elements.
e P is a threshold parameter denoting “low-degree” or “high-degree” sets.

e « is a threshold parameter on the value of k. At a high level, when k < k, we can afford to query all

distances between terminals and the Steiner vertices.

Simulation of Step 2 and its query complexity. We now outline the implementation of Step 2 and
specify the query complexity of each step, along with potential conditions they impose on the parameters

we need to set.

e The case of small number of terminals: if k£ < k, then we query all distances between terminals and
Steiner vertices, which takes O(nk) queries. Then, we estimate || — SC(U, F) using our algorithm, but

without any further queries.

e Otherwise, for each level i, they show that one of the following cases hold:

Case 1: The total number of representative terminals in all connected components is O(M /€). To detect
this case, they use greedy MIS which can be implemented by the BFS and Find subroutines and will take
O(MFk /) queries (for further details, see [176]). If this is the case, then again the set cover instance can
easily be computed by querying the distance of all Steiner vertices to all representative terminals which
requires 5(nM/5) queries. Then, similarly to the case of k < &, |U;| — SC(U;, F;) can be estimated using

our algorithm, without any further queries.

Case 2: |U;| < M. In this case they show that level i is in fact light and thus can be ignored. To detect
this case, they estimate the size of [4;| using calls to BFS starting from O(k/M) random terminals, which
overall takes O(k?/M) queries. Note that if we are in this case, we take no further action. Also, this step

requires k > M, which we will ensure in our parameter setup.

Case 3: The last case is when |U;| > M.
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— Partitioning of the terminals based on their degree. First, they partition the terminals into
Tiow and Thign based on whether the number of “close-by” Steiner vertices (roughly within distance
(3/5)(1 + ¢)%) to them is smaller than or larger than R. This partitioning can be computed using
5(kzn/ R) queries by randomly sampling 5(n/ R) Steiner vertices and checking their distance to all the

terminals.

— Handling high-degree terminals. Then, by picking 6(n/R) sets uniformly at random, with high
probability, all elements corresponding to the components containing at least one terminal in T};qp are
covered. As they can only afford an e|lf;| additive error in their estimate of |U;| — SC(U;, F;), they
require that n/R < O(eM) = O(e|t4;)).

— Handling low-degree terminals. Next, they solve the set cover instance on U, i.e., the connected

components that have no terminal in Th;gp.

e Partitioning of the Steiner vertices based on their degree. They partition the sets of F; into
W, and Wy based on whether their degree to T}y, is less than ©(P) or higher. This partitioning can
be computed using 5(nk /P) queries by randomly sampling k/P terminals from Tj,,,. This requires
k> Q(P) which we will ensure in our parameter setup. Then, they consider the set cover instances

(Uiow, W) and (U, Wa) separately, and return the better of the two solutions.

Our modification to this step: In our set cover algorithm, however, we define Wy slightly dif-
ferently, as described in Set Sparsification, see Algorithm 30. More precisely, we iterate over Steiner
vertices (i.e., sets in F;) one by one in an arbitrary order, and at every round j < |F;|, we check
whether the degree of the Steiner vertex v; to Tjo,, is more than O(P). If so, we add its corresponding
set, Wj, to Wa. Similarly to their test, our test can also be implemented using 6(nk/ P) queries.
However, each time we add a set W, to W,, we find all its “nearby” terminals and remove them from
Tiow, more precisely, Tiow < Tiow \ Wj. This step can be simply done by querying the distance of
the Steiner vertex v; and all terminals in 7Tj,,,. Hence, each time a set is added to Wa, we perform
an extra O(k) queries compared to the algorithm of [69]. However, as we can simply bound [W,| by
k/P, the overall query complexity remains as O(nk/P + k2/P) = O(nk/P).

e Handling high-degree Steiner vertices. To solve (Ujow, W2), note that by a simple double-
counting argument, [Wh| < kR/P. Soif kR/P < eM < |U;], which will be ensured in the parameter
setting, we can afford to pick all sets in W, and thus, similarly to their argument, we only need to
estimate | Uy <)y, W/ in the set cover instance. This is done by randomly sampling the terminals and
using BFS and will take an overall O(k?/M) queries.

Our modification to this step: With the adjusted partitioning of F; into W; and W, in our
algorithm, the size of Wy is at most k/P. Therefore, by setting k/P < eM < e|U;|, we can afford to
select all sets in Wa. Notably, this modification relaxes the required condition of [69] from “kR/P <
eM” to “k/P < eM”.

e Handling low-degree Steiner vertices. Finally, we need to solve (Ujoy, W1). In their approach,

this part takes O(RP - RPk) queries, and this is the step where our main improvement comes from.

Our modification to this step. By our improved bound for set cover (from Section 5.3.2), the
query complexity of this part reduces to O(k%/M + RP(n + k)). More precisely, to simulate the

algorithm in Lemma 5.3.17, we do the following.
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1. To run the RGMM oracle, we need to sample 6(1) elements from U; uniformly at random. Note
that each element of U; corresponds to a small component (a component with a small number
of representatives). To find a small component uniformly at random, we first pick a terminal
uniformly at random and run a BFS to determine whether it lies in a small component, and
if so, whether it is a representative terminal. If the terminal is a representative and lies in a
small component, we choose the corresponding connected component with probability 1/z where
z is the number of representative terminals in that connected component (note that BFS returns
this number as well). This approach ensures that each small connected component has an equal
probability of being sampled. Moreover, due to the bound on the number of small connected
components, i.e., [U;| > M, we expect to encounter a terminal in a small connected component
every O(k/M) samples. Therefore, the total cost of running all these BFS subroutines is O(k2/M),
since each BFS takes O(k) time.

2. For a small component (a vertex in graph H of Lemma 5.3.17), we need to identify all the Steiner
nodes within a distance of at most 7 (which is set roughly as (3/5)(1 + €)?). This step can be
completed in 5(71) time. A similar step with the same time complexity also appears in the proof
of Lemma 5.3.17.

3. Note that the number of Steiner nodes within this close distance is at most R. Let S be the
set of these Steiner nodes. Next, the RGMM algorithm requires a random neighbor of a small
component. To get such a neighbor, we keep picking pairs (v,t) in a random order, where
t € Tiow and v € S, and querying their distance. The first time that we find a pair (v,t) in
close distance, we run a BFS from ¢ to check if it is a representative terminal and if it lies
in a small component, which takes O(k) time. If it is not a representative terminal or does
not lie in a small connected component, we skip this terminal. Otherwise, we return its small
connected component with probability 1/z, where z is the number of representative terminals in
that connected component, ensuring that all neighbors have an equal probability of being selected.
We run the above procedure until we find a random neighbor. Therefore, using the running time
from Lemma 5.3.17 (substituting « and § for R and P), and considering that we run the BFS at
most O(RP) times (which corresponds to the maximum degree of H), we obtain an O(RP(n+k))

time algorithm to estimate the size of the matching.

Simulation of Step 3 and its query complexity. As we are following the exact implementation of [69]
for this step, the additional query complexity of this step (compared to the Step 2) is equal to 6(nk /M) for

both their algorithm and our algorithm.
Query Complexity Analysis and Proof of Theorem 5.3.4
For completeness, we start with the query complexity analysis of [69].

Analysis of the query complexity of the algorithm of [69]. As computed in the implementation of

the algorithm subsection, the overall query complexity of their algorithm is bounded by

~ Mk nM k* nk nk k? 9 nk
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~ nk nk 9 nk

Furthermore, the conditions that need to be satisfied are
o k<k,or
e k> M and n/R < O(cM) and k > Q(P) and kR/P < eM.

The query complexity of their algorithm under the above conditions can be optimized by setting Kk = M =
nS/7, R =n!/7, and P = n2/7, which gives the total query complexity of O(n'3/7).

Now, we prove the main theorem of this section.

Proof of Theorem 5.3.4. As we are implementing the same algorithm as [69], except replacing their set cover
subroutine with a more efficient algorithm, the approximation analysis follows exactly from their proof. It
only remains to bound the query complexity of our proposed algorithm for metric Steiner tree using the
improved sublinear algorithm for set cover. In the implementation of the algorithm subsection, we analyzed
the query complexity of the component that is implemented differently in our algorithm. Now, we put the

query complexity of all parts together and compute the overall complexity.

Analysis of the query complexity of our algorithm. The overall query complexity of our algorithm
is bounded by

~ Mk nM k* nk nk k2 nk

Olnrt =+ =ty T/ T g PRPE )+ 3p)

nk nk nk

= — 4+ = — = <
O(HH+TLM+R+P+RPH+M) >e=0(1),k<n

Note again that the main difference is that the term P2R2k is replaced by RPn. Furthermore, the

conditions that need to be satisfied are also slightly more relaxed, as follows:
e k<K, or
e k> M and n/R < O(eM) and k > Q(P) and k/P < eM.

Specifically, “6R/P < eM” is replaced by “k/P < eM”. Then, our algorithm can be optimized by setting
k=M =n2/3 R=0(P)=0(n'/3) which gives the total query complexity of O(n/3). O

5.4 Sublinear Algorithm for Steiner Forest

In this section, we present a sublinear-time algorithm for the Metric Steiner Forest problem. For complete-

ness, we restate some of the key definitions below.

Definition 5.4.1 (Sublinear Metric Steiner Forest). In the metric Steiner Forest problem, we are given a set
of points V', a set of k terminal pairs T = {(s1,t1),..., (Sk,tk)} CV XV, and query access to the |V| x |V
distance matriz of a metric space (V,w), where an oracle query for (u,v) returns the weight w(u,v) of the
edge (u,v).

Let SF(V,T,w) denote the minimum weight of a Steiner Forest on instance (V,T,w). Then, the goal is

to design an algorithm that estimates SF(V, T, w) using o(n?) queries to the distance matriz via the oracle.
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More specifically, we prove the following results in this section.

Theorem 5.4.2. There exists an algorithm for estimating the cost of Steiner Forest within a multiplicative
factor of O(log k) using O(Tyus-log k) = O(n3/2) queries to the distance matriz oracle. Here, Tyus denotes
the best runtime of a sublinear algorithm for finding a multiplicative O(1)-approzimation for the size of

any MIS under the adjacency matriz model.

Theorem 5.4.3. For any € € (0,1) there is an algorithm (Algorithm 37) that, given a graph (V, E) with
oracle access to its adjacency matriz, with high probability reports a multiplicative (1 + €)-approximation

to the value |RGMIS(7)| for some permutation 7 of V. and runs in O(n®/2[2) time.

5.4.1 Technical Overview

A natural framework one would first try for solving this problem is the approach used in [65, 75] for estimating
the weight of an MST}; as we describe below, it fundamentally does not suffice for the Steiner Forest problem.
Consider the subgraph consisting of all edges of weight up to some threshold 7, and let ¢ be the number of
connected components in this graph. Then any MST needs to use ezactly ¢ — 1 edges of weight larger than
7. This intuition was formalized in these works, giving the equality MST ~n—W +e 3.1 (14 ¢)'c;, where
¢; is the number of connected components of the graph where we set the threshold to 7; = (1 + ¢)®. Then
these prior works focus on estimating ¢; and providing a rigorous proof that the approximation they can get

for ¢; is sufficient for the ultimate task of estimating MST.

There is an equivalent intuition for the Steiner Forest problem when we consider the threshold graph

parameterized by 7, with two differences.

e First, ¢ should now be the number of active connected components; a component is active if for some

pair (s;,t;) one of the two vertices is inside the component and the other one is outside.

e Second, the number of edges of weight more than 7 used in the optimal solution is now at least ¢/2
and at most ¢ — 1, because not all active components will need to be connected in the end — we might

only need a matching between these active components.

Thus, a potential algorithm would be to instead estimate the number of active connected components c;
for each threshold 7; and follow the approach of [75]. Note that, roughly speaking, the second item above

does not cause much trouble, as it only results in a factor-2 blow-up in the approximation.

Challenge in estimating the number of active components. A common approach for counting the
number of connected components in a graph is to sample a random vertex and start growing a ball from
that vertex (e.g. using BFS) until either the entire component is visited, in which case we increment our
estimate of the number of components, or the total number of visited vertices reaches a threshold, in which
case we can ignore that component and show that the error introduced by ignoring such large components
is small. While this is the core idea, the details required to obtain a multiplicative approximation in [75] are
more involved. In particular, they run a modified BFS procedure where very close vertices are treated as a

single vertex, allowing for further improvements.
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To mimic this approach, first of all, one has to sample a random terminal as opposed to a random vertex,
to ensure that unrelated parts of the graph are not selected most of the time. However, one challenge that
does not allow us to follow this approach is that when growing a ball from a terminal (or a vertex in general),
the total time spent depends on the volume of the component that we explore, i.e., the number of vertices
we visit. For the MST problem, this volume can be related to the cost that an optimal solution must pay
within that component, since ultimately all vertices must be connected.

However, this does not hold for the Steiner Forest problem. When we grow a ball around a terminal, the
optimal solution might only select a single path from the center to the boundary of the ball to connect the
terminal to its pair. At a high level, the cost of such search algorithms depends on the volume of the ball,

whereas the optimal solution for Steiner Forest might only pay the cost of the ball’s radius.

Our new approach. In this work, we adopt a different approach than counting the number of active
components, which follows a similar intuition but can be implemented in sublinear time. We consider balls
of radius 7 around all terminals, and call a ball active if the matching vertex of the center of the ball falls
outside of it. The advantage is that checking whether a ball is active or not under this new definition requires
only a single query. Now, if we take a set of M disjoint active balls, then any optimal solution needs to pay
a cost of at least M - 7 (to buy a path from the center to the boundary of each ball).

Therefore, instead of counting the number of active components, our algorithm seeks to find a mazimal
independent set on the set of active balls for a certain threshold 7. This is where we use the sublinear
algorithm for MIS on the graph defined on the set of active balls, and output >, M; - 7; for exponentially
increasing thresholds 7;. We show that this achieves an O(log k)-approximation for Steiner Forest.

To that end, we note that each terminal in the MIS M; induces a certain cluster of low diameter O(7;).
We show how to inductively construct a solution that internally connects every such cluster, for increasing 1,
while paying at most M; - 7; for each threshold 7;. This hierarchically built partial solution then serves as
a scaffolding to connect the demands. We assign each demand pair carefully to a specific level i. Then, for
each i, we show that one can connect all assigned demands within the same budget of M; - 7; by selecting a
spanning forest in a suitably defined auxiliary graph.

Finally, we also show that this MIS-based approach cannot lead to a better than O(log k)-approximation

for Steiner Forest.

Challenges for MIS. Let us now describe the main challenges that arise when developing a sublinear-time
algorithm for MIS, and outline our key ideas for addressing them.

Recall from the introduction above that a direct implementation of the RGMIS oracle [176] in the
adjacency matrix model would result in an expected runtime of O(An) for a single vertex query. The two
major issues are that this is not sublinear-time for dense graphs, and that it only returns a single bit of
information about a single vertex, whereas the MIS size can range from 1 to n. We can thus obtain a (1,en)
multiplicative-additive approximation by making 6(1 /%) queries, but a purely multiplicative approximation
seems to require 2(n) queries (to e.g. differentiate between different constant MIS sizes).

Even in the adjacency list model, the query complexity analysis of [176] does not explicitly translate into
an algorithm. The main challenge lies in generating the neighbors of a vertex in increasing order of their
ranks in the random permutation 7. Achieving this efficiently seems difficult if the goal is to spend only

o(n) time per step to obtain the next neighbor in the ordered list. Moreover, approaches that rely on this
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query complexity analysis to design algorithms for maximum matching [34] cannot be applied here. In the
case of matching, each edge has only two endpoints, and revealing its rank requires “notifying” just these

two endpoints. However, for MIS, we would need to notify up to Q(n) neighbors in the worst case.

Our MIS approach. As a warm-up let us first describe a simpler approach that leads to an algorithm
with 5(n5/ 3) runtime. Our first insight is that, rather than using an oracle as above, an RGMIS can be
also built directly bottom-up by iterating over vertices in the permutation 7; when a vertex is visited, we
add it to the RGMIS and disqualify all its neighbors from further consideration. We can perform s steps of
this process in time O(ns), and it will result in explicitly building the entire RGMIS if its size is at most s.
Let us run it for s = 5(n2/ 3) steps. One can then prove that with high probability, the maximum degree in
the remaining graph is at most n'/3; thus the vertex oracle [176] runs in time O(n*/3). Then, O(n'/3/c2)
queries to this oracle will result in an (1 + &,0(en?/?)) multiplicative-additive error, which gives a purely
multiplicative approximation for the entire graph because the RGMIS size is now known to be at least n2/3.

In order to improve upon the above and obtain our final running time of 5(713/ %), we show a different
implementation of the RGMIS vertex oracle in the adjacency matrix model (Algorithm 35), and we prove
that it has an expected running time of O(n) instead of O(An), even in dense graphs. We do this via a
probabilistic argument in which we couple the execution of our Algorithm 35 on the original input graph to
the execution of the Yoshida, Yamamoto and Ito oracle (Algorithm 34) on a certain larger graph, and relate
the number of adjacency matrix oracle calls of the former to the number of recursive calls of the latter. This
is possible as long as the random permutation on this larger graph has a favorable structure; we show that
this happens with at least a constant probability via a connection to a combinatorial ballot voting problem
whose study dates back to the 19th century [173, 52].

5.4.2 Sublinear Metric Steiner Forest

In this section, we will prove Theorem 5.4.2. We assume that we have access to an algorithm for MIS
that gives a multiplicative O(1)-approximation in the adjacency matrix model. Theorem 5.4.3, shown in

Section 5.4.4, provides such an algorithm.

Notation. We will use the term terminal to refer to any of the vertices in |J, . {si,t:}, and will abuse
notation and use T to also refer to all terminals when clear from the context. We lzse terminal pairs to refer
specifically to the pairs (s;,¢;). For any terminal in T, we define its match as the other vertex in the pair,
ie., m(s;) = t; and m(t;) = s;. Moreover, for ease of notation, we assume that terminal pairs are disjoint.
Note that this is without loss of generality by creating copies of original vertices, where each pair (s;, t;) uses
distinct copies of the corresponding two vertices.

Finally, we use OPT to denote the value of the optimal Steiner Forest connecting all given terminal pairs.

Preprocessing. First, we apply a standard preprocessing step to bound the approximation factor in
terms of log k rather than log W. Let X = max;<j w(s;,t;), which can be computed using O(k) queries. It
is straightforward to show that X < OPT < k- X. Now, we will ignore all terminal pairs (s;,¢;) such that
w(s;,t;) < X/k. At the end of the algorithm we can connect these pairs directly; since there are at most k
such pairs, their additional cost will be at most X. Thus, they contribute only an additive term of 1 to the

approximation factor. Also note that we do not need to consider using edges whose weights are larger than
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kX. By scaling, from now on we will assume that the minimum terminal pair has distance 2, and thus the

maximum weight of an edge that we would want to ever pick in our solution is at most 2k2.

Threshold graph. Our algorithm will consider several thresholds 7; = 2¢ for i from 0 to L = log(2k?) =
O(logk). We will use the threshold graph G; = (V, E;) to refer to an unweighted subgraph of G where
(u,v) € By if w(u,v) <.

Active terminals and ball graphs. We will say that a terminal s € T is active in level ¢ < L if
w(s,m(s)) > 7;. Now we define an unweighted ball graph H; = (V| EF), where V1 C T is the set of active
terminals in level i. More precisely, we are implicitly thinking of V;* as the set of balls of radius 7; around
each active terminal. Now two vertices u,v € VI have an edge between them if their corresponding balls

collide, i.e., (u,v) € EH iff w(u,v) < 27;.

Algorithm. Now our algorithm is as follows. For each 0 < ¢ < L, let M; be the size of any MIS in H;, and
let ]\}[Z be a multiplicative estimate of it given by the algorithm of Theorem 5.4.3, i.e., M; < ]\Zfl < evis - M;
(we can set ey to be e.g. 1.01). Our algorithm will output SOL = ZiL:o M; - 7;.

Lemma 5.4.4. For any i < L, we have OPT > M, - 7;.

Proof. Consider an MIS in H; whose size is M;; let us denote it by U; C VZH Now take any u € U; and
consider the ball B, of radius 7; around u. Given that u is active in level 4, it means that in order to reach
from wu to its match m(u), intuitively, any Steiner Forest solution has to pick a path of length at least 7;
inside B,,.

More concretely, for each u we consider any path P, connecting v and m(u) in the solution. We would
like to say that P, contains a subpath of length at least 7; that lies inside B,. Since these balls are disjoint
(as U; is an MIS in H;, the distance between any two ball centers is at least 27;), so are the subpaths, which
implies that we get OPT > M, - 7.

However, strictly speaking P, might not contain such a subpath, as we are dealing with a discrete metric
space. For such u, for the sake of this analysis only, we consider the first edge (v1,v2) of P, that exits B,
(i.e., w(u,v1) < 7; but w(u,vy) > 7;). We subdivide the edge (v1,v2) into two edges (v1,v’) and (v, vq),
with the length of (vy,v") chosen such that the length of the subpath of P, from u to v' becomes exactly 7;.
We can now select this subpath for u, as it lies inside B,, (and thus will be disjoint from any other subpath).

O

Lemma 5.4.5. We have OPT < 6 - ZiL:O M; - ;.

Before we prove Lemma 5.4.5, let us first use it to finish the proof of Theorem 5.4.2.

Proof of Theorem 5.4.2. As for the approximation factor, note that by Lemma 5.4.5 we have

OPT§6~ZMi~n§6~ZM1-~71-:6~SOL.

Also, by Lemma 5.4.4 we have

SOL = ZMZT’L < CMIS'ZMi 7 < ewns - (L+1) - (max M; - 1) < eans - (L +1) - OPT < O(log k) - OPT.
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Thus, our solution is an O(log k)-approximation of OPT.

As for the runtime, our algorithm estimates the MIS size for each of the L+1 = O(log k) threshold values
using the algorithm of Theorem 5.4.3, and thus has a total runtime of O(n/2). Note that the set of vertices
VA can be computed using O(k) queries. Further, checking whether two vertices have an edge in E can

be done by one query to w, and thus we have an adjacency matrix oracle access for H;. O

The rest of this section is devoted to the proof of Lemma 5.4.5. We start by introducing further notation.

Clusters and centers. Let U; C VZH denote the MIS whose size is M;. For each active vertex v € VZH ,
we define its center ¢;(v) = argmin, o, w(v,u) to be the closest point in the MIS U; to v, breaking ties
arbitrarily. Note that by maximality of U; we have w(v, ¢;(v)) < 27;. Furthermore, for each u € U; we define
the cluster of u, i.e., C;(u) = {v € V;: ¢;(v) = u} as the set of active terminals whose center is u at level i.
Finally, we use C; = {C;(u): u € U;} to denote the set of all clusters of level i.

First we show that we can connect all clusters internally by paying at most O(>_, M; - 7).

Lemma 5.4.6 (Connectivity within clusters). There exists a subset of edges F C V x V of total cost at
most 4 - ZZ M; - 1; such that any pair of vertices vi, vy inside each cluster in CoU---UCy is connected in the
graph G(V, F).

Proof. We let Fy = (). We will construct sets of edges F1,..., Fr, such that
e (Cost Constraint) for each i € {1,..., L}, the cost of F;, defined as }_, e w(®,y), is at most 4M;T;,
while inductively maintaining the following property:

e (Connectivity Property) for 0 < i < L, any pair of vertices v1,v2 both belonging to any cluster in
CoU---UC; is connected in the graph G(V, Fy U --- U F}).

Setting F' = UiL:O F;, the above cost constraint and connectivity property imply the statement of the

lemma.

As the base case, let us ensure the connectivity property for ¢ = 0. Note that, by the preprocessing
stage, we know that the minimum pairwise distance between any two active terminals is at least 2. Given
that 7o = 1, the graph Hy has no edges, and thus the only MIS in this graph contains all vertices in V.
Therefore, all clusters in Cy have size 1 and thus the property holds trivially for ¢ = 0.

Next, suppose that the connectivity property holds up to level i« = £. This in particular means that all
vertices inside each cluster of C; are already connected in G(V, Fy U--- U Fy). We will now show how to pick
Fyy1 with cost at most 4My - 74, satisfying the cost constraint, such that the vertices inside each cluster of
Co+1 will become connected in G(V, Fy U ---U Fyyq).

Consider an undirected simple graph G’ where we merge each cluster of C; into a supernode. More
precisely, for each vertex in Up, there is a vertex in G’. Now, we connect two supernodes corresponding
to ui,us € Uy with an edge in G’ if there exists a vertex v € Cy(u;) and a vertex u € Cy(uz) such that
ce+1(v) = u; i.e., on the next level, the center of some point v in one cluster Cy(uy) will be a point u in the
other cluster Cy(us).

For the connectivity property to hold for level /41, we need to make sure that v and u get connected after
adding Fy+1. Given that both clusters Cy(u1) and Cy(uz) are already internally connected in G(V, FoU- - -UF}),
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to connect u and v it will be enough to connect Cg(u1) to C¢(ug) in any way. Intuitively, an edge in G’ means
that we need to connect the supernodes corresponding to its endpoints (possibly indirectly).

Note that because u belongs to the MIS Uy1q and serves as the center for v, i.e., ¢p11(v) = u, we have
that u and v are connected in Hy,1, and thus their distance is at most 27p41. This shows that if (u1,us) is

an edge in G', then the distance between Cy(u;) and Cy(usg) is at most 2744 1.

Now we state how to construct Fyyi: We pick a spanning forest in G’ and for each edge (u1,us) in the
spanning forest, we add the closest pair of vertices in the clusters of the corresponding supernodes, i.e.,
Cy(uy) and Cp(uz), to Fpiq.

First, note that if there is an edge between two supernodes in G’, then they are in the same connected
component of G, and because we pick a spanning forest, the two supernodes will become connected by
Fyyy. Thus all connectivity requirements for the clusters in Cpy1 will be satisfied and we will have the
connectivity property for level £ + 1. Second, the total number of edges we pick in the spanning forest is at
most |Ug| — 1 < My, and the cost of each edge added to Fyyq is at most 27441 < 47,. Thus, the total cost of

Fyyq is at most 4M, 7, satisfying the cost constraint. O

Next, we need to connect each terminal s € T to its match, m(s), using the available budget O(>_, M;-7;).

Again, we define further notation.

Target terminals. Consider a terminal s € T such that s € V;7 but s ¢ Vfil The goal is to connect all
such terminals s to their matches m(s) using the budget of level 7, i.e., O(M; - 7;). Thus we define the set of
Target terminals as Target; = V¥ \ V&,. Further, for u € U; in the MIS, let Target;(u) = Target; N C;(u)

be the target set inside the cluster of u.

Lemma 5.4.7 (Connecting target pairs). For every i = 0,..., L, there exists a subset of edges J; CV x V
of total cost at most 2M; - ; such that all terminals in Target; are connected to their match in the graph
G(V,FUJ;). Here F CV xV is the subset of edges given by Lemma 5.4.6.

Proof. We will again define an undirected simple graph G’ where we merge each cluster of C; into a supernode.
Note that because we have included the set F' in G(V, F U J;), all the nodes within a supernode are already
connected.

The vertex set of G’ is defined similarly as in the proof of Lemma 5.4.6, where for each vertex in Uj;,
there is a vertex in G'. However the edges are now defined differently. Two supernodes corresponding to
uy,ug € U; are connected in G’ if there exists a vertex s € Target,(uq) such that its match is in the other
cluster, i.e., m(s) € C;(u2).

Our goal is to pick a set of edges J; such that the pair (s,m(s)) gets connected. Given that the clusters
are connected internally by Lemma 5.4.6 using F', it is enough to ensure that we connect the supernodes
corresponding to u; and ug (possibly indirectly) whenever there is an edge between them in G’.

Further, note that picking an edge in G’ can be implemented by adding an edge to J; with a cost of at
most 27;. This is because s and m(s) are in Target; and thus are not in V;fl,. This means that their distance

is at most 7,41 < 27;.

The rest of the proof follows that of Lemma 5.4.6. We state how to construct J;: Again we pick a
spanning forest in G’ and for each edge (u1,us) in the spanning forest, we add the closest pair of vertices in

the clusters of the corresponding supernodes, i.e., C;(u1) and C;(us), to J;.
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First, note that if there is an edge between two supernodes in G’, then they are in the same connected
component of G’, and because we pick a spanning forest, the two supernodes will get connected by adding
J;. Thus all connectivity requirements for the pairs in Target, are satisfied. Second, the total number of
edges we pick in the spanning forest is at most |U;| — 1 < M;, and the cost of each edge is at most 27;. Thus
the total cost of J; is bounded by 2M;T;. O

Proof of Lemma 5.4.5. Note that for each terminal pair (s;,t;) there exists an index ¢ < L for which s; €
Target,. Therefore, if we use Lemma 5.4.7 for all values of 0 < ¢ < L, then all terminals in 7" will be connected
to their match in the graph G(V, F U Jy U ---U Jg). Thus, OPT is at most the cost of F U Jo U ---U Jp,
which by Lemma 5.4.6 and Lemma 5.4.7 is at most 6 - Zl M; - 7;, as desired. O]

5.4.3 Tightness of the MIS Approach for Steiner Forest

Here, we show that the O(log k)-approximation analysis of our MIS-based estimate for Steiner Forest is tight.

Lemma 5.4.8. The estimate ), M;T; cannot get better than O(log k)-approzimation for the Steiner Forest

estimation problem.

Proof. We provide two instances I3, I, such that on I, the value of the estimate is of O(OPT(I)) and on
I, the value of estimate is of O(OPT(I2)-log k). Since we require the estimate to always be greater than the
optimal Steiner Forest cost, our MIS-based estimate, possibly after a fixed scaling, cannot guarantee better
than O(log k)-approximation. In both instances, there are n = 2 — 1 vertices vy, ..., v, and the number of

terminal pairs k is O(n).

Construction of I;. In this instance, these n vertices are located on a line (i.e., one-dimensional Euclidean
space) where the distance of any consecutive pair of vertices is exactly 2. Formally, for every 4,5 < n,

d(vi,v;) = 2(i — j). Finally, the terminal pairs are {(vi, Vitn/2) bi<n/2-

®v;  ®vy  ®vuz  ®vug  ®vs;  ®vs  ®vur  ®ug  ®vg %V ®vi1 vz ®viz ®vVis ®V1s

Figure 5.5: An example of I; with 15 vertices. The endpoints of line segments denote terminal pairs.

For any level j < L in the MIS based algorithm, all pairs are active and it is straightforward to check that
the size of every MIS is O(n/27). Then, the estimate will have cost at least >, _; 2/ - O(n/27) = O(nL) =

O(n -log k). However, the optimal Steiner Forest on this instance has cost O(n).

Construction of I;. In this instance, the vertices are partitioned into L disjoint clusters Vy,...,V such
that for every i < L, the cluster V; contains n/2¢ vertices v, . .. ,’U:L J2i- In each cluster V;, vertices are located
on a line where the distance of every consecutive pair of vertices is 2¢*!. Moreover, for every i, < L, the
minimum distance between any two clusters V; and V; is M >> n. Finally, the terminals are of the form
{(Uiv Ué)v tee (U;/zi_p U;/Qi)}iSL'

For any level 7 < L in the MIS based algorithm, all pairs in clusters V;,...,V; are active and it is
straightforward to check that the size of every MIS is O(n/27). Then, the estimate will have cost Y, 2/ -
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Figure 5.6: An example of I, with 15 vertices. The endpoints of line segments denote terminal pairs.

O(n/27) = O(nL) = O(n - logk). Moreover, the optimal Steiner Forest cost is doi<r 27 .n/2) = O(nL) =
O(n - logk). 0

5.4.4 Sublinear Time MIS under the Adjacency Matrix Model

In this section, we design a sublinear time algorithm for estimating the MIS size to a multiplicative 1 + &

approximation factor.
Definition 5.4.9. (Permutations)
e For a set V we denote by S(V) the set of permutations of V, i.e., bijections from {1,...,|V|} to V.

e For a subset V! C V and a permutation 7 € S(V) we define the restriction of m to V', denoted by
w[V'], as the permutation of V' obtained from V by keeping only those elements that belong to V' and
renumbering appropriately (i.e., w[V'|(i) is the i-th element of V' among w(1),7(2),...).

Definition 5.4.10. A mazimal independent set (MIS) is a subset V! C 'V of vertices such that for any edge

(u,v) € M, at most one of u, v is in V', and for any v € V\ V', some neighbor of v is in V.

Definition 5.4.11. Given a permutation m € S(V), start with an empty set I :== 0, and fori=1,...,n, add
verter 7(i) to I if none of its neighbors are in I. The set RGMIS() is defined as the resulting set I.

Fact 5.4.12. For any m € S(V), the set RGMIS(r) s an MIS. Moreover, for any v € V, we have that
v € RGMIS(7) if any only if for every neighbor u of v of lower rank in  (i.e., 7~ (u) < 7= 1(v)) we have
u & RGMIS(7r).

The following oracle A, proposed by Nguyen and Onak [154] and analyzed by Yoshida, Yamamoto and
Ito [176], answers the query of whether a vertex v is in RGMIS(7w). We call it an “abstract” oracle since
it does not specify how to implement Line 1, and we will only use the bound on its query complexity (i.e.,
number of recursive calls to A) given by Theorem 5.4.13.

Algorithm 34: A(m,v) (abstract RGMIS oracle [154, 176])

1 let uy,us, ..., ur be all neighbors of v, sorted in increasing order of their ranks in 7
2 fori=1,....k do

3 if u; has lower rank than v in 7 then

if A(m,u;) then

L return false

'

%]

6 return true




5.4. SUBLINEAR ALGORITHM FOR STEINER FOREST 308

Theorem 5.4.13 ([176]). Let T4(m,v) be the total number of recursive calls to A for a query A(mw,v). Then

we have
|E|

EvEV,ﬂ'ES(V) [TA(?T,U)] <1+ ‘V‘ .
We remark that the right-hand side is at most O(A), and that the bound is in expectation over both 7

and v.

Single-sample algorithm

As discussed in the introduction, a straightforward implementation of Line 1 in Algorithm 34 would result
in a running time of O(An). In this subsection we describe our more efficient implementation of the vertex
oracle in the adjacency matrix model, Algorithm 35. We note that if we are satisfied with a running time
of O(n), we can materialize the entire random permutation 7. Then, when the oracle is called for a vertex
v and needs to iterate over its neighbors in increasing order of rank, we loop over vertices 7(1), 7(2), 7(3),

..., and check whether each of them is a neighbor of v.

Algorithm 35: O(w,v) (our MIS oracle for the adjacency matrix model)

1 let k= 7~1(v) be the rank of v in 7
2 fori=1,...k—1do

3 if (7(i),v) € E then
4 if O(m,7(i)) then
5 L return false

6 return true

In terms of the recursive calls being made and the results returned, the oracles O and A (Algorithms 34
and 35) are clearly equivalent. However, one might worry that O (Algorithm 35) potentially spends a lot of
time querying non-edges on Line 3.

Intuitively, for a vertex u of degree deg(u), it takes expected n/ deg(u) time to find a neighbor of u if we
queried the adjacency matrix at random. Vertex degrees in a graph can vary widely, but this is not an issue:
the proof of Theorem 5.4.13 in [176] in fact shows that for any vertex u, the expected number of recursive
calls out of A(m,u) is at most deg(u)/n for a random “top-level” query vertex v. Thus, one could hope that
if finding one neighbor of u to call recursively took n/deg(u) time (i.e., queries to the adjacency matrix),
then the total runtime would be given by a calculation such as des(w) . __n__ — O(n).

ueV  n " deg(u)
However, such an argument is invalidated by the fact that both the trajectory of the recursive oracle

calls (to O) and the sequence of adjacency matrix calls are functions of the random permutation 7, and
thus seem highly correlated.” In fact, every vertex u queries the same vertices 7(1), 7(2), ... to find its
neighbors. Nevertheless, we are still able to prove a running time bound of O(n), albeit by employing a

different argument in the proof.

Lemma 5.4.14. Let To(m,v) be the total runtime of Algorithm 35 (including all recursive calls) for query
O(m,v). Then we have

E’UEV,WES(V) [TO(TF7U)] = O(n)

5An argument as outlined above was recently used by [148] in the context of maximal matchings. However, their algorithm
uses fresh, independent randomness to query random entries of the adjacency matrix to find neighbors of the current vertex,
which enables the argument.
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We remark that if one is not worried about logarithmic factors, then the strategy above can still be
executed to obtain a 6(71) bound, which one could argue is simpler than our proof below, with the caveat
that this would also require modifying Algorithm 35 to introduce caching of the returned answers. See
remark 12 for a further discussion.

The rest of this section is devoted to the proof of Lemma 5.4.14. Our plan is to couple the execution of
our Algorithm 35 (O) on the original input graph (V, E) to the execution of Algorithm 34 (A) on a certain
larger graph H.

We start by defining the latter. Informally, we start with a copy of (V| E) as a first layer. As the second
layer Vo, we adjoin 2n new vertices, with no edges inside. As the third layer V3, we adjoin n new vertices,
with no edges inside. Finally, we connect each vertex in the second layer to each vertex in the first and the

third layers. Formally:

Definition 5.4.15. Let H be a graph with vertex set V(H) = V U Va U Vs, where V is the vertex set of
(V,E), |Va| =2n, and |Vs| =n. We define the edge set E(H) = EU (V x Vo) U (Vo x V3).

Next, we identify requirements on the permutation wg of vertices of H that will enable our coupling

argument.

Definition 5.4.16. We say that a permutation my € S(V(H)) is good if:
o the first vertex comes from Vs, i.e., (1) € V3,
e in every prefix of Ty there are at least as many vertices from Vo as from V.
We show that a random permutation 7y is indeed likely to be good:

Lemma 5.4.17. Consider a uniformly random permutation 7y € S(V(H)). Then:
1. Prry is good) > &

2. If mg is a uniformly random good permutation, m := wy[V] (nm restricted to V) is uniformly random

in S(V).

Proof. Note that 7y (1) € V3 with probability % = %, and that conditioning on this event reveals no
information about the relative order of vertices in V U V5, so we can focus on the restricted permutation
m[V UV3]. We now employ a statement known as Bertrand’s ballot theorem [173, 52]: in an election where

candidate A receives p votes and candidate B receives g votes with p > ¢, if the votes are counted in random

order, the probability that A will be strictly ahead of B throughout the count is ﬁ. This maps to our
scenario by setting p = |Va| = 2n and ¢ = |V| = n, resulting in a probability of 32;2 = %

For the second part, note that conditioning on both events reveals no information about the relative

order of vertices in V. O

Now assume that 7y € S(V(H)) is good, and consider what happens in the RGMIS(7g) process in H.
First, 7 (1) € V3 joins the MIS, and thus removes all V3 vertices from consideration (as it is connected to all
of them). Other V3 vertices will join the MIS when they arrive. All the remaining action happens on (V, E)
according to the permutation 7 = wg[V] (7 restricted to V'). That is, we have RGMIS(7 ) = VsURGMIS(7).

Moreover, consider the tree of recursive calls made when executing O(m,v) for a query vertex v € V' (in

the original graph (V, E)), and compare it to the tree of recursive calls made when executing A(mg,v) (in H).
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The difference is that in the latter, there will be some additional calls from a vertex in V to A(mg, v2) for a
vertex vy € Va; that will then call A(mg, 7w (1)), which returns true, so A(mp, ve) returns false. Otherwise,
the two trees are the same. In particular, the query complexity of O(m,v) (the number of recursive calls
made) is at most that of A(mg,v).

However, O also makes queries to M (particularly for non-edges), and we aim to upper-bound their
number. We will charge this to the aforementioned additional recursive calls of A; to that end, we will use
the second condition of Definition 5.4.16.

Consider an execution of O(m,u) for any v € V' (without counting its recursive calls). In the no-case (if
O(m, u) returns false) it queries M for pairs (w(i),u) for i = 1,2, ..., ¢ for some ¢, and O(mw, w(¢)) is the first
direct recursive call that returns true. In the yes-case (if O(m, u) returns true) it queries M for pairs (7 (%), u)
for i =1,2,...,k — 1, where k = 7= !(u) is the rank of u in 7; denote £ := k — 1 in the yes-case. Denote by L
the rank of 7 (¢) in gy (i.e., my (L) = w(¢)). Then, we can say that A(mgy,u) must have made recursive calls
to all neighbors of w in H with rank at most L in mg. (In the yes-case, A queries all neighbors of lower rank
before returning true; in the no-case, A(mg, g (L)) = A(mg,n(£)) is the first recursive call that returns
true.) These neighbors in particular include all vertices in V5 of at most that rank, because w is connected
to all V5 vertices in H. Thus, the number of calls to M made directly (without counting recursive calls) by

an execution of O(m,u) for any u € V' is

0= [{ru (D), s ma (L)} OV
< ‘{TFH(I)7 ...77TH(L)} N Vv2|

< number of additional recursive calls to V5 made directly by A(mg,u),

where the first inequality follows since 7y is good. Now, summing this up over the entire execution tree of
O(m,v), we get that the total number of calls to the adjacency matrix is at most the number the additional
recursive calls to Vo made by A. Together with the above observation that the trees of O(r,v) and A(7g,v)

are the same when restricted to vertices in V', we have shown:

Lemma 5.4.18. For any good my € S(V(H)) and any v € V, the running time of O(m,v) is upper-bounded

by the oracle complexity of A(wp,v) (up to a constant factor), i.e.,
To(m,v) < O(Ta(rH,v)),

where T = wy[V]. O

We note that Theorem 5.4.13 allows us to bound the expectation of T4 over a random permutation
mg € S(V(H)) (which may not be good) and a random query vertex v € V(H) (which may not be in
V). However, V constitutes a constant fraction of V(H), and a constant fraction of permutations are good;
therefore, if the expectation over good permutations and over vertices in V was large, the entire expectation

would also be large (up to a constant factor). Thus we have:

EvEV, TeS(V) [TO (71—7 ’U)] = EUEV, good mg €S(V(H)) [TO (TrH [V]v U)] (by Lemma 54172)
< O(l) : E'UEV, good FHES(V(H))[T.A(WH7 U)] (by Lemma 5418)
S O(l) . EUEV(H), TI'HES(V(H))[TA(TFH7 1})] (by Lemma 54171)
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<0 <|E(H)|> (by Theorem 5.4.13)

This concludes the proof of Lemma 5.4.14. O

Remark 12. We note that for a version of Algorithm 35 where we introduce caching (storing and reusing the
results of each recursive call), there is a different and slightly simpler proof of Lemma 5.4.14 (ignoring logn
factors in the running time), which was kindly pointed out to us by an anonymous reviewer. Specifically, in
A(m,u), one can ensure that it takes time O(n/ deg(u)-logn) to find each neighbor of u, with high probability
for most permutations, via an application of the Chernoff bound. This is because if we consider a random
permutation of vertex u’s row in the adjacency matriz, then, with high probability, any ©(n/ deg(u) - logn)
consecutive entries will contain at least one entry equal to 1. For permutations that do not satisfy this, we
use a simple running time upper bound of O(n?) that holds when caching is used.

We prefer to give a tight (up to O(1) factors) analysis for the O-oracle (tight as it clearly runs in Q(n)
time). This is in the spirit of the analysis of [176], whose bound of 1 + |E|/|V| (Theorem 5.4.13) is exactly

tight and does not rely on caching.

Algorithm to estimate the MIS size

Algorithm 35 by itself only gives an answer for a single vertex. To obtain an additive error of 5(n/ s), we
iterate it by sampling 5(8) vertices. This routine, Algorithm 36, is one of the two major building blocks of
our final algorithm for MIS.

Algorithm 36: AlgAddMul(V, E, s, )

1 let r := Z¢ log(n)
2 fori=1,..,r do
3 L sample a random vertex v from V
4

let X; := O(m,v) > invoke Algorithm 35

T

5 return (1+ %) - (Zinv n+ %n)

We remark that we add the ©(g) terms to obtain single-sided additive error.

Lemma 5.4.19. For anye € (0,1) and s > 1, Algorithm 36 (AlgAddMul), given a graph (V, E) with oracle
access to its adjacency matriz, as well as a uniformly random permutation 7 of its vertices, with probability
1—1/poly(n) reports a (1+4¢,en/s)-multiplicative-additive approximation to the value |RGMIS(7)| and runs

in expected O(ns/e2) time.

Proof. First, we prove that the output of AlgAddMul is a (1+¢,en/s)-multiplicative-additive approximation
to the value of |[RGMIS(7)|. Since v is chosen uniformly at random in Line 3 of AlgAddMul, we have

E[X,] = Pr[X, — 1] — REMIB(@)],
n
Let X =>"'_, X;. Then,
_ - [RGMIS(7)|

E[X] -
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Since X is the sum of r independent Bernoulli random variables, we can apply the Chernoff bound (Propo-

sition 2.3.1), which implies

Pr(1X - B[X]| > V3ERTIogn) < 20xp (- 25" ) < 2

Thus, with probability of 1 — 1/ poly(n), it holds that

nX _ n(BX] £ /3E[X]logn)

r r
_ nE[X] n 3n?E[X]logn
o r
MI 1 - MI
= |[RGMIS(n)| £ \/SanG S(ﬂ-)l ogn (since E[X] = M)
e2n|RGMIS(7 ) 27s
= |RGMIS(r)| £ % (since r = — log(n))

Let ¥ be the output of the algorithm. We consider two possible scenarios:

e [RGMIS(7)| < n/s: In this case, we have
€ nX en € en e2n|RGMIS(7r)|
=(1+2) (= +2 1+ MI LY G
v ( * 2) ( r + 38) < ( + 2) (RG S(m)l + 3s 9s

= (1+3) - (RS + 3 = 7).

where the last inequality follows by the assumption [RGMIS(7)| < n/s. Thus,
IRGMIS(7)| <9 < (1+¢) - [RGMIS(r)| + %

e |RGMIS(7)| > n/s: In this case, we have

_ 3 nX en € en e2n|RGMIS(7)|
9= (1—|—§> . (r+3s) € (14—5) : (RGMIS(W)—&—&Sj:\/gs

_ (1 n g) : (|RGMIS(7T)| + Z—Z + §|RGMIS(7T)|)

where we have the last inequality because [RGMIS(7)| > n/s. Hence,
IRGMIS(7)| <9 < (1+¢) - [RGMIS ()| + %

In both cases, the output of AlgAddMul is (1 + €, en/s)-multiplicative-additive approximation to the value
of [IRGMIS()|. Let T'(w) be the expected running time of AlgAddMul on permutation w. Since we are

sampling r vertices with replacement, we have

T(m) =r-Eyev[To(m,v)].
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Therefore, the expected running time of the algorithm is

Zﬂ_ r- Evev[T()(ﬂ',U)]

Eﬂ— [T(ﬂ')] = nl =Tr- EWES(V),’UGV[TO(T(7 ’U)]
=O(r-n)
= O(ns/e?),
which completes the proof. O

Now we can state our main Algorithm 37 and prove Theorem 5.4.3, which we restate for convenience.
Roughly, our main idea here is a meet-in-the-middle approach between estimating the MIS size using Algo-
rithm 36, which works well if the MIS is large, and building an MIS explicitly, which can be done if the MIS
is small.

Algorithm 37: AlgMul(V, E)

1 7 := uniformly random permutation of V'
2 s:=+/n

3 CurrentMISSize := 0

4 Active[v] :=1for allv eV

5 7:=0

6 while 7 < n and CurrentMISSize < s do

7 ji=7+1

8 if Active[r(j)] =1 then

9 CurrentMISSize := CurrentMISSize + 1 > add 7(j) to the MIS
10 for v € V do

11 if v =mn(j) or (n(j),v) € M then

12 L Activelv] :=0

13 if CurrentMISSize < s then
14 t return CurrentMISSize > we have explicitly built the entire MIS

15 else

16 V' :={v eV : Active[v] = 1}

17 7' = w[V'] (7 restricted to V)

18 return CurrentMISSize + AlgAddMul(V', E, s, 7")

Theorem 5.4.3. For any ¢ € (0,1) there is an algorithm (Algorithm 37) that, given a graph (V, E) with
oracle access to its adjacency matriz, with high probability reports a multiplicative (1 + €)-approzimation to

the value |RGMIS(7)| for some permutation 7 of V. and runs in O(n®/2/e2) time.

We remark that our algorithm generates a random permutation 7 € S(V') (or O(log n) such permutations
to obtain the runtime bound with high probability) and estimates |RGMIS(7)| for that permutation 7; it
does not attempt to estimate E.[[RGMIS()]].

Proof. First, we prove that the output of the algorithm is a (1+4¢)-approximation of the value of [RGMIS(7)|.
If the condition on Algorithm 37 of the algorithm holds, then the algorithm explicitly built the entire MIS,
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and the output is exactly equal to the size of RGMIS(7). Now, suppose that the condition on Algorithm 37
of the algorithm does not hold. Thus, CurrentMISSize = s = /n. Note that

IRGMIS(7)| = v/n + |[RGMIS(7[V'])|. (5.15)
Let ¥ be the output of the algorithm. Hence, we have

9 = /i + AlgAddMul(V', B, s, ')
> v/n+ |[RGMIS(7[V'])] (by Lemma 5.4.19)
— [RGMIS ()| (by (5.15)).

On the other hand,

¥ = +/n+ AlgAddMul(V’, E, s, ")

< i+ (1+e) [RGMIS(x[V'])| + %” (by Lemma 5.4.19)
=/n+ (1+¢)  [RGMIS(n[V'])| + ev/n (since s = /n)
= (1+4¢)- (Vn+ |RGMIS(x[V'])])

— (1+¢) - [RGMIS(x)| (by (5.15)),

which completes the proof for the approximation ratio.

Regarding the running time, the while loop in the algorithm runs in O(n3/ 2) time, as in each step it either
skips over an inactive vertex, which happens at most n times, or processes all vertices in O(n) time; the
latter happens at most s = y/n times. Furthermore, the relative order of the vertices in V' has no influence
on the execution of the algorithm before it calls AlgAddMul on the last line; thus 7’ is a uniformly random
permutation of V’. Therefore, by Lemma 5.4.19, the expected running time of AlgAddMul called on the last
line is O(n?/2/e2).

To obtain a high-probability bound on the running time, we execute O(logn) instances of the algorithm
in parallel and stop as soon as the first instance completes. By applying Markov’s inequality we conclude
that each individual instance terminates within 6(713/ 2 /&?) time with constant probability. Consequently,
with high probability, at least one of these instances finishes within 6(713/ 2/e?) time. This completes the
proof. [



Chapter 6

Conclusion and Open Questions

This thesis studies sublinear-time algorithms for graph problems, with a particular focus on the maximum
matching problem. We approached this problem from both an algorithmic and a complexity-theoretic per-
spective. On the algorithmic side, we designed several new algorithms that improve the best-known results
in terms of approximation ratio and running time, providing a better understanding of how well the size of a
maximum matching can be estimated with only limited access to the input graph. On the complexity side,
we established lower bounds that highlight the inherent trade-offs between approximation ratio and running
time, thereby clarifying the fundamental limitations of sublinear time algorithms. We further applied sub-
linear matching techniques to several classical problems, including the Traveling Salesman Problem, Steiner
Tree, Steiner Forest, and FEarth Mover’s Distance, obtaining new results and improving previous bounds.
These applications demonstrate the broader reach of the techniques developed in this work beyond the
matching problem itself.

We conclude this thesis with several important open problems related to the model and questions studied

here, which we hope will guide future research on both the power and limitations of sublinear time algorithms.

Open Problem 1. For graphs with mazimum degree A, is it possible to estimate the size of mazimum
matching within a (1 — €) approzimation factor in time complexity of AC(/) 2 Alternatively, is it possible

to prove a lower bound of AR/ for any such approximation algorithm?

The current fastest algorithm for this problem is due to [176], achieving a (1 — ¢)-approximation in time
AO(/e) " The best known lower bound is discussed in Section 4.3, where we prove that any algorithm

estimating the maximum matching size within a factor of (1 — ¢) requires A2(1/¢) time.

Open Problem 2. Is it possible to estimate the size of a mazimum matching with an approrimation ratio

strictly larger than 1/2 (by some constant) in O(n) time?

Currently, two algorithms slightly improve over the 1/2 approximation (Section 3.1, Section 3.2). The
algorithm in Section 3.1 achieves a (1/2+ ¢)-approximation for a small constant ¢ in time O(n'*/(®)), where
f(e) is a function that depends only on e. The algorithm in Section 3.2 achieves a 0.51-approximation in

O(n\/n) time.

Open Problem 3. Can one design an algorithm that estimates the size of a maximum matching with
an approzimation ratio significantly larger than 1/2 in time substantially faster than O(n?)? i.e., can one

achieve a 2/3-approzimation in O(n+/n) time?
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Currently, all known algorithms either achieve an approximation ratio of 1/2 or only slightly better than
1/2 (Section 3.1, Section 3.2), or their running time is close to O(n?) [57].

Open Problem 4. Can one estimate the cost of the metric TSP in n>~®M) time with an approzimation

ratio of 2 — € for some constant € > 07

In Section 5.2, we show how one can obtain a better-than-2 approximation in sublinear time for special
cases of the (1,2)-TSP and graphic TSP. Moreover, achieving a 2-approximation for the metric TSP is

possible in sublinear time, due to the work of [75] on the metric MST.

Open Problem 5. Is it possible to obtain a constant-factor estimate of the cost of the metric Steiner Forest

in n2= W) time?

In Section 5.4, we show that there exists an algorithm that achieves an O(log k)-approximation in sub-

linear time for the metric Steiner Forest problem, where k denotes the number of terminals.
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